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1 Introduction

Society tends to produce too much pollution when firms do not internalize the social costs
of pollution. Economists’ preferred solutions price these external effects, whether by directly
taxing the production of pollution (called “regulation by prices”) or by capping the aggregate
quantity of pollution produced (called “regulation by quantities”) while using a market to
allocate pollution across firms. The two policy instruments achieve the same outcomes in
deterministic environments, but asymmetric information about marginal abatement costs—
with emitters, but not the regulator, knowing the true costs of reducing pollution—can favor
one policy instrument or the other (Weitzman, 1974).

In many of today’s pollution problems, uncertainty about marginal damage from pol-
lution (i.e., about the social cost of pollution) is especially salient. It, too, may involve
asymmetric information: in the case of climate change, people around the world may have
private information about its damages. If a regulator updates policy intermittently, people
use their private information to help them predict the stringency of future policy.

I show how asymmetric information about social costs can favor regulation by prices
or regulation by quantities with banking. A regulator updates policy when it learns about
damages in the second period. Under the quantity instrument, traders have an incentive to
buy (sell) permits when they have information that damages are higher (lower) than implied
by the first period’s emission cap. The equilibrium permit price adjusts to clear the market,
so that it increases when traders in aggregate expect the regulator to learn that damages
are high. Emitters then have an extra incentive to abate emissions in the first period, which
brings their abatement closer to what an omniscient regulator would have prescribed. This
informational benefit is counterpoised against the cost of the volatility generated by noise
in permit market signals, whether generated by noise in informed traders’ signals or by
uninformed traders. Contrary to the traditional analysis, I show that a quantity policy can
dominate a price policy for any slope of marginal abatement costs and always does so for
sufficiently flat marginal abatement costs.

The most closely related prior work finds that quantity policies can achieve first-best
when private actors have perfect information about damages (Pizer and Prest, 2020).1,2

However, they do not model how dispersed information about damages shows up in the
market for emission permits. I formally model how permit markets aggregate information in
equilibrium. The equilibrium price is only partially revealing, which limits the informational
benefit of a quantity policy. I show that the volatility in permit prices can make regulation
by prices dominate regulation by quantities. Appendix A directly compares my results to

1I follow much literature in comparing bankable quantity instruments to nonbankable price instruments.
Heutel (2020) studies “bankable prices”. However, bankable prices may lack an asset whose price aggregates
information as directly as does the permit price under bankable quantities. Future work may study bankable
prices in the general equilibrium of an economy with other forward-looking assets.

2Lemoine (2022) designs dynamic deposit-refund policies that aggregate dispersed information about
damages in the course of controlling emissions.
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those of Pizer and Prest (2020).

2 Model

Consider a world with two periods. In the first period, the regulator selects the level of an
emission tax or cap. Traders then observe private signals about the marginal damage from
emissions. Emitters next make abatement decisions and any permit markets clear. After
period 1, the regulator observes true marginal damage. The regulator then sets the period
2 emission tax or cap and emitters choose their actions.

In period t, a representative firm emits quantity et of a flow pollutant. The level of
emissions is determined by its choice of abatement At: et = Z − At, with Z > 0. The
representative firm has abatement costs C(At) = χAt +

1
2
κ[At]

2, with χ ≥ 0 and κ > 0. The
(external) social cost of emissions is d, so that damages in period t are d et. Linear damages
are an adequate approximation to climate change and are a corner case in which regulation
by prices always dominates regulation by quantities in Weitzman (1974).

In contrast to Weitzman (1974), the representative firm’s abatement costs are common
knowledge but information about damages is heterogeneous. At the beginning of period 1,
the regulator and all agents are uncertain about the true value of d, sharing a normal prior
with mean µ > 0 and variance σ2 > 0.

In each period, the regulator chooses either an emission tax τt or an aggregate cap Qt.
In scenarios with an emission tax, the only actions taken by firms are abatement choices.
In scenarios with an emission cap, firms also decide on their purchases and sales of emission
permits. All agents are price-takers in the permit market, which has equilibrium price pt.
Permits can be banked and borrowed between periods 1 and 2. For ease of exposition, let
each period 1 permit translate to 1+ r period 2 permits. The initial allocation of permits is
irrelevant, so long as all permit holders are small with respect to the permit market.

After the regulator chooses period 1 policy, a unit mass of traders observes signal si, for
i ∈ {1, ..., N}, with a separate unit mass observing each signal. Traders are nonstrategic
because they are each small (see Hellwig, 1980, footnote 2). The signals are independently
and identically distributed, with si = d + ϵi and ϵi mean-zero normal with variance ν2 > 0.
At the beginning of period 1, each trader of type i has wealth wi. Traders can invest in a
riskless asset with return r.

Traders are irrelevant in scenarios with an emission tax. But traders affect the permit
market in scenarios with an emission cap. After observing their private signals, traders
choose their period 1 net demand Xi for emission permits to maximize their expected utility
of wealth at the beginning of period 2:

max
Xi

E
[
− exp

{
−α

(
(1 + r)(wi −Xip1) + (1 + r)Xip2

)}∣∣ si, p1] , (1)

with α > 0 the coefficient of absolute risk aversion. Aggregate net permit demand from
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these informed traders is X =
∑

iXi. Noise traders demand θ permits in period 1, where
θ is mean-zero normal with variance Θ2 > 0.3 The period 1 emission permit market clears
with Z − A1 + X + θ = Q1. The period 2 emission permit market clears with Z − A2 =
Q2 + (1 + r)(X + θ).

I study a linear Bayesian Nash equilibrium in demand functions. Informed traders submit
demand functions that account for what seeing any given price would imply about other
traders’ signals: each X∗

i solves (1) given Bayesian beliefs updated from observations of
si and from p1. The market-clearing price p∗1 makes period 1 abatement plus net trader
demand satisfy the cap. Informed traders treat p∗1 as exogenous but recognize how their
observed signals si influence that price through the beliefs of other traders of type i. In
equilibrium, informed traders treat the permit price as containing exactly the information
that the market-clearing permit price does indeed contain. The equilibrium is symmetric in
terms of demand functions defined over si and p1.

3 Optimal Policy

Firms minimize the sum of abatement costs and compliance costs. Under a price policy,
compliance costs are the tax payments and firms choose abatement such that C ′(At) = τt.
Therefore A∗

t = [τt−χ]/κ. The regulator chooses τt to minimize the expectation of abatement
costs plus damages:

min
τt

Et

[
C(A∗

t (τt)) + d
[
Z − A∗

t (τt)
]]
.

The first-order condition yields τ ∗t = Et[d], which implies τ ∗1 = µ and τ ∗2 = d. As is intuitive,
the regulator sets the emission tax equal to expected marginal damage.

Under a quantity policy, compliance costs are the net permit purchases, so firms choose
abatement A∗

t = [pt − χ]/κ. Using V to denote V ar[p2|si, p1] (which does not vary with i,
per normal-normal Bayesian updating), Appendix C.1 shows that net demand from traders
of type i is

Xi =
E[p2|si, p1]− p1

(1 + r)αV
. (2)

Traders’ permit demand decreases in the current cost of a permit, increases in the expected
value of a permit in the next period, and is less sensitive to permit prices when future permit
prices are especially uncertain or traders are especially risk-averse.

3Noise traders are here critical for the existence of an implementable equilibrium (see Hellwig, 1980;
Diamond and Verrecchia, 1981). Agents with information about damages are not emitters. So traders do
not have a direct stake in the market and will not trade unless they expect to profit from their information.
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The regulator chooses Q2 to minimize abatement costs plus damages, with knowledge of
banked/borrowed permits X + θ:

min
Q2

{
C
(
Z −Q2 − (1 + r)(X + θ)

)
+ d

[
Q2 + (1 + r)(X + θ)

]}
.

The first-order condition yields Q∗
2 = Z − (1 + r)(X + θ)− [d− χ]/κ. Using market-clearing

and firms’ first-order conditions for abatement, the regulator chooses the period 2 cap so that
p∗2 = d (throughout, I ignore the possibility that d < 0). As is intuitive, the regulator sets
the period 2 emission cap so that the permit price equals marginal damage. The regulator
chooses Q1 to minimize expected abatement costs plus damages:

min
Q1

E

[
C
(
Z−Q1+X+θ

)
+d

[
Q1−X−θ

]
+

1

1 + δ

(
C
(
Z−Q∗

2−(1+r)(X+θ)
)
+d

[
Q∗

2+(1+r)(X+θ)
])]

,

with δ ≥ 0 the regulator’s discount rate. The first-order condition and optimality of A∗
2

yield Q∗
1 = E[Z +X + θ − (d− χ)/κ]. Taking expectations in the period 1 market-clearing

condition and substituting, this becomes E[A∗
1] = (µ − χ)/κ. Firms’ first-order conditions

for abatement then imply that the regulator chooses Q∗
1 so that E[p∗1] = µ. The regulator

sets the period 1 emission cap so that the expected permit price equals expected marginal
damage.

4 Equilibrium Permit Price Under A Quantity Policy

Whereas the tax fixes the period 1 emission price at expected marginal damage, the equilib-
rium period 1 permit price can differ from expected marginal damage:

Lemma 1 (Equilibrium Permit Price). There exist b, β, V > 0 such that b + β ∈ (0, 1);

V ∈
(
σ2 ν2

Nσ2+ν2
, Nσ2 ν2

Nσ2+ν2

)
; b, β, and V are independent of κ; and

p∗1 =µ+
Nκ

Nκ+ (1 + r)αV
(b+ β)

[
d− µ+

1

N

∑
i

ϵi

]
+

(1 + r)αV

Nκ+ (1 + r)αV

b+ β

b
κθ. (3)

Proof. See Appendix C.2.
Sketch: Conjecture that E[p2|si, p1] is linear in µ, si, and p1. Rearrange period 1 market-
clearing to solve for p1 as a function of prior beliefs and signals. Apply the projection theorem
to the random vector of p2, p1, and si to obtain E[p2|si, p1] as a function of the unknown
coefficients. Match coefficients to the linear guess to obtain the expression in the lemma. V
follows from the projection theorem.
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If there were only the first term (the µ), then the emission cap would be equivalent to the
emission tax: the first-period emission price would be µ in either case, and the second-period
emission price would be d in either case. The other terms create a wedge between emission
taxes and caps. The middle term favors a cap by incorporating dispersed information about
d: on average, it moves p∗1 towards d when µ ̸= d. However, the noisiness of traders’ signals
(in the ϵi) can, in a given realization, make that term move p∗1 away from d. The final term
captures the effect of uninformed traders on the permit price, which is also zero on average
but which can also move p∗1 away from d in a given realization.

5 Comparing Prices and Quantities

Period 2 abatement will be the same with either a tax or a cap, as the regulator makes the
emission price equal d either way. Any wedge between the tax and cap must arise in period
1. Now consider the regulator’s period 1 total costs TC1 under either policy:

E[TC1] = µ(Z − E[A∗
1]) + E[C(A∗

1)]︸ ︷︷ ︸
pro-tax

−Cov[A∗
1, d]︸ ︷︷ ︸

pro-cap

. (4)

Expected period 1 abatement E[A∗
1] is the same under a tax and a cap, so the entire wedge

must be due to uncertainty about period 1 abatement under a cap. That uncertainty has
two effects on expected total costs. First, it raises expected costs E[C(A1)] via Jensen’s
inequality. This first channel favors a tax. Second, it reduces expected total costs by making
abatement covary with true social cost d, due to the signals si making the permit price p1
covary with d (see equation (3)). This second channel favors a cap.

I am interested, a la Weitzman (1974), in the advantage of prices over quantities:

∆ =
2∑

t=1

E

[
TCQ

t − TCP
t

]
,

where the superscript on TC indicates a price (P ) or quantity (Q) instrument. The following
proposition derives ∆:

Proposition 1 (Advantage of Prices Over Quantities).

∆ =

< 0: informational benefit of cap︷ ︸︸ ︷
− b+ β

Nκ+ (1 + r)αV
Nσ2 +

> 0: volatility cost of cap︷ ︸︸ ︷
1

2
κ

(
b+ β

Nκ+ (1 + r)αV

)2 [
[(1 + r)αV ]2

b2
Θ2 +N2σ2 +Nν2

]
.

(5)

Proof. See Appendix C.3.
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The two terms on the right-hand side are in tension with each other. The first term on the
right-hand side favors a cap. It is the informational benefit of a cap. The private information
about true social cost contained in traders’ signals and partially revealed by the equilibrium
permit price reduces expected costs. The second term on the right-hand side favors a tax.
It is the volatility cost of a cap. Ex ante, abatement is volatile under a cap because of
noise traders (the Θ2) and also because traders’ private signals are uncertain. Some of that
uncertainty is good: the σ2 reflects how traders’ signals are uncertain simply because d is
unknown, and, using b+ β < 1, it is easy to see that the part of the second term with σ2 is
dominated by the first term. But some of that uncertainty is bad, reflecting noise (the ν2)
in traders’ signals.4

The equilibrium process of learning from the permit market leads to a more nuanced set
of policy rankings than in prior work:5

Proposition 2 (Qualitative Analysis).

1. ∆ < 0 for κ sufficiently small.

2. ∆ < 0 for all κ if either σ2 is sufficiently large or ν2 is sufficiently small.

3. If ∆ > 0 for any κ, then there exists κ̂ > 0 such that ∆ > 0 if and only if κ > κ̂.

4. ∆ → 0 as κ becomes large or σ2 becomes small.

5. ∆ is bounded above but unbounded below, approaching negative infinity as κ and ν2/σ2

jointly become small.

Proof. See Appendix C.4.

The first result establishes that a quantity policy such as a cap always dominates a price
policy such as a tax if the marginal abatement cost curve is sufficiently flat (i.e., if κ is
small). The reason is that the volatility cost term vanishes as κ becomes small, reflecting
how Jensen’s inequality loses its bite as abatement cost becomes linear. The second result
establishes that a quantity policy dominates for any slope of marginal abatement cost when
marginal damage is especially uncertain (increasing the informational benefit of a quantity
policy) or when private information is especially precise (limiting the volatility cost of a
quantity policy). This second result is striking because a price policy always dominates a
quantity policy in Weitzman (1974) under the linear damages studied here. The third result
establishes that, if it dominates anywhere, a price policy dominates a quantity policy for
steep marginal abatement cost curves (large κ). The fourth result establishes that the policies
become equivalent as the marginal abatement cost curve becomes vertical (because firms will

4Noise in private information undercuts the relative benefit of a cap less strongly here than in Pizer and
Prest (2020) (see Appendix A), because private actors here also learn from the permit market.

5Appendix B develops graphical intuition for the competing effects.
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(a) Prices dominate for κ > κ̂ (b) Quantities dominate for all κ

Figure 1: Numerical examples of the advantage (∆) of regulation by prices over regulation by
quantities against the slope of marginal abatement cost (κ). Prices dominate when ∆ > 0,
and quantities dominate when ∆ < 0. Note that the y-axes differ across panels.

not respond to changes in permit prices) and when marginal damage is especially certain
(because traders largely ignore both their own private signals and the signals aggregated in
the permit price).

The final result in Proposition 2 considers how large the ex-ante advantage of either
policy can be. The potential advantage of choosing a price policy is bounded. A price policy
can dominate a quantity policy when κ is sufficiently large, but when κ is large, emissions
do not respond strongly to prices and the gains from choosing the correct policy are limited
(see result 4 in Proposition 2). In contrast, a quantity policy dominates a price policy when
κ is sufficiently small. In that case, emissions are very sensitive to prices and the gains from
choosing the correct policy can be large. The ex-ante gains from choosing a quantity policy
even become arbitrarily large when there is much prior uncertainty about marginal damage
and very precise private signals of marginal damage.6

7
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6 Numerical Examples

Figure 1 plots the advantage of prices over quantities (∆) against the slope of marginal
abatement cost (κ) in two numerical examples.7 The left panel is a case in which a quantity
instrument dominates for κ sufficiently small but a price instrument dominates for κ suffi-
ciently large.8 As κ increases, a price instrument becomes preferred to a quantity instrument
(i.e., ∆ becomes positive) because the volatility cost grows. As κ continues increasing, the
advantage of a price instrument begin declining, eventually approaching zero asymptotically
from above as abatement becomes completely unresponsive. The right panel increases σ2

and reduces ν2 and Θ2.9 In this case, a quantity instrument dominates for all κ (i.e., ∆
is negative for all κ). The benefits of a quantity instrument are extremely large (i.e., ∆
is extremely negative) for very small κ, and they asymptote towards zero from below as κ
increases.

7 Conclusion

Weitzman (1974) shows that asymmetric information about marginal abatement costs makes
a price policy outperform a quantity policy when marginal damages are flat. I show that this
result is fragile, in the sense that it need not survive the addition of any degree of dispersed
information about damages. When a regulator will subsequently learn about marginal dam-
ages and emission permits can be borrowed, banked, and traded, equilibrium permit prices
aggregate private information about marginal damages as traders attempt to smooth permit
prices over time. An emission tax does not use private information to update early-period
emissions in the same fashion. Firms will have an incentive to predict future emission taxes
when they make durable investments, but they will do so without a permit market to ag-
gregate private information and coordinate expectations. Future work should compare price
and quantity policies in the presence of dispersed information about damages when firms
make durable investments in abatement technologies. Future work should also empirically
study the degree of dispersed information about climate damages.

6Results with noisy signals in Pizer and Prest (2020) differ in that (i) there the potential advantage of a
price policy is unbounded and (ii) there the conditions for a quantity policy to have unbounded advantage
are weaker. See Appendix A.

7Matlab code is available at ICPSR: “Code for The Informational Role of Emission Markets: Prices vs
Quantities with Dispersed Information About Externalities’ ”, deposited on January 7, 2026.

8It uses σ2 = 50, 000, ν2 = 10, Θ2 = 109, N = 10, α = 0.043, and r = 0.012.
9It uses σ2 = 108, ν2 = 1, and Θ2 = 1.
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Supplemental Appendix:

“The Informational Role of Emission Markets: Prices

vs Quantities with Dispersed Information About Exter-

nalities”, Derek Lemoine

Appendix A compares the results to prior work. Appendix B develops graphical intuition.
Appendix C contains proofs.

A Comparison to Pizer and Prest (2020)

How does equation (5) relate to the most closely related work, Pizer and Prest (2020)?
There, private agents learn true social cost d perfectly in period 1, as opposed to needing to
learn about d from noisy private signals and equilibrium permit prices. The private signals
here become perfectly informative—mimicking their setting—as ν2 becomes small. In that
case, Lemma 1 shows that V approaches zero and the appendix shows that b approaches
zero while b + β approaches 1.10 If, in addition, we match the setting of Pizer and Prest
(2020) by zeroing out noise traders, then limΘ2→0 limν2→0∆ = −σ2

2κ
. The right-hand side

matches the right-hand side of equation (9) in Pizer and Prest (2020) in the special case of
a flat marginal benefit curve and known marginal abatement costs. We have recovered their
result that a quantity policy always dominates a price policy when private agents learn the
truth perfectly.

In their appendix, Pizer and Prest (2020) consider a model in which private agents learn
d plus a noise shock. The expression in (5) does not reduce to their expression (which is
equivalent to −σ2

2κ
+ ν2

κ
) for any combination of parameters. The noise ν2 favors a price

policy less strongly here than in Pizer and Prest (2020).11 Here learning is an equilibrium
process that depends on how emission permit prices encode the private signals that agents
throughout the economy receive. When private signals are noisy, private agents learn from
the permit market, which introduces terms that are absent from Pizer and Prest (2020).
Because the permit market aggregates information, agents’ ability to turn to it makes the
noise in private signals less costly for a quantity policy than in Pizer and Prest (2020).

In the expressions from Pizer and Prest (2020) given above, ∆ becomes arbitrarily large
in magnitude as the slope κ of marginal abatement cost becomes small, but here ∆ can
remain bounded as κ becomes small. The reason is that here traders’ risk aversion α and
posterior uncertainty V combine to create downward-sloping permit demand even when

10These limits reflect the Grossman-Stiglitz paradox: from the proof of Lemma 1, prices become perfectly
revealing despite every agent ignoring their own private signals.

11We can rewrite that term as 1
2

Nκ
Nκ+(1+r)αV (b+ β)2 ν2

Nκ+(1+r)αV . Comparing to the ν2/κ from Pizer and

Prest (2020), the denominator on ν2 is here larger and the other terms are all between 0 and 1.

A-1
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(a) Informational Benefit of a Cap (b) Volatility Cost of a Cap

Figure A-1: Illustrating the informational benefit and volatility cost of a quantity policy
(i.e., a cap), relative to a price policy (i.e., an emission tax).

firms’ marginal abatement costs are completely flat. That is why here we need ν2/σ2 to also
become small for ∆ to become unbounded below (and even then ∆ is here unbounded only
below, not above).

B Graphical Intuition

Figure A-1 provides graphical intuition for the informational benefit (left panel) and volatility
cost (right panel) of a cap.

In the left panel, the upward-sloping black line is marginal abatement cost (MAC), with
slope κ. The horizontal solid black lines, labeled dH and dL, illustrate an equiprobable two-
point distribution over marginal damage d. The dashed black line is µ, the prior mean of
marginal damage.

A price policy sets the period 1 emission tax to µ. Equilibrium abatement in period 1 is
AP . If the true d is dH , then socially optimal abatement is AH∗ and the deadweight loss is
triangle ABC. If the true d is dL, then socially optimal abatement is AL∗ and the deadweight
loss is triangle ADE.

Under a quantity policy, private agents receive noisy signals of d and condition their
demand for emission permits on that information. If the true d is dH , then, on average, the
equilibrium permit price may be at a line like the upper solid gray line, labeled E[price|dH ].
It moves partway, but not all the way, towards the upper solid black line from the dashed
black line. Equilibrium abatement is AH,Q. There is still a deadweight loss, in triangle CFG.
Relative to a price policy, the quantity policy reduces deadweight loss by the difference
between triangles ABC and CFG, which is the gray polygon ABFG. If the true d is dL, then
the reduction in deadweight loss relative to a price policy is the gray polygon ADHI. The

A-2
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informational benefit of a cap is the average of the two gray polygons. The benefit is larger
when σ2 is larger because there is more to learn, with dH and dL further from µ.

However, the equilibrium permit price is itself noisy, even conditional on d. The right
panel depicts this noise for an illustrative case in which, ex post, d = µ. The curved solid
line depicts total abatement cost. The price policy sets abatement AP to the point whose
tangent line (in light dots) has slope equal to expected marginal damage (i.e., has slope µ),
for total cost CostP . Abatement under the quantity policy is noisy due to the ϵi and θ.
AQ1 and AQ2 here illustrate two equiprobable outcomes, which correspond to costs CostQ1

and CostQ2. Due to Jensen’s inequality, expected cost under the quantity policy (E[CostQ])
is greater than the cost at expected abatement (CostP ). The volatility cost of the cap is
that additional cost, indicated by the double arrow. The volatility cost is larger when the
abatement cost curve is more convex (i.e., when κ is larger) and the permit price under the
cap is noisier (i.e., when ν2 and Θ2 are larger).

Which instrument is preferred depends on whether the informational benefit of a cap
dominates the volatility cost of a cap. Because the volatility cost of a cap vanishes as κ
becomes small, the quantity policy always dominates the price policy for small κ. If the
volatility cost of a cap ever dominates its informational benefit, then it must do so for large
κ, where Jensen’s inequality has a lot of bite. However, if σ2 is large, then the informational
benefit can be so large that the quantity policy dominates for all κ. Alternately, if ν2 is
small, abatement is not volatile because traders do not need to learn from the permit price,
in which case the quantity policy again dominates for all κ.

C Proofs

C.1 Derivation of Equation (2)

Problem (1) is equivalent to

max
Xi

− exp

{
−α

(
(1 + r)(wi −Xip1) + (1 + r)XiE[p2|si, p1]

)
+

1

2
[α(1 + r)Xi]

2V ar[p2|si, p1]
}
.

The first-order condition is:

Xi =
E[p2|si, p1]− p1

α(1 + r)V ar[p2|si, p1]
.

By normal-normal updating, V ar[p2|si, p1] is independent of the value of si. Then, because
of identical precisions and priors across types i, V ar[p2|si, p1] is independent of i. Denote
that constant, exogenous variance as V . We then have equation (2).

A-3
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C.2 Proof of Lemma 1

Conjecture that

E[p2|si, p1] = a µ+ b (si − µ) +B (p1 − E[p1]). (A-1)

The coefficients do not vary with i because traders are symmetric ex ante. Substituting
from (2) into period 1 market-clearing and using this conjecture and A∗

1,

Q1 =Z − p1 − χ

κ
+ θ +

∑
i

a µ+ b (si − µ) +B (p1 − E[p1])− p1
(1 + r)αV

.

Rearrange to solve for p1:

p1 =
(1 + r)αV [κ(Q1 − Z − θ)− χ]−Nκaµ− κb

∑
i(si − µ) +NκBE[p1]

Nκ[B − 1]− (1 + r)αV
. (A-2)

Under the common prior, the unconditional mean is

E[p1] =
(1 + r)αV [κ(Z −Q1) + χ] +Nκaµ

Nκ+ (1 + r)αV
(A-3)

and the unconditional variance is

V ar[p1] =
κ2b2(N2σ2 +Nν2) + [(1 + r)αV κ]2Θ2[

Nκ[B − 1]− (1 + r)αV
]2 . (A-4)

Using E[p1] in (A-2), we find:

p1 =
−(1 + r)αV κθ − κb

∑
i(si − µ)

Nκ[B − 1]− (1 + r)αV
+

(1 + r)αV [κ(Q1 − Z)− χ]−Nκaµ

−Nκ− (1 + r)αV
. (A-5)

Create the 3× 1 random vector

Si =

p2p1
si

 ,

where p2 = d. This random vector is multivariate normal. Using (A-3), it has unconditional
mean

E[Si] =

 µ
(1+r)αV [κ(Q1−Z)−χ]−Nκaµ

−Nκ−(1+r)αV

µ

 ,
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and using (A-5), it has covariance matrix

Cov[Si] =


σ2 −Nσ2 κb

Nκ[B−1]−(1+r)αV
σ2

−Nσ2 κb
Nκ[B−1]−(1+r)αV

V ar[p1]
−κb

Nκ[B−1]−(1+r)αV
(Nσ2+ν2)

σ2 −κb
Nκ[B−1]−(1+r)αV

(Nσ2+ν2) σ2+ν2

 .

From the projection theorem and (A-4),

E[p2|p1, si] =µ+
−(N − 1)ν2σ2κb

[
Nκ[B − 1]− (1 + r)αV

]
κ2b2(Nσ2 + ν2)(N − 1)ν2 + (σ2 + ν2)[(1 + r)αV κ]2Θ2

(p1 − E[p1])

+
σ2[(1 + r)αV κ]2Θ2

κ2b2(Nσ2 + ν2)(N − 1)ν2 + (σ2 + ν2)[(1 + r)αV κ]2Θ2
(si − µ).

Matching coefficients to (A-1),

B =
(N − 1)ν2σ2κb

κ2b2(Nσ2 + ν2)(N − 1)ν2 + (σ2 + ν2)[(1 + r)αV κ]2Θ2

[
Nκ[1−B] + (1 + r)αV

]
,

(A-6)

b =
σ2[(1 + r)αV ]2Θ2

σ2[(1 + r)αV ]2Θ2 +
[
(N − 1)(Nσ2 + ν2)b2 + [(1 + r)αV ]2Θ2

]
ν2

∈ (0, 1), (A-7)

a =1. (A-8)

Note that, from (A-6):

NbκB = β
[
Nκ[1−B] + (1 + r)αV

]
(A-9)

for

β ≜
N(N − 1)ν2σ2b2

b2(Nσ2 + ν2)(N − 1)ν2 + (σ2 + ν2)[(1 + r)αV ]2Θ2
∈ (0, 1). (A-10)

Observe that β + b ∈ (0, 1). Solving for B in (A-9),

B =
β

b+ β

Nκ+ (1 + r)αV

Nκ
.

Using that, [
Nκ[1−B] + (1 + r)αV

]
=

b

β + b
[Nκ+ (1 + r)αV ] . (A-11)
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Substitute from (A-11) and (A-8) into (A-5):

p1 =
Nκ

Nκ+ (1 + r)αV

[
µ+

b+ β

N

∑
i

(si − µ)

]
+

(1 + r)αV

Nκ+ (1 + r)αV

[
b+ β

b
κθ + χ− κ(Q1 − Z)

]
.

(A-12)

We saw in the main text that the regulator sets the period 1 cap Q1 so that E[p1] = µ.
Use (A-3) to solve for the Q1 that sets E[p1] = µ, then substitute into (A-12) to obtain
equation (3).

To finish proving the lemma, it remains to establish bounds on V , independence from κ,
and existence of b. From the random vector Si, the definition of V as the posterior variance
of p2, and the projection theorem,

V =
(N − 1)ν2 +

(
(1+r)αV

b

)2

Θ2

(Nσ2 + ν2)(N − 1)ν2 + (σ2 + ν2)
(

(1+r)αV
b

)2

Θ2

ν2σ2. (A-13)

From (A-7): (
(1 + r)αV

b

)2

Θ2 =
(Nσ2 + ν2)(N − 1)ν2b

σ2 − (σ2 + ν2)b
.

Substitute into (A-13):

V =
σ2ν2

Nσ2 + ν2
[1 + (N − 1)b]. (A-14)

The bounds on V follow from b ∈ (0, 1) and V being monotonic in b.
Substitute V from (A-14) into (A-7) and simplify:

b =
σ2ν2

(
(1 + r)α σ2

Nσ2+ν2

)2

Θ2[1 + (N − 1)b]2

b2(Nσ2 + ν2)(N − 1) + ν2(σ2 + ν2)
(
(1 + r)α σ2

Nσ2+ν2

)2
Θ2[1 + (N − 1)b]2

. (A-15)

The left-hand side of (A-15) is just b and the right-hand side is in (0, 1). The derivative of
the right-hand side with respect to b is proportional to −2b(Nσ2+ ν2)(N − 1). So the right-
hand side decreases in b for b ∈ (0, 1). The limit of the right-hand side as b goes to 0 from
above is σ2

σ2+ν2
, which is greater than the left-hand side at b = 0. The limit of the right-hand

side as b goes to 1 from below is strictly less than 1 and thus is less than the left-hand side.
Therefore there is one and only one intersection between the left- and right-hand sides, so
the b that solves (A-15) is unique.
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Independence of b, β, and V from κ follows by inspection of (A-15), (A-10), and (A-14).

C.3 Proof of Proposition 1

In period 2, A2 is the same under a tax or a cap. So ∆ = E
[
TCQ

1 − TCP
1

]
. Under the

price instrument, abatement in period 1 is not stochastic: AP
1 = (µ − χ)/κ and E[TCP

1 ] =
C(AP

1 ) + µ{Z − AP
1 }. Second-order approximate C(AQ

1 ) around AQ
1 = AP

1 and substitute
into (4) (and observe that the approximation is exact under the given functional forms):

E[TCQ
1 ] =E[TCP

1 ] + E

[
C ′(AP

1 )
[
AQ

1 − AP
1

]
+

1

2
C ′′(AP

1 )
[
AQ

1 − AP
1

]2 ]
− E

[
d[AQ

1 − AP
1 ]
]
.

(A-16)

Using (3) in A∗
1 under a cap,

AQ
1 =

µ− χ

κ
+

N(b+ β)

Nκ+ (1 + r)αV

[
d− µ+

1

N

∑
i

ϵi

]
+

(1 + r)αV

Nκ+ (1 + r)αV

b+ β

b
θ

and thus:

E
[
AQ

1

]
=
µ− χ

κ
= AP

1 ,

E
[
AQ

1 − AP
1

]2
=V ar[AQ

1 ] =

(
b+ β

Nκ+ (1 + r)αV

)2 [
[(1 + r)αV ]2

b2
Θ2 +N2σ2 +Nν2

]
,

E
[
d{AQ

1 − AP
1 }

]
=Cov[d,AQ

1 ] =
b+ β

Nκ+ (1 + r)αV
Nσ2.

The proposition follows from substituting into (A-16) and then substituting that result into
∆ = E

[
TCQ

1 − TCP
1

]
.

C.4 Proof of Proposition 2

Part 1 of the proposition follows from inspection of (5), recalling from Proposition 1 that b,
β, and V are independent of κ.

Rewrite (5) as:

∆ = − b+ β

Nκ+ (1 + r)αV

{
Nσ2 − 1

2
κ

(
b+ β

Nκ+ (1 + r)αV

)[
[(1 + r)αV ]2

b2
Θ2 +N2σ2 +Nν2

]}
.

(A-17)
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For ∆ to be strictly positive at some κ, we need the expression in curly braces to hit zero at
some κ̂ > 0. Again using that b, β, and V are independent of κ, we have the unique κ̂:

κ̂ =
Nσ2(1 + r)αV

1
2
(b+ β)

[
[(1+r)αV ]2

b2
Θ2 +N2σ2 +Nν2

]
−N2σ2

.

For κ̂ to be strictly positive, the denominator must be strictly positive, which in turn means,
using (A-14),

1

2
(b+ β)

[(
(1 + r)ασ2ν2[1 + (N − 1)b]

N(σ2 + ν2)b

)2

Θ2 +Nν2

]
>

[
1− 1

2
(b+ β)

]
N2σ2. (A-18)

From (A-10), (A-14), and (A-15) we have:

b+ β =
N(N − 1)σ2b2 + σ2ν2

(
(1 + r)α σ2

Nσ2+ν2

)2

Θ2[1 + (N − 1)b]2

b2(Nσ2 + ν2)(N − 1) + ν2(σ2 + ν2)
(
(1 + r)α σ2

Nσ2+ν2

)2
Θ2[1 + (N − 1)b]2

. (A-19)

We see that limσ2→∞(b+β) = 1. The right-hand side of inequality (A-18) approaches infinity
as σ2 approaches infinity, in which case the inequality does not hold. From (A-15),

lim
ν2→0

b =
σ2

(
(1 + r)α 1

N

)2
Θ2 limν2→0

(
ν2[1 + (N − 1)b]2

)
Nσ2(N − 1) limν2→0 b2 + σ2

(
(1 + r)α 1

N

)2
Θ2 limν2→0

(
ν2[1 + (N − 1)b]2

) .
We have a contradiction if we assume limν2→0 b > 0, so the limit must be zero, which can be
the case only if b2 goes to zero more slowly than does ν2. In that case, limν2→0(b + β) = 1.
The left-hand side of inequality (A-18) approaches zero as ν2 approaches 0, and the right-
hand side of inequality (A-18) approaches 0.5N2σ2. Inequality (A-18) then does not hold.
We have established the second part of the proposition.

If κ̂ > 0, then, from (A-17) and b, β, and V being independent of κ, ∆ > 0 for all κ > κ̂
and ∆ ≤ 0 for all κ ≤ κ̂. We have established the third part of the proposition.

As κ becomes large, ∆ approaches 0, from (A-17) and b, β, and V being independent of
κ. From (A-15),

lim
σ2→0

b =
ν2

(
(1 + r)α 1

ν2

)2
Θ2 limσ2→0

(
[σ2]3[1 + (N − 1)b]2

)
ν2(N − 1) limσ2→0 b2 + [ν2]2

(
(1 + r)α 1

ν2

)2
Θ2 limσ2→0

(
[σ2]2[1 + (N − 1)b]2

) .
We have a contradiction if we assume limσ2→0 b > 0, so the limit must be zero, which
can be the case only if b2 goes to zero more slowly than does [σ2]3. Then, from (A-19),
limσ2→0(β + b) = 0, because [σ2]3 in the numerator goes to zero faster than does [σ2]2 in the
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denominator and σ2b2 in the numerator goes to zero faster than does b2 in the denominator.
Then, from (A-17), ∆ goes to 0 as σ2 goes to 0. We have established the fourth part of the
proposition.

If ∆ > 0, then boundedness of b+β and V and limκ→∞ ∆ = 0 imply with (A-17) that ∆ is
finite. Using b, β, and V independent of κ, ∆ is minimized as κ becomes small. Using (A-14),

lim
κ→0

∆ =−N

(
Nσ2

ν2
+ 1

)
b+ β

(1 + r)α[1 + (N − 1)b]
. (A-20)

We saw above that limσ2→∞(b + β) = 1 and limν2→0(b + β) = 1. Therefore the right-hand
side of (A-20) approaches negative infinity as σ2/ν2 approaches infinity. We have established
the final part of the proposition.
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