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Appendix to “Informationally Efficient Climate Policy”

This appendix contains numerical details, proofs, and additional formal analysis.

A Numerical Details

There is not broad agreement on a distribution to use for climate change impacts. I calibrate
the distribution for aggregate impacts Zfil #:[¢; + ¢;] to Pindyck (2019). In 2016, he asked
around 1,000 climate scientists and economists to report their subjective percentiles for the
percentage reduction in GDP that climate change will cause in fifty years, assuming that no
additional emission controls are enacted before then. He fit four distributions to the results
and found that a lognormal distribution produced the highest corrected R?. The location
parameter for his fitted lognormal distribution is -2.446 and the scale parameter is 1.476. His
distribution describes a parameter (which he labels ¢) that is equal to Thogs Zf\il Kl G+ Gl
Using this estimate and treating Thpg5 as known, ZZ]\LI #:[¢; + ¢ is lognormally distributed
with location parameter —2.446 — In(75g65) and scale parameter 1.476.

The value for Tygg5 should be the temperature that experts would have expected to hold
based on their information in 2016. The IPCC’s AR5 summarizes knowledge around that
time. Hausfather and Peters (2020) suggest that a no-additional-emission-controls scenario
is consistent with SSP4-6.0 from the IPCC’s AR6. So I consider RCP 6.0 in the IPCC’s
ARD. There, the mean of the CMIP5 models is for 2.2 °C of warming in 2046—2065 relative
to a 19862005 reference period, which in turn is on average 0.61 °C warmer than over 1850—
1900 (Collins et al., 2013, Table 12.2). I therefore fix Tooe5 = 2.2 + 0.61 = 2.81 °C. This
implies a location parameter for Zf\il ki[G + (] of -3.48.

In order to determine either the emission tax or damage charges, it remains to calibrate r,
a, and Cjy. I take r to be the policymaker’s consumption discount rate. According to World
Bank date, average growth in global output per capita was 1.85% per year over 2000-2019.
Choosing an annual utility discount rate of 1.5% and a coefficient of relative risk aversion of
1 to match the log utility specification, the Ramsey rule implies that » = 0.0154+1%0.0185 =
0.0335, or 3.4% per year.

The parameter «, or the “transient climate response to cumulative carbon emissions”, is
1.6/1000 °C/Gt C, from the central value in Matthews et al. (2009). This value is consistent
with Collins et al. (2013) and Dietz and Venmans (2019) and is the same as used in Rudik
(2020).

I calibrate initial consumption Cy to World Bank data. In 2021, global output was $86.7
trillion in year 2015 US dollars. Converting to year 2021 US dollars using World Bank
deflators, I set Cy = 97,975 billion dollars.

Now consider the calculations underlying Figure 2. Substituting (5) into (6) yields the
probability that the damage charge A; is constrained by the deposit D from reaching its
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first-best value of Coar[C + \i]:

Pr(A; < Coal(y + M) =1 — F(rD/[Coal),

where F(-) is the cumulative density function for ;4 A;. In the absence of either measurement
error in the aggregate signal or stochasticity in climate impacts (i.e., if_d)2 =0 and 0% = 0),
F(-) is completely determined by the lognormal distribution of >_N | #,[¢; +¢;] defined above.

A.1 Example: Evolution of Beliefs

Consider a normal distribution that has the same mean and, when I' = 0, variance as the
lognormal distribution for Zf\il ki|G + ¢;] described above:

N
D kG = exp(—3.48 + 1.48%/2) = 0.0916,

=1
and

= [exp(1.48?) — 1] exp(—2 * 3.48 4 1.48?) = 0.0658.

HMZ

The k; are drawn from a symmetric Dirichlet distribution with concentration parameter 1.
The regulator and all agents know the values of the ;. I fix N = 10 in the base specification
Now consider the sources of noise. First, I assume that o2 sz\; k7 is the same as the

prior variance 72 S~ | k2, so that
o 0.0658

— '
Zi:l “?

Second, in the base specification, I assume that aggregate measurement error has twice the
variance as aggregate stochasticity:

Third, I assume that sectoral measurement errors have half the variance as sectoral stochas-
ticity:
w? =0.5% 0.
For the purposes of simulating beliefs, I assume that the true value of Zi\; kG 1s the
same as Zf\il r;(;, so that the full-information optimal tax is twice the prior tax. I draw the
(; from a multivariate normal distribution with mean vector equal to Z 1 rx;(; and I then

adjust the draws ex post by adding a constant to ensure that Z ki = Zfil rk;G;. I draw
1 million trajectories for the random variables conditional on these (;. These trajectories
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Figure A-1: An example of how informationally efficient beliefs and the regulator’s beliefs
would each evolve on average (i.e., of Eg[|¢] and Ey[ii|¢]). Appendix A details the cali-
bration. The emission tax optimal at prior beliefs is $118 per tCO,, and simulations assume
that the emission tax conditional on true knowledge of the (; would be twice as large ($236
per tCOy). Left: Evolution of average beliefs over the first 25 periods, with N = 10 and
@?)[0? o8 | k2] = 2. Middle: The effect of the number of sectors (N) on period 1 beliefs.
Right: The effect of aggregate measurement error (w?) on period 1 beliefs.

yield 1 million trajectories for fi; and fi; from equations (3) and (4), respectively. Averaging
over these trajectories yields trajectories Eylji;|¢] and Epljis[C].

Figure A-1 provides an example that illustrates how the regulator’s beliefs (gray) differ
from informationally efficient beliefs (black), for the extreme cases when unknown sectoral
effects are independent of each other (I' = 0, dashed) and are perfectly correlated with each
other (I' = 1, solid). The emission tax that would be optimal at time 0 beliefs is $118 per
tCOs. The depicted simulations assume that the initial tax that would be optimal with
perfect information about the (; would be twice as large.

The left panel assesses how beliefs converge to the truth.* In these cases, informationally
efficient beliefs converge to the truth faster than do the regulator’s beliefs. Both types of
beliefs converge faster when sectors are perfectly correlated with each other than when
sectors are independent of each other: informationally efficient beliefs infer more from each
observation in the presence of correlation, and the regulator places more weight on the data
when correlation increases the prior variance.

The middle and right panels plot the emission tax chosen, on average, after observing
signals from time 0. The middle panel shows that the number of sectors NV does not affect
beliefs when sectoral effects are independent (the calibration scales 02 so that aggregate
stochasticity is independent of N). However, correlation makes the average speed of learning

40The average speed of convergence is used here for illustration, but it is not a measure of the quality of
beliefs. Such a measure would also account for the standard deviation of beliefs. For instance, when I' = 0.5,
the regulator’s beliefs converge towards the true value on average faster than do informationally efficient
beliefs, but they are more sensitive to randomness in any particular trajectory.
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increase in the number of sectors N, and informationally efficient beliefs in particular update
much faster when the economy has multiple sectors that provide information about each
other. The right panel shows that aggregate measurement error w? (which increases to the
right) markedly slows learning by the regulator. In contrast, informationally efficient beliefs
are less sensitive to aggregate measurement error because they can use the disentangled
sectoral signals directly and thereby mitigate that source of error.*!

B Taxing the Stock of Carbon

Assume informational efficiency, so that all agents observe all (;; + A;. Denote firm i’s
cumulative emissions from time 0 to time t — 1 as M;;. In period ¢, the regulator taxes M;,
at rate ;. Firms discount the future at per-period rate r. Final-good firms’ problem is as
in Appendix G.

The representative intermediate-good producer in sector i solves the following Bellman
equation:

Lit,eqt,Rit

Jz‘t(Mit7 fbs Qt) = maX {Et [pit eXp[—QtTtH Lityit(eit) —wig Ly — vy My — pﬁRz‘t

A

+ BTy (M + e — Rig, flyg1, Qt—l—l)]}:

147

with each control weakly positive. At an interior solution, the first-order condition for
emissions is
1 A

E, [pit exp[—CitT]] LY ™ (e5t) = — 1+ rEt

OJit41) (M + € — Rig, flasa, Qt+1)
Oey

and the first order condition for carbon removal is

0Ji41) (M + €ip — Rig, flusa, QtJrl)
OR; '

1 ~
R:
Pt 147

t

Substitute for p;; and pf and then for p,C; in the first-order conditions as in Appendix G:

1 - -aJi(t+1)(Mit + e — Rig, flug1, Qt+l)- kY (e;)
— E = C A-1
1 + T t a@z‘t YZt(el‘t) O ( )
1 - -aJi(t+1)(Mit + e — Rit, flag1, Qt+1)- ¢, (Ry)
E = Co. A-2
1 +r ' aR’Lt 1-— Ct(Rt> 0 ( )

41Tt is hard to detect visually in the figure, but aggregate measurement error does slow learning even
for informationally efficient beliefs with I' = 1. The convergence of informationally efficient beliefs and the
regulator’s beliefs when I = 0 and &2 = 0 illustrates Corollary 2.
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The envelope theorem yields:

aJit(MitaﬂtaQt)__Dt_’_ 1 i, aJi(t+1)(Mi(t+1)aﬂt+1,Qtﬂ)
OM;(441)

8Mit N 1 +r
Recursively substituting, we find:

a']it(Mitu latu Qt) - 1 S~
=— E .
OM;, 2 (147r)s )

s=0

Advancing by one timestep, substituting into (A-1) and (A-2), and applying the law of
iterated expectations, an interior solution must satisfy:

[e.e]

1 - Hiyit/(eit>
———F | =——-C,
Z Ty e =g,y
> 1 A c(Ry)
- F s =t o
X T e~
Now set 7, = C'Ooz[gt + S\t] The foregoing conditions become:
> 1 N~ ~ /{iY”’(eit)

e ———F s + Migs| =, A-3
— (1 +T)S t[<t+ t+ ] YZt(eit) ( )
> 1 A N c, (Rt)

— Lk s+ A s :t—, A-4
a;<1+r>$ t[Ct-‘r t+] 1_Ct(Rt) ( )

which in turn are equivalent to

. } '
1 5. ki Y (eq)
a— ; KikCr + [ _Wv

1 - (R
o |3 kit |~
Lk=1 i

Once we adjust for the possibility of corner solutions, these conditions are the same as the
conditions for welfare maximization in (1) and (2). Therefore this choice of 7 must be the
optimal choice for a regulator who can commit to a choice rule at time 0.

Finally, consider what would happen if we did not assume informational efficiency. In
that case, the expectations in (A-3) and (A-4) vary with the index ¢ when different firms
have different information. Firms will expect different stock taxes and thus arrive at different
estimates of the marginal cost of emissions and the marginal benefit of carbon removal. In
the absence of a mechanism by which firms can coordinate expectations, a stock tax may
fail to equalize marginal abatement costs across sectors—and thus violate a basic principle
of efficiency.
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C Carbon Shares When the Regulator and Market Ap-
ply Different Discount Rates

Extend the analysis of Section 5.1 to a case in which the market interest rate is 6 > 0 but
the regulator discounts future welfare at rate p > 0. Equations (1) and (2) hold with p in
place of r. Denote damage charges and refunds in this environment as A} and d;. Define
damage charges as

AT AN,
p

with A; as in (6). Define refunds as

4 26D — A

(o).
p

for some deposit D* > 0. In the special case that 6 = p and D* = D, we have Ay = A, and
d; = d; and so are back to the carbon share policy analyzed in the main text. Analogously
to the main text,

o

Z d:+s + AL =

s=1 s=1
*
=D ,

so that the policy is again either revenue-neutral or revenue-positive when deposits are
invested at the market interest rate.

Trivially adjusting the proof of Lemma 1 to use ¢ in place of p and dj, ; in place of d;,
equation (8) becomes

o0

A% 1 AP
4 = ; mEt[dt+j]'

Adjusting the proof of Proposition 4, the cost of emitting in period ¢ becomes

[e.9]

* Ak r gk * 1 7 * *
ji
§ — I
=-— E Ayj
P 1—|—6
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Equation (A-22) then becomes

[e.9]

ZﬁkClmL = 1j5) Xt b+

Jj=1

D" — (g — Eld]) = Co a

o

1 46
Z/ﬁzk‘gk + :ut Z (1 + 5) Xt g+

The rest of the proof of Proposition 4 then goes through straightforwardly. We have estab-
lished that Proposition 4 holds with damage charges A; and refunds d;. Therefore, again
using L to represent the expected loss relative to the welfare-maximizing benchmark from
using a carbon share policy and stipulating Assumption 1, we have shown that L — 0 as
D* — oo when 0 # p, damage charges are Ay, and refunds are d;.

:CO «

D Analyzing Emission Taxes with a Revenue Lockbox
Used to Fund Carbon Removal

Consider the implications of a dynamic revenue constraint in a world in which the regulator
does not learn about damages but in which technological progress in carbon removal can
eventually make negative net emissions optimal even under the prior belief. Proposition 2
established that the regulator’s unconstrained-optimal tax would be

N
Z ke + [t

k=1

o
v = Co—
r

This tax is unaffected by the possibility of technological progress in carbon removal tech-
nologies and is constant over time in the absence of learning about damages (i.e., when fi;
is constant over time). Because this tax is also the subsidy a regulator would like to offer
for carbon removal in a negative net emission scenario, the tax that the regulator collects at
the time of emission is exactly equal to the subsidy the regulator would subsequently offer
to remove that same unit of emission from the atmosphere. The dynamic revenue constraint
would therefore never bind unless it became optimal to bring future carbon stocks below
their initial level M,.

Now let the regulator learn about damages. In that case, observing unfavorable infor-
mation about climate damages could increase ji; by enough to make negative net emissions
optimal whether or not there is progress in carbon removal technology. The tax the regula-
tor collects at the time of emission is then strictly less than the subsidy the regulator would
subsequently offer to remove that same unit of emission from the atmosphere. The regula-
tor has sufficient tax revenue in its lockbox to bring carbon only part of the way back to
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M. The more pessimistic damage estimates become, the more likely this constraint on the
regulator’s ability to fund negative net emissions becomes binding. And if carbon removal
technology simultaneously progresses quickly, then this constraint again becomes more likely
to bind because a given subsidy will procure even more removal. The regulator might again
be unable to procure the optimal level of negative net emissions without raising funds from
taxpayers.

Further, when the lockbox might fail to incentivize optimal removal, the regulator distorts
emission decisions in anticipation that the dynamic revenue constraint might bind:

Corollary 5 (Emission Tax With A Lockbox).

1. Consider a period in which net emissions are strictly positive. The tax with a lockbox
is strictly greater (strictly less) and emissions are strictly less (strictly greater) than
giwen in Proposition 2 if marginally raising that tax increases (decreases) tax revenue.

2. Consider a period in which net emissions are weakly (strictly) negative. The optimal
payment from a lockbox that the regulator offers for carbon removal is weakly (strictly)
less, and net emissions are weakly (strictly) greater, than the welfare-mazimizing bench-
mark.

Proof. See Appendix O. O]

The marginal value of a higher emission tax is comprised of its marginal value in a setting
without revenue constraints and its effect on future negative emission constraints via its effect
on the revenue that will be stored in the lockbox. The latter effect distorts the emission
tax away from its unconstrained-optimal level in order to prepare for the possibility that
sufficiently negative net emissions become optimal. When emissions are strictly positive,
raising an emission tax increases revenue by charging more per unit of net emissions but
reduces revenue by reducing net emissions. The first part of the corollary establishes that
the optimal tax in the presence of a lockbox is higher (lower) when the former (latter)
dominates. Small distortions in the emission tax do not impose first-order costs today, but
they can raise extra revenue that provides first-order benefits by weakening a potential future
constraint on negative net emissions.*?

Once the regulator is already paying for negative emissions out of the lockbox, reducing
the emission tax clearly leaves more revenue in the lockbox: a lower price requires the
regulator to pay less per unit of carbon removal and also procures less carbon removal.
The second part of the corollary establishes that a regulator already paying for negative
emissions prepares for the possibility of future binding constraints by reducing the price
offered for carbon removal.

42The possibility of hitting the constraint at some future time did not distort the optimal tax in Propo-
sition 2 because the combination of logarithmic utility and multiplicative-exponential damages makes the
optimal tax independent of future emission and removal trajectories. This combination of assumptions also
makes the lockbox work perfectly in the absence of learning about damages.
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E Proof of Proposition 1

Consider the zero-mean random vector

[ Zivzl e ]
%E] O[Clj + )‘19] C
A
s = :
i §:E[CNJ + Awj] =
EDTCEDVED DA
Observe that
. N = ) = =
i = E Zﬁk@ n Z[Clj + Ay = Cry e n Z[CNj + Anjl — (v, N Z G+ Ml Z@Ck] :
k=1 J=0 7=0 j=0

Let ¥, indicate the (N 4 1) x (N + 1) covariance matrix of the final (N + 1) x 1 elements
of s; and ¥ indicate the 1 x (N + 1) vector of covariances between Zgﬂ k(e and the other
elements of s;, so that

5 2 [m& + (1= r)078, o kNt (L= e, T w20 Y ,.@k,ij} ,

From the projection theorem,

fy = S0t _ : : (A-5)
T Z;:lo[CNj + AN;] v

Consider W; . Label the N x N upper-left block of ¥, as W,, the N x 1 upper right
block as Ug, the 1 x N lower left block as W, and the 1 x 1 lower right block as ¥ . From
familiar results for block matrix inversion,

U+ U — UoU ) Mo — U (U — UpW W)t

-1 _
Vo= —(Up — VU ) 10! (Up — UeU ' Up)!

. (A-6)
Element (i,i) of W4 is 78 + o2/t + w?/t, element (i,7) of W, is I'r¢ for i # j, the ith
element of Wy and We is k(72 4 02/t) 4+ (1 — k)72, and Wy, equals (12 + 02/t) Son | K2 +
T3 Sy Yoy Bk + @2/t
Conjecture that each diagonal of \Ilzll is
75 +o?/t +w?/t+ (N — 2)T'15
T+ L4 P+ (4 2L+ PN - D07 — (N - DITP
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and each off-diagonal of U' is
—FTg
(1 + o2/t +w?/t)2 + (18 + o2/t + w?/t)(N — 2)I'1¢ — (N — ) [I'7¢]?

Under the conjecture for W', each diagonal element in W, W, is
; + o2/t +w/t+ (N —2)T'7]
[7‘02—|-02/t—|—w2/t] > 7—0+g/+w/+( )TO2 -
(15 + 02/t +w?/t)? + (15 + 02/t + w?/t)(N — 2)I't§ — (N — 1)[I'75]?
N-1 2
p O(12 + 02/t + w?/t)2 — (N — D)[[73]2 + (78 + 02/t + w?/t)(N — 2)['72

=1,
and each off-diagonal element in WU ! is

2 e+ o/t +w/t+ (N —2)I'7
O (24 02/t + w2 /t)2 + (12 + 02/t + W2 /t)(N — 2)I'1Z — (N — 1)[['72]?

F 2
— [+ ot + w1t . 7o ; -
(15 + 02/t +w?/t)* + (15 + o2/t + W2 /t)(N — 2)I'7g — (N — 1)['75]?
p O(18 + o2/t + w2 /1) — (N — D)[[72)2 + (¢ + 02/t + w2 /t)(N — 2)I'1¢

=0.

We have shown that W, W " is the identity matrix under the conjecture for \11;11 and thus
have confirmed that the conjecture is correct. Observe that the denominator of each element

simplifies to

[(1 e Wt} [(1 ~ D)2 4 0t + w?/t + ND72).

With ¥;' in hand, we now calculate ¥; ' from (A-6). Element i of ¥oWU ' and also of

A t A
URURE
2 2 2 2
5+ ot /t+w?/t+ (N —2)I'1; 5 5 5
(18 + o2/t + w?/t)2 + (78 + 0%/t + w?/t)(N —2)I'18 — (N — 1)[1%'3]2[/€ (70 +07/t) + (1 = k) T'mg]

N 2
>

G (8 02 W2 4 (75 + o [t + W )(N = 2)T7g — (N = DT
[kk(8 + 0% /t) + (1 — k) D7)

(1—-T)r2 + 0%/t o Driw?/t ‘

(1-=D)1f + 02/t +w?/t (1—D)72 + o2/t + cu?/t] [(1 —D)72 4+ 02/t + w2/t + N7
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We then have:

N [(1 —D)g + %/t + W/t + NFT(?] [(1 -D)g + az/t} ki + D1Ew? [t

Vel Wp = ; (72 + 02/t + w2 /t)2 + (7§ + 02/t + w2/t)(N — 2)['1Z — (N — 1)[['g]2
(ki((1=T)78 + 0%/t) + T
(=197 + ot 4wt + NP [(1 -T2 + 02t TSN
TR+ 0t + w2 + (12 + 02t + W2 /t) (N —2)T72 — (N — 1)[T7)?
[(1 — D)2+ 0%/t + NFTO} [(1 — )¢ + 02/t —|—w2/t] + [ 1—D)7rd + o /t|w?/t ,
i (76 + 0%/t + w?/t)? + (7§ + o2/t + W? /) (N = 2)I'75 — (N = 1)[T'7g]? b
And

(Up — VW)™
=[0 =)+ P/t + w2t (1= D)7 + 0%/t + WP/t 4+ N

{ [(1 D)2+ o2tk Wt} [(1 D)2 4+ o2t w4 Nrfg]

N N N
[7'0 + 0% /t) ZI{ —|—2FT§Z Z Iiklij—l—aﬂ/t}
k=1

k=1 j=k+1

N
— [0 =D + 0%/t + w2t + MO [ =) + 0% ] D
=1
—1

— [(1 —D)2+ o/t + NFTg] [(1 D)2+ o2/t + wz/t} e — [(1 D)2 + 02/75] FTng/t}
=1 =)+ P+ w2t (1= D)7 + 0%/t + P/t 4+ N
{ 2/t < (L=T)7 + 0%/t + [t + NI | [(1 = T)d + ot i K2+ rTgWQ/t)
+ [(1 ~ D)2+ 0/t + w2/t] [(1 Ry Nrfg}aﬂ/t}_l,

where the final line uses chvzl ki = 1. Element i of \IIEI\IJB(\IJD — \IJC\Ilzl\IJB)_l and also of
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(Up — VoW, Wp) W, s
{ [(1 Ny NrTg] [(1 B 02/4 ki + rTgw2/t}
{ 2/t([< O 402+ V][0 ) 3 Frguﬂ/t)
+ =D+ e+ w?t] (1= Ty 4 Pt NFTg]wz/t}_l.

Element (i,7) of W' + U "W p(Up — WU ' Ug) 10U, s

1-D)g + o/t +w?/t+ (N —1)I'7
(1=T)78 + 02/t +w?/t| [(1 = T)7d + 02/t + w2/t + NT'73|

{ [(1 —D)g + %/t +w? )t + NFTOQ] [(1 —D)g + 02/15} Ki + FTng/t}
+

[(1—r)r —|—a2/t+w2/tH( )2 02/t+w2/t+NFTO]

{ [(1 D)2+ o/t + WP/t + NFT&} [(1 — D)2 + 02/15] ki + FTO2W2/t}
{ 2/75([( D)3 + o/t + W/t + NPTO] [(1 - D)5 +02/t} i&z +1"7‘02w2/t)

+ [(1 — 11)7'02 + o2/t —|—w2/t] [(1 — F)Tg + o/t WPt + NFT&}&)Q/t}l,
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and element (m,n) of U' + W "W p(Up — WU ' Up) 10U s, for m # n,

—FTg
[(1 — D)2 + 0t + w? /t} [(1 ~ D)2+ 0t + w2/t + Nrfg}

{ [(1 — D) + 0%/t + WP/t + NFTOZ] [(1 —D)g + 02/15} K + FTng/t}
+

[(1 — D)2 + o2t + w2/t] [(1 C D)2+ o2t + W/t + Nrfg]

{ [(1 D)+ o/t +W?/t+ Nrf(ﬂ [(1 ~ )73 + 02/15] Kn + Frng/t}
{ 2/t<[( D)2 + 02 ft +w?/t + NFTO] [(1 )1 +a2/t} iﬁ —O—PTOQWZ/t)
+ [(1 —T)r2 4o/t + w2/t] [(1 — )2 + ot + WP/t + Nﬁ@}@?/t}_l.

The foregoing pieces define ¥, ' from (A-6). X,¥;' is 1 x N + 1 and, from (A-5),
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determines how /i, uses the signals in s;. Element k € {1,..., N} of ¥,¥; ! is

r? + (1 — m)Tr2] (1-T)2 + o/t +w?/t+ (N — 1)1
0 0

+

[(1 — D)7 +02/t+w2/t] [(1 — D)1 + o2/t + w2/t + NFT&]

{ [(1 — )¢ + 0%/t + WP/t + NP’TOQ] [(1 —D)g + 02/25} KK + I‘Tng/t}

[(1 S T2 4 o2t w? /t] [(1 )12 4+ o2/t 4w/t + Nrfg}

S w4+ (1 - m)ﬁg]{ (1= D)7 + 02/t 4+ w2/t + NTrE | [(1 = T)7g + 02t s + Tries? /t}

=1

k=1

{ 2t ( (1=T)7 + 02/t +w?/t + NTr2 | [(1 = T)78 + 0*/t] i K7+ FTgw2/t>

+ [(1 — )2+ o2t + w2/t} [(1 D)2+ o2t 4w+ Nﬁﬂ@?/t}_l

—[(1 =) (1 = T)rg + (N = DI'7g] I'rg

[(1 )72+ o2t + w? /t} [(1 D)2 4+ o2t w4 Nrnﬂ

(1— D)7 + 02/t + w2/t + Nrnﬂ [(1 ~ )72 + o /t] ki + Drlw? /t}

/—/H/—/H

2/t<[( )73 +02/t—|—w2/t—|—NFTO} [(1 -7 +U2/t] ilf +FT()2w2/t>

+ [(1 D)7 + %/t + w2/t} [(1 D)+ o/t + W/t + NFrg}aﬂ/t}l
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o (1_F)To
TA-D)Rtottwjt "
o’ [t + WP/t I'7g
(1-D)g+ o2/t +w?/t (1 —T)7¢ + 02/t + w?/t + NI'1¢
Yy (1—-T)12 + 02/t - w2/t I
— D)2+ 02/t +w2/t T (1 =D)2 + 02/t + w2/t (1 — D)2 + 02/t + w2/t + NT'72
0 0 0 0

{[(1 —F)T§+02/t+w2/t+NFr§](1 —F)Tgi/@%r [02/t+w2/t}f‘73}
{ 2/t<[( D)7 + 0%t +w?/t + NT7] [(1-T) TO+02/42N:FU +F7'02w2/t>
+ [(1 — D)2 + o2t + aﬂ/t] [(1 — D)2+ o2t + Wt + NFT(?}(DQ/t}_l. (A-7)

Element N + 1 of ¥,¥; ! is

= i[wg +(1— mk)rTg]{ (1=T)7 + 0%/t + w2/t + NTrE| [(1 = T)78 + 02/t s + Tries? /t}

—_

{ 2/t<[( )73 +02/t+w2/t+NFTO} [(1 )75 —1—02/75] ZN:I{ —|—F7’02w2/t>

k=1

+ [(1 — D)2+ o2t + uﬂ/t} [(1 D)2+ o2t W+ Nrfg}aﬂ/t}_l

,_.
Z&‘
H
u
P?‘
+
=

[(1 )2 + o/t +w2/t] [( C D)2+ o2t Wt Nrﬂ

=

{ 2/t( IBER —|—O’2/t—|—w2/t—|—NFT0i| [(1 - )75 +a2/t] Zﬁ; —|—Frgw2/t>

+ [(1 — D)2+ o2t + oﬂ/t} [(1 ~ D)2+ o2t + Wt + Nﬁﬂﬁ/t}_l
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—[wZ/t]{ [(1 D)2 4 ot Wt NrTg] (1— D)7 i K2+ [02/15 n w2/t} rTg}

k=1

{ 2/15([( D)2 + 0% ft +w?t + NFTO] [(1 )72 + 0—2/15} i,«u + rTng/t)
+ [(1 — )2 + o2t + w2/t] [(1 ~ D)2+ o2t W+ Nrrg}aﬂ/t}_l. (A-8)

With these elements, we can determine fi; from (A-5).
Define

Z, é[WQ/t]{ [(1 —D)2+ o/t + WP/t + NFTOQ] (1-— F)Tgiff% + [02/75 +W2/4F702}

=1

{[ 2/t]<[( D)7 + 0%/t +w/t + NT7] [(1 - T 70+a2/4i5 +rTgw2/t>

+[@?/1] [( )72 + o/t + oﬂ/t} [( D)2 4ot Wt NrTg} }_ .
(A-9)

Clearly Z > 0. Observe that Z,]::l K4 is minimized when each r; = 1/N and thus

<[w 2/t]{[( I)r2 +a2/t+w2/t+zvr¢0} 1—F)Tginz+ [02/t+w2/t]rrg}

k=1

{[ 2/t]([( I)r2 +a2/t+w2/t+zvr¢0}(1—r)Tmeszg[a?/Hw/t])

e [( I)r2 +02/t+w2/t} [( F)Tg+02/t+w2/t+NFT02]}_
<1.

Therefore Z, € [0,1). By inspection, Zy > 0as@ Jw — 00. The expression in the proposition
follows from (A-5), (A-7), (A-8), and the definition (A-9).
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F  Proof of Corollary 1

From Proposition 1, Z, — 0 as w? — 0 if &2 > 0. In that case, the expression in part (i)
follows from (3), Ar; = 0, and the definition of ;. Now consider the case in which @? = 0
and w? — 0. From (A-9),

(L=T) + 02/t + @t + NTR| (L= D) 0L 62 + |02/t + w2/t Tr3

Zt -
[(1 — D) + o2/t +w?/t + NFT&} [(1 — D)2 + 02/t] SV K2+ DRw?/t

if 2 = 0, which goes to

(1=T)78 + 02/t + NTr2| (1 = D)2 0L, 2 + [0 /4]T'73

[(1 —D)g + 02/t + NFTOZ] [(1 -D)g + 02/4 Zszl Ky

as w? — 0. Substituting into (3), using A\; = S\j = 0, and applying the definition of éj yields
the expression in part (i). We have established the first part of the corollary.
From (A-9),

lim Z, =1.

02,020

Substituting into (3), setting \; = 0, and setting 0> = 0 yields the expression in part (i) of
the corollary.
From (A-9),

I Rk kP> .
rarsot T [ 2. 2 2 2 | 2 N 2 T2+t
’ 7o+ o? [t + W/t |15 + 0/t Doy KR 0

Substituting into (3), setting A; = 0, and setting I' = 0 yields the expression in part (iii) of
the corollary.

From (A-9),

X [(1 — )¢ + o/t + WP/t + NFT§i| 1-D)rg + [02/75 —|—w2/t] NT7¢

lim t
©2—0,1;—1/N Vi [(1 — D)7 + o2/t +w?/t + NFT(?} [(1 —D)7g + O'Z/t] + NT72w?/t

(1-T)r8 + NI'7¢
(1-D)g+02/t+ NI'7g
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Using this,

_ (1—2,)(1 =) — Z,o%/t
lim
#2=0m—1/Nvi (1 = T)78 + 02/t + w?/t

B NT7Zo?/t
[(1 D)2 4 0t WPt NrTg] [(1 ~ )2 + o /t} + NDr2w?/t
y o2t 4+ (1 — Z)w?/t NT'73
im
#2=0,m—1/NVi (1 = T)78 + 02/t + w2/t (1 = D)1¢ + 02/t + w2/t + NT'7¢
NT7éa%/t

[(1 —D)g + 02/t + w2/t + NPT&] [(1 -D)g + 02/4 + NPT(?WQ/t'

Substituting into (3) and setting S\j = 0 yields the expression in part (iv) of the corollary.

G Proof of Proposition 2

I first solve for market equilibrium conditional on the choice of tax and then consider how
the regulator would design the tax to maximize welfare.

Let p; be the price of consumption, p; be the time ¢ price of intermediate 4, and pf* be
the price paid for removal. Final-good firms solve:

N
max {pt (1 - Ct(Rt)) Y, — sz‘th‘t +prt}-
i=1

R {Yu},

The first-order conditions are

G
pzt *pt'%ly-i )
R cy(Ry)
=p——F~=—C,. A-10
Dy ptl—ct(Rt) t ( )

The latter condition becomes a < when R; = 0.
The representative intermediate-good producer in sector ¢ solves

max {Eit [pit eXP[—Cz‘tTt]] Lityit<€it> — wy Ly — 1y max{eit — Ry, 0} - pﬁRit}-
Lit,eit,Rit=>0

The max{e;; — R;;,0} reflects that, unless the regulator could discriminate subsidies by

sectors, the regulator cannot pay firms in sector ¢ for negative emissions or else it would

violate its revenue constraint if emissions in other sectors net out to zero or less. A maximum

clearly has e; — Ry > 0.

A-18



Lemoine Informationally Efficient Climate Policy January 2023

The first-order condition for L;; is
wit = Byt [pir exp[—C T Y (ext).
If e;; — R;; > 0, then the first-order condition for e; is
vy = Eit [pi exp|—Ca Th]] Lityit/(eit)a
and the first-order condition for a solution with R;; > 0 is
ve = Eup)].

Substitute for p; and p? in the first-order conditions:

1

Wiy ZHiL—Eit[PtCtL (A'H)
it

Hiyitl(eit)
l/t :WEit[ptCt]7 (A—12)
i (Ry)
=L, | ————p,C,| . A-13
Vi t L — Ct(Rt)pt t:| ( )

At a corner solution with e; = 0, the second condition’s equality would become a >, and at
a corner solution with R; = 0, the third condition’s equality would become a <.
Household maximization implies p, = «'(Cy). Therefore, using py = 1,

_ u'(Ch) _ G
Pe=uicy) T o

Households’ budget constraint Zfil wi Liy = p;Cy and the first-order condition imply 1 =
S N, ki, which does hold. Substitute p,C; = Cy in (A-11) through (A-13):

1
Wit ZHiL—itCm (A'14)
_ Hiyit/(eit)
Vi —WCO, (A-15)
alf) (A-16)

Tl aR) "

The last equation reocgnizes that R; is nt uncertain if each R; is not. The wage must be
equal in sectors with nonzero employment, so w; = w; for some w;, > 0. Equation (A-14)
becomes:

1
Lyt = ki—Cp.
Wy
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From the budget constraint, w, = Cy and thus L; = k;. Therefore equilibrium L;; is inde-
pendent of e;, v, and T;.

Conjecture that v;/Cy is independent of T; (we will confirm this conjecture when studying
the regulator’s problem). Then from (A-15) and (A-16), the time ¢ market equilibrium is
also independent of T;. It is also independent of the random shocks ¢; and the unknown
damage parameters (;; and thus is not stochastic.

As v, increases, e; strictly decreases while e; > 0. Aggregating over all 7, Zf\il it
strictly decreases in v; and R; weakly increases in v;. There exists some 7, > 0 such that
Zﬁileit—Rt =0if v, = 1, and Zi]\ileit—Rt > 0if vy < 1.

The regulator solves the following Bellman equation:

N
W(Tt, [, Qt) = max E, {u( H exp|—C Ty LY " (e5,)]" )
=1

1 - .
—W (T4, i1 Q
+ T+r (Tht1, flet1s t+1)],

where E, denotes expectations over the regulator’s information set at the beginning of period
t and where a star represents market equilibrium. Market outcomes will be insensitive to v,
for v, > 1, and thus the regulator’s objective will be constant in v, for v, > ;. Maximized
welfare is therefore equivalent for a regulator who solves the following problem in which v,
is constrained to be less than or equal to 7;:

W(Ty, fu, ) = max E; [“ ((1 — a(RY)) ﬂ[eXp[_gitTt]L;}Y“(eft)]“i)

v <ig "
1=
1

+ ?W(E—Ha i1, Qt-i-l)]

At an interior solution, the regulator’s first-order condition is

3%
th

KV (e J R -
0= Z Y“f Zt th + 1+rEt [WT(TtﬂvﬂtH,QtH]

B c,(R) OR; 1
1—c(Rf) ovy 147

aR;
0l/t ’

E, {VNVT(TtH, [it+15 Qt+1>} o (A-17)
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Substitute from (A-15) and (A-16):%3

861 1 -~ |- B ~ ael

8Vtt Et |:WT(Tt+17 Hi+1, Qt+1 } autt
v (9R* 1 - |= - ~ (9R*
Ct* D 1y rEt |:WT(E+17Ht+179t+1>1& ayz-

Factor out common terms:

1 et OR
0= (Co + —OéEt |:WT<Tt+1;Nt+179t+1>1) (; aytt - aTZ) .

Applying the Implicit Function Theorem to equations (A-15) and (A-16), we find:

oej, -1 1 -
Dy~ I YTy, <0 ife}, >0, (A-18)
Y it/ Yit
ORf 1
L= >0 if R, > 0. (A-19)
ovy o (By) O* [ci(R C*
1— Ct R* 1 Ct R*)]2

Therefore, if some firm is at an interior solution for either emissions or removal:

Vy

C*

1
+ —TOéEt Wi (Tir, fiesn, Q1) |- (A-20)

From the envelope theorem:

. s - 1 - . ~ -
W (T, fie, ) = — G — A + 1+ rEt[WT(Tt—i-lu,ut—i-la Q1))

where we recognize that the market equilibrium is independent of temperature under the
conjecture that v;/Cy is independent of temperature. Recursively substitute into (A-20) and
rearrange:

1
Vy = Cga—
r

N
> kaC + i
k=1

We have confirmed the conjecture that v;/C{ is independent of temperature when Zfil Cit —
R; > 0. We have established Proposition 2.

43At a corner with either e;; = 0 or R;; = 0, we would have del, /Oy = 0 or OR; /Ov, = 0, respectively,
and so would end up at the same optimal tax as below as long as at least one is interior.
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H Proof of Lemma 1

Conjecture that the value of the carbon share depends linearly on each Fy[dy,;] and Ey[A ]
for 5 > 0:

(jt — Z At,t+jEt [dtJrj] + Z \I[t,t+jEAt[At+j]7
i=0 =0

with {Ag151520 and {Wy 445152, sequences to be determined.
 First consider a case in which R, = 0. The value of a carbon share in period t is
Eyd] + ﬁEt[(th]

Next consider a case in which R, > 0. The payoff of a shareholder who removes carbon
in period t is

(1+7)D — Et[At] _pfv

and the payoff of a shareholder who does not remove carbon in period ¢ is

E, dy] + E, [G41]-

1+7r

In a competitive equilibrium with abundant carbon shares, shareholders must be indifferent
between the two options, implying that

EyGea] — Eldy) — EJA). (A-21)

1
R
= (1 D —
o (1+7) 117

Equilibrium payoffs are then identical whether R; = 0 or R; > 0. By absence of arbitrage,
the value of the carbon share is:

G = (1+7)D — EJA] —pt.

Substitute for ¢;,; from the guess:
i =F,[d] + = i/\ Eyldi ] + = i\p EA ]
qr =L |Gy 117 o t4-1,t45 Lot [ At 45 11r < t41,64+5 Lot | D]

Matching coefficients, A;; = 1 and ¥;;, = 0. Advancing the analysis by one timestep, we
find Aty101 =1 and Wypq 441 = 0. Therefore Ay =1/(1 +7) and Wy = 0. The lemma
follows from repeating these steps for subsequent periods, deriving Ay, and Wiy, ;.
eventually Ayyq 4 and Wyyq 4y, and finally Ay ,q; and Uy g,
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I Proof of Proposition 4

The cost of emitting in period ¢ is D — (G, — E[d,]). From (8),

D_( =D — Zl—i— t-H]

from which (7) implies

D~ (4~ Bldi)) =D =3 ————B[r D — Ay

= (14 7)7
j=1
Using (6) and the properties of truncated normal distributions,
lon . 1 <1
D — (G — Eldy]) =Cp v - ; KiCr + ;Ht - ; th,tﬂ' ) (A-22)
where
f—fit
¢ (Zt t+j

i =0

A
Xtt+j = —ﬁ 2
—Ht
¢ <2t,t+g‘>

is the adjustment to the mean of a normal distribution (for time j random variables, using

the time ¢ information set) for the upper truncation point (from the deposit’s definition

in (5)), ¢(-) and ®(-) are the probability density function and cumulative density function
_ 1/2

for the standard normal distribution, and X, ; = (V@m(/}tﬂ)) is independent of fi.

Setting v, = D — §; in (A-15), time ¢ emissions are as in (1) as x¢¢4; — 0 for all 7 > 0.
Assumption 1 ensures that some shares are outstanding. Applying the foregoing analysis
to equation (A-21), we find that, if some shares are exercised,

P 1+rz 1+r EilAesl.

J=1

Using in equation (A-10), we find that

o0

(1) 1 1 .
L—c(Ry) 1+ Z (14 7)1 praves]
:CO (0% Z /?ka + /'[’t _::-_ i (1 _|_];,.)‘7_1 Xt,t+j 5 (A_23)
j=1
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with x¢.1; as above. Time ¢t removal of carbon emitted in all previous periods is as in (2) as
Xtt+; — 0 forall s € {1,...,t} and all j > 0.

Xt1+; decreases in fi and goes to 0 as fi goes to oo (i.e., the mean of a truncated-normal
distribution increases in the upper bound and approaches the mean of the untruncated
normal distribution as the truncation point goes to infinity). By the foregoing analysis, time
¢ emissions and removal are as in (1) and (2) as i — oo. So Ly — 0 as i — oo. We have
proved the proposition.

J Preliminaries for Proofs of Propositions 5 and 6

Let fi; and &U)t indicate the indicate the mean and variance for 25:1 k(. formed after ob-
serving Q:s + X and g for all s < ¢, with the corresponding variance of each ¢; labeled 72
(note that this variance will be independent of i and that 72 = 7). #2 will follow naturally
from the analysis for ji;. And to avoid repetition, use ¢; to indicate the observed carbon

share price, even in the case without noise traders (in which ¢; = ¢;).

Demand for carbon shares and market-clearing price

Conjecture that ¢; is a linear function of the (; + A;; and that ¢, is a linear function of
Q:t + X\ and §,. In this case, ¢ and ¢:+1 are normally distributed, and by standard properties
of normal random variables and D — oo, the time ¢ maximization problem for traders of
type ¢ is equivalent to:

max — exp { — AL+ 7)(wi — Xaeqe) — Ai(yae + Xit)Et[Qt+1 + (L4 7)de| Gt + it Gt

Xit
Cit + )\ita Cjt} }a

where F; and Var, indicate the expectation and variance at the common time ¢ beginning-
of-period information set. Substituting for d; from (7), their objective becomes

1 o - -
+ EA?(?/@: + Xy)*Var, [C]t+1 — (14 r)Coar[G + N\

Git + Ait, (jt]

G+ A ] ) }

Xt

N 1 v N N
max — exp { — Ai(1 4+ r)(wy — Xuqy) + éAf(yit + X )*Var, [th — (14 7r)Coa[C + N\

— Ai(yie + Xit) (Et[Qt+1| Gt + Nit, @] + (1 + 1) [TD - OOQEt[Et + :\t

The first-order condition for a maximum is

1 o . o . o
Xip = ;hit (Et[Qt+1|Qt + Nty @) + (L +7) (TD — CoaE[ G + Me|Git + it C]t]) —(1+ T)Qt) — Yit,
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where

hie 2n; (AivuaTt [Qt+1 —(1+ T)Coa[ét + S\t] Git + Ait, dtD . (A-24)

The h;; are deterministic by standard properties of normal-normal updating. Aggregate net
demand for carbon shares is

N
Xt = Z nZXZt
i=1

Market-clearing requires X; = 0. Substituting and rearranging, the market-clearing price is:

N
1 o oo~ -
4 = E it { Bl |Gie + Xits @) + (1 +7) (7D — Coakle[Ge + AelCir + it Gt
L) S [ ( ( )

N
- Z Yit
i=1

Define
. i
hiy &———. (A-25)
Zij\il hit
We have:
R .
qr =7 Z i (Et[Qt+1|<it + Nty @] + (L +7) <7"D — CoaB[G + Me|Git + i dt]))
+rig
Ly
- Yit
(1 + r) Zfﬁ:v 1 h’kt =1
Observe that Zf\il Yt = My — M. Therefore
R .
qr :1——|-7“ i (Et[qt+1|Cit + Nty @] + (L +7) (TD — CoaB[Gr + Me|Cit + it qvt]>>
i=1
M, — M,
- i (A-26)

(1 +7) chvzl hkt.
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Analyzing ¢;,1

¢:+1 18 the equilibrium price determined by time t + 1 agents who have common beliefs, so
that Lemma 1 applies, modulo the information set. As D — oo,

[e.e]

1
di+1 :ZO (1 +T)]

N
rD — Coo Z Fﬂkgk; - Coaﬂt+1]
k=1

N
I+r - .

= rD — Cya ; KrpCr — Coauflyi1 (A-27)

Define G, as the signal of ¢; + \; — Zszl kp(, extracted from ¢, which implies
Eya) = fie. (A-28)

Conjecture that
~ ~ N —
fiesr = ayjie + b, (ct +Ah— ) m) + Big, (A-29)
k=1

where ay, b}, and By are constants to be determined. Taking the expectation of each side under
the information set at the beginning of time ¢ and using (A-28), we find that 1 = a4 b, + B;.
Under the conjecture,

N
Et (1|t + Nits @) = aifie + b;Et Gt + A\ — Z kCr| Git + Nits Gt | + Byg;.
k=1
Using this with (A-27),
N
o 1+7r _
E i )\Z y 7| = D - C
@1 Gie + Nty @) " oa;/‘ék@
o N
— Cha (aiﬁt + b Ey | G+ A — Z KkCr| Cit + Ait, Qe | + B£§t> :
k=1
From (A-26),
N
e 147 =
q; = rD — Cya Z /fk(k]
r k=1
1 by +r al PN al
- ;0004 (ayfie + Byg) — = . Coax Z hit By | G+ Ay — Z KkCr | Gt + it (jt]
i=1 k=1
M; — M,

B .
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Deriving ¢;

From (A-30),
N o N
Z haEy | G+ A — Z KiCr | Git + Ait, (jt]
i=1 k=1
1 al M, — M
= |1+ rD—=Coa > kx| — Coa(d,fis + Big,) —rqs —r i 0 .
Coalt+7) |\ >< " ; kC’“) oorleulle + Bi) ~ 1, (1+7) 0, b
(A-31)
Consider setting
1 al M, — M,
G = 1+7) (7D = Coay kil | — Codsfie — vy — 7 : 0 .
t Coa(BL+ b, + 1) ( )( 0 ; ka) 0af t (1+7) Zszl ™
(A-32)
In the case without noise traders, (A-31) and ¢; = ¢ imply
N o N
= haEy [ G4+ M= | G+ Ay df] : (A-33)
i=1 k=1

In the case with noise traders, (A-31) and the definition ¢ = ¢} + 6, imply
N
i =>  hakE;

Recalling that hi € (0,1) and Zf\il hiy = 1, in either case this ¢; satisfies the earlier definition
of ¢, as the signal of (; + A\, — chvzl ki extracted from g,.

r

— .. A-34
Coal BT +1) " (A-34)

N
Gt + A\ — Z KkwCr| Git + it G
k=1

K Proof of Proposition 5

Section J contains preliminaries. An equilibrium is fully revealing if and only if

i

And because the price cannot incorporate information not present in the economy;,

E, [é& + A

g G + Ait}i]\iJ = Et [gt + 5\t

E, [ét + X

dr Gt + /\it}i]\il] = Et [51& + 5\t

{Git + )\it}ij\il} .
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Therefore an equilibrium is fully revealing if and only if

E, [éﬁ + A

qt*:| = Et |:ét +5\t

{Go+ A H) (A-35)

.

Assume that ¢ is fully revealing. In that case,

Et Gt + it G; | = Et

N
Q:t + S\t — Z k1 Cr
k=1

N
G+ A — Z e

k=1
and, from (A-33), (A-35), and Zfil hi =1,

N
G :Et Gt + A\ — Z fikC_k
k=1

{Git + Ait}ij\ill ~

From (A-32) and ¢; = ¢}, the market clears with

M, — M,
(1+7) Zszl Pt

N
rg; =(1+7) (TD — Cha Z Hkék) — Coagfly — 7
k=1
~ ~ N —_
G+ A\ — Z KkCk

k=1

— Coa( B} + b, + 1) E,

{Gie + Ait}zj‘v1] : (A-36)
The following lemma describes beliefs at the beginning of each period when prices are fully
revealing:

Lemma 2. If each g is fully revealing, then lim,2_, fiy = lim,2_,q fi.

Proof. Proceed by induction. Begin by considering updating in period 0, as the basis step.
Assume that ¢ is fully revealing. And consider the conditional expectation

Eq

N
C~0 + 5\0 — Z /ikgk
k=1

{Gio + )\io}i]L] ~

It is similar to that analyzed for [i; in Proposition 1 except not having observed fo and
predicting ¢y instead of ;. If we defined 7¥ £ 72 + 02, then the conditional expectation
we seek follows from the proof of Proposition 1 with prior variance ¥¢* in place of 7¢ but
covariance still I'7¢ (because stochasticity and prior uncertainty here play symmetric roles,
except with stochasticity not affecting the correlation), with 0? = 0 (because stochasticity
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was subsumed into prior uncertainty), and with @? = oo (which is equivalent to not observing
Co + Ao). Therefore, following Proposition 1,

o N

Eo | Co+ Ao — Z K Gk

k=1

{Gio + )\iO}ivll

(1-T)7 + o2

N
TA-D) o+ w? ;ﬁk (Gho + Ao — Gl

w? N Frg

1
+ (1-T)78 + 02 + w? (1—F)T§+02—|—w2+NFT§N

> [Go+ o= G- (A-37)

k=1

Substituting this into (A-36) and following the logic of Bayesian updating, we find that

N
Gt M= rre| @5 Go+ Ao

k=1

lim EO

020 020

We have established the basis step.

Now assume that limg2_,q f1; = lim,2_,q f1; for some ¢ > 0. By following the same steps as
the basis step, we find that lim,2_,q fis11 = lim,2_,q fizr1. We have established the induction
step.

]

From this result, (A-33), and (A-37), the conjectured form (A-29) holds as 02 — 0. Therefore
from (A-36), the fully revealing price does clear the market when agents update as Bayesians.
Adapting (A-22) and (A-23) to the current informational environment and applying
the conditions of the proposition, time ¢ firms equate both the marginal cost of emission
reductions and the marginal cost of carbon removal to D — (¢, — E,[d,]). Using (A-27),

N

o 1+7r - 9

D — (% - Et[dt]) =D — ( , - 1) [TD — Ch E kkCr — Cooufly
k=1

N —
Z KieCr + flg

k=1

1
:—C()O./
r

The proposition follows from the proof of Proposition 4.

L.  Proof of Proposition 6

Section J contains preliminaries.
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Time t signal ¢; as a function of time ¢ information

The combination of normal random variables and an affine information structure implies
that the posterior mean is a linear function of the prior and the signals:

~ ~ N —
G+ A — Z"%Ck

k=1

E,

Git + it Cit] =airftr + bit (Gt + Nir — 5@) + Biqy (A-38)

for yet-to-be-determined coefficients ay, by, and By. Substituting into (A-34), we find:

" 0
Coa(Bl+ b, +7) "

N
gt = Z Bt laitfie + bit (Gt + Xt — G) + Binde] —

i=1

Solving for ¢, yields:

1 r
1 = U hz i hz bz i )\z i 0 .
TS TBa (z; tat““LZ i (G X = i) = Coa(B} + b, + 1) t)

Taking the expectation under the information set at the beginning of time ¢ and setting it
equal to (A-28), we find:

v

N
fliy = 71 (@i + bi).
11— Zz 1 hztht ;

This holds if and only if Z hztht =1- ZZ L ;th(alt + bi). Define

N
Xt S 1-— Z EitBit- (A—39>

Then:

r
(Z hztazt,ut + Z hztbzt Czt + >\zt Cz) CoOé(B/ I b, + 7") 9t> . (A_40)
t t

=1

Deriving Et [Et + :\t — ZkN:1 K Cr

Git + i, qvt}
In time ¢ but prior to observing (;; + A;; and ¢, the 3 x 1 random vector

y G+ A — lecvzﬂﬁkgk
Sit = Git + Xit — G (A-41)
q
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is jointly normal with unconditional mean

v

Mt

9

Et[ it] - ﬁt

and covariance matrix
COUt<Sit) =
E;’V:I r3[F7+o?]+2r EE IS 1 Rt @?

kT2 +(1—k; ) T72+Ki02

hyb
S (ke T2+ (1—rp,) D72 +,{W2)%

From the projection theorem,

9

N
B |G+ M\ — Z kkCr| Cit + it G
=1

KT+ (1=ki) D7 402 T
:/:/Lt _|_
SN (kTR (1—rp) TF24kp02) Pptbrt

|: Cit+ it —Ci—fit i|
Ge—fit '

. Fpsb
(T o2 4w?) nbn +FTt2 Zk# kt kt

v

Ht

KTy 24+(1— NZ)FTt +rio? Zszl(/ith +(1— Hk)FT +nk02)hk;7:kt

2, 2 b ) hytby
(2o +w?) bikit y sz 30, Rirbet

. 2
N hyib o
Zk:l( k)t(tkt) (72+02+w2)
hitbis hypsb
22 jtP5t NitPkt
+2'7; Z] 1Ek 3+l T xg Xt

2
(A-42)

7v't2 +o24w?

#2402 42 (#2402 4w?) ztbzt +I#2 P L

y 2

SN (hk;i’kt) (7v_t2+02+w2)

L2 N N h
2077 305 Yk

. hjeb . Ry b ithit hy.b
(Tt2+0'2+w ) 7.t zt +FTt2 Zk;&z kt kt Jt7g kt%kt
2
+ ____r O
Coa(Bj+b,+r) Xt

Xt Xt
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Working through the matrix algebra and matching coefficients to (A-38), we find
1 2+ o2 7?2
by = —— 1 — k) ——t——
' detit{(/{ U2+‘72+W2+( /{)Tt )

N Y 2 9y N N v
Z hktbkt 19 FTE Z Z h]tbjt hktbkt
P Xt T2+ 0% 4 w? S Xt X

N 1 r 9 2
72+ 02 +w? \ Coa(B) + b, + 1) x¢

N D) 2 ) y
Tr 4o I'r hib
(e () 3 o
P +a +w

72+ 02 + w? Xt

ilztbzt UQ ;Lk’tbkt
A-43
(Xt eyt | .

ki

1 | 72 4 o?
B; — K L .
t det;, Z ok 24024+ w?| 7
ki ¢

74 0%+ w?
#2 72 hbie
1— — (1 -k : t ’
+ {( k) — (1—k )%tz + o2 +w2} i +02+w2) Xt
(A-44)
and

ait = 1 — by — By, (A‘45)
where

Fsbie \ r72 N
dti é ktVkt 9~ 't
et ;( Xt * v2—|—02+w2 Z#

J

i Rjebst huebie
+1

i k= JFi Xt Xt

. 2
. 1 r 0 2 3 Poroibi
72+ 02+ w? \ Coa(B] + b, + 1) x¢ e —1—02+w2 '

ke Xt
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Simplifying, (A-43) becomes:

¥ r#2 , 2 o2
b =9 D P + 27— hitbiihusb
t {g e *t”“”wzém;# e ’“t+<00a<B’+b'+r>) ot

-1
r#? 2 y
N Pgetb
(%f + o2 —l—oﬂ) kz:z Rtk
sy o
T, +0
LI A S 2
{(Kﬁ2+02+w2+< K)“2+02+w2)z
Tt+0' (1= k) I T 2 ©2
MR R YR+ o? + w? Cm(B’—l—b’—l—r) V2+02+w2

R+t 72
‘*’(1_"{') 2 Z Z htbthktbkt
22 2, 2 v 22 2 2 2 2 J
( F+o?tuw Tw+ol+w P2+otw P et
72+ o’ 72 72
Kizg—— + (1 — k)< — bz hash
( 2—1—02—{—(,02 ( )Tt2+0_2+w2 Tt2+0_2 it tz ktVkt

k#i
7 72+ o? 2 v
hitb; k= + (1 — k) ———— | hgsb
t tkz#z( k7u_t2+o_2+w2 ( k)%t2+0_2+w2 ktVkt

r2 72 4 o2 P :
v I e— kr—————=+ (1 — k) ————— | hizb bt 7.
72+ 02+ w? <Z< kﬁQ—i-UQ—l—wQ ( k)Tt2+02+w2 WO Z kit

ki ki

+

Solve for by:
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22 2 FVQ
by — (ﬁ _THe g ,ﬂ)#>

i S
72+ 02+ w? 72+ 02+ w?

{ (F2+ 0% +w? —T#) (F+0°+w +T7) Y I},
ki

N N
+ 207 [+ 0* + w0 = T7] ) hicbiehibe
j=1,#i k=j+1,#i

2
)
@2 v 2 2
- <Cooz(B£+b£+T)) (ot

=

)3 b
i o)+ (L= )l

mk(ﬁf +o?+ w2) — miﬁ“’f (7U'1t2 + 02)

+ [(1 = k) (7 + 0° + w?) — (1 — k;)TF] F%f) Fthbkt]

{ (7 + 0% +w? = T77) (7 + 0* + w’ + TF) Z hibi
ki
N N
+ 207 [+ 0t + Wt =T Y D bbby
J=1F1 k=j+1,7i

2
i
92 v 2 2
+<00a<Bz+bz+r>) et + )

+ hy ( [/{k(ﬁ? + 0?4+ w?) — /{J‘ﬁ?] (72 + o?)
ki

-1
+ [(1 = k) (7 + 0* + w?) — (1 — k) TF] r%f) hktbkt} . (A-46)

Observe that
[/ﬁk(ﬁz +o% 4+ w2) — /@-Fﬁ?] (7“',52 + 02) + [(1 — /ik)(f‘f +o%+ wz) —(1- /-fi)f‘ﬁ?] Fﬁ?
- [(1 — F)%E +o%+ wz] [/{k(%f + 02) +(1- /{01%3} ,
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which decreases in k; and is strictly positive as k; — 1, and thus is strictly positive for all
relevant ;. Because that expression is positive,

>+ o® 7

bi <qu—+ 1 —Ki)og———,
! 72+ 02 + w? ( )Tt2+02+w2

and because this last inequality holds for arbitrary 7, inspection of (A-46) shows that b; > 0.
Therefore the set of functions defined by (A-46) for each i € {1,..., N} maps a vector from

N v 2 v
r
e {O’ o toT (1- ,Qi)#]

1 v V]
A 72+ 02 + w? 72+ 02+ w?

into itself. By Brouwer’s fixed-point theorem, there exists a fixed point in that space. By
inspection, the fixed point does not have any by, on the boundary. Therefore, for each

ied{l,..,N},

24 2 72 v
by = i 1-— i—t Z; A-47
e (H u2—|—02+w2+( I{)ﬁ2~|—02+w2> ¢ ( )

for some Zit € (0,1). Observe that Zz-t and b;; are deterministic because each ;th is deter-
ministic.

Deriving i1

Substituting (A-47) into (A-40) and using S~ hisai = xi—3N, hithir from (A-39) and (A-45),

N Lo
) _ hzbz y o2 72 hit Z; =
G = Z“ — +Z(“2+a—2+(1_’”> t ) o Gt ha=$)

+ w? 7+ 0%+ w? .
r 9t
_ O A-48
Coo( Bl + b, + 1) xt (A-48)
Define:
Rit ZhaZy, (A-49)
oA 1-T)72+o0* 72
Wit R e e e g (4-50)
¢ =B8] + b;.
kit € (0,1), wy € (0,1), and ¥, € (0,1). Using these,
N N
_ Xt~ Qi hztbit o Wit r 0;
= i= — i A= G) — A-51
4t Xt Ht ; i (Gt Lt C) Coa(Xs +7) Xz ( )
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The left-hand side is measurable by agents at the beginning of time ¢ based on their knowledge
of earlier carbon share prices and earlier aggregate signals.
Consider the zero-mean (¢ 4+ 2) x 1 random vector

N
Zk:1 "{kgk
~ x0=30% hiobio
do X0
v A .
St —

Ny
~ xem1—2 i hig—nbig—) -
-1 Xt—1 Ht-1

| imoll N = il e

Observe that

N i — SN Ry - 1 &
iy 2 E ;mk@ {ij— ’ ;Zl ’ Jﬁj} 0 tZOCJJr)\ Zﬁk(k,
= J

J .
7=

Let W, indicate the (t+1) x (£ 4 1) covariance matrix of the final £+ 1 elements of § and 3,
indicate the 1 x (t+ 1) vector of covariances between S, sxCx and the other ¢+ 1 elements
of 54, so that

(1- )7'0 Zk 1 “kwko -+ FTO Zk 1 wko

DA

(1— F)Tg Zgzl K W(t-1) th_l + 117'02 Zgﬁ Wi(i-1) th_l
(1- F)Tg Zivd ’i% + FTg

From the projection theorem,

~ x0—Xi hiobio -
9~ v

: . A-52
~ . Xt—1— 30 q Py Hbi—1) © ( )
Qt 1 i1 He—1

Ej O[C]+>\] Zk 1“ka

t—1 N N 7 o7
ENES RS e +z N izl ) g5
t
k=1

X

where 7; and 77, are defined via the matrix multiplication in (A-52). Using (A-51), this
becomes

] i 1 t—1 _ B N _ it o N wl = T gj
iy =70, (2 Z[ j + )\J] — Zﬁkck> —+ Z jt <Z XJJ (Czj + )\’Lj C@) - WX_J> ’

i=1
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Define
Tij & Ko/ X5 (A-54)

Jt
The following lemma establishes that division by x; cancels a x; in 77;:
Lemma 3. Holding all parameters fized, 7; and 7;; are independent of x;.
Proof. See Appendix P. m

Using this definition and the definition of wj, from (A-50), we obtain:

1 t—1 ~ N B
o=, (; S <)
k=1

k=0

L, (1-D)y#+0% 72 -
—I—Zﬂjt;( iRt Z 1ot a? —i—/fitm (Gij + Aij — Gi)

M

— —0,. A-55
Z% Gt (A-55)

Emissions and carbon removal

Adapting (A-22) and (A-23) to the current informational environment and applying the con-
ditions of the proposition, time ¢ firms equate both the marginal cost of emission reductions
and the marginal cost of carbon removal to D — (¢; — F¢[d;]). Using (A-27),

N
o 1+r _ 5
D — (¢ — Exldy]) =D — ( - 1) [rD — Cha Z KrCr — Coaufiy

r
k=1

N
Z ke + [t

k=1

1
:—C()Oé
r

The proposition follows from using (A-55) to define fi;.

M Proof of Corollary 3

Consider updating beliefs at the beginning of time ¢ + 1 based on beliefs from the beginning
of time ¢, on the time t aggregate measurement, and on the time ¢ carbon share price. Define
the vector of time t signals as

(1>

~ Xt— Z 1’%15\/
4 — XZt H

o+ N — Zk 1 Hk(k]
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Consider the random vector

lvaé Ky gz:|
Sy )

Using (A-51), its mean going into time ¢ is

where

N .
Z %(Q‘t + Aie — Cz)] .
im1 Xt

Observe that

3 3 o= N

- 7 P y t— 2 =1 Nit
firr1 = By KkCr |G+ Ap — KkCh, Gt — N ! Nt] .
k=1 k=1 t

Let \TJS,t indicate the 2 x 2 covariance matrix of S’t and Zulg,t indicate the 1 x 2 vector of
covariances between Z]kvzl kr(r and the elements of S, so that

[ [0-D) 72402 LI, k2472402 [(1-T)#+02 S, w2 ]
TR N, “V’it%t
v 9 N < 1 9 N ™~ 1
\IJS,t _ [(17F)Tt2+0'2] Doict RiWit o [(17F)Tt2+0'2+w2] Dimt w,?tg
2
+072 SO N g x% +I#2 (vazl ﬁ)it) é
2
+ - r 972
Coa(B[+b[+7) ) 2
and
w2V 2 )
[is g7 N (1 _NF)Tt D ket Kk T FTtN
Gt = o9 oo v o1
(1 =T)7% > FEWkty, + 17 D k-1 Wkt 5,

From the projection theorem,

3 5 SV o [l
foer1 =ft + ZS,tqlsé (St - [st]) :
Mt
The time t carbon share price enters through the second element of gt, and earlier car-
bon share prices potentially enter through fi; and ji; (observing that 7 is independent of
realizations by familiar properties of normal-normal updating). The coefficient on
N o
~ Xt T 2= Rt o v
R b Y S PR
Xt
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;1) from (A-53). Working through the matrix algebra,

N N N
1 1 1
Ao = 1—1““22 K2+ T2 1—F%2+02§ Kby — + T'F; § Wy —
(t—1)t det(\Ifg,t){ ( )7 £ k t [( )7 ] £ tX £ tXt

+

N N N
1 1
(1-D)72 § Kpthp— + D72 § wkt—] [[(1 — D)7 + 07 § ki 4+ D72+ @
Xt Xt
k=1 k=1

i=1
1 N N N
212 2 o
=—7—oIT K; Wyt — Wit
d@t(\l’S,t)Xt{ ' [(; )Z ;

k=1

}

(1-1)7; Z/ﬂkwkt —i—FTt Zwkt] }

+

Using (A-50), this becomes:

5 1 5 1 -1)#2 + 02
Wztfl)t — _ U2FTt2 (vz >2t _
det(Wg )Xt o t+w
77

7\it2 + 0-2 +(U2

N N N
§ 2 2 >, § 2y
K; RiRit — R; Kit

i=1 i=1 i=1

(Zl Kf) i Rit — ilmt] )

i=1 =
N N

(L =D)F )kt +T7 Y wkt] } (A-56)
k=1 k=1

Because k;; is independent of ¢ when each k; = 1/N, the top two lines on the right-hand side
vanish when each x; = 1/N. And they clearly vanish if either I' = 0 or 62 = 0. The bottom
line vanishes if ©@* = 0. Therefore %Et—l)t = 0 (and thus, from (A-54), T4_1y = 0) if @* =0
and either ' = 0, 02 = 0, or each x; = 1/N.

We have established that fi;11 does not depend on either ¢ or ﬁt if @* = 0 and either
[ =0, 0% =0, or each k; = 1/N, although it does depend on ji;. And because we showed
this for arbitrary ¢, argument by induction shows that fi;,; does not depend on any earlier
carbon share prices (and thus each 7 = 0 for j € {0,...,t — 1}) if ©* = 0 and either I' = 0,
o2 =0, or each x; = 1/N.

Next consider when 7, ), is nonzero. The bottom line on the right-hand side of (A 56)

=

+ &2

is strictly positive if ©? > 0 and zero otherwise. So T4—1y (and thus, from (A-54), T(_1)¢) is
strictly positive if ©* > 0 and either 0 = 0, ' = 0, or each k; = 1/N.
Now consider the first two lines on the right-hand side of (A-56).

Lemma 4. When o* > 0 and T' > 0, the first two lines in curly braces in (A-56) are

minimized when each k; = 1/N.
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Proof. The k; and R; that minimize the first two lines in curly braces in (A-56) solve
. (1 —-I‘7} +—J
min K kil K28,
{fﬂi}ﬁ\’_l,{mt}ﬁ‘il{ 72+ 02 4+ w2 Z Z t Z t
N N N

|
72+ 02+ w?

N
Z R; = 1.
i=1

Form the Lagrangean:

{(1 ~ D)7 + o

N N N
2 S 2v
E R E RiKi — E R; Rit

min o) 2 2
N . N
mplo Rty | 76 HO7 W i=1 i=1 i=1
o N N N
i FTt2 Z 2 v v
w7 T 5 3 K; Rit — E RiRit
P2+ otw? |\~ ")« 4
i=1 =1 =1

The first-order necessary condition for x; (i € {1,..., N}) is:

N N
o 21 v v
2/'{1' E RjRjt + E l€j Rit — 2I§}iliit
j=1 j=1

The first-order necessary condition for £y (i € {1,..., N}) is:

z bt
H _—
T2 4 02 + w?

which requires that each k; = Z;VZI r3 and thus that each x; = 1/N. This symmetry implies
that the &;; are independent of ¢ at a solution to the first-order conditions, so write <;; as R;.
1 (1-D)#2+02+NT72 ¢ luti .
oz Rty 80 80 ution permits
any strictly positive ;. It is easy to see that the obJective is zero when each x; = 1/N.

Now consider the x; that minimize the first two lines on the right-hand side of (A-56)

(1-T)7 + o*
N P2+ 02+ w?

+

2K; fo]t t] — A

V2_’_0-2+w2

u2+02+w2

0=

N
E 2

Jj=1

The first-order conditions for the k; imply \; =
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for any given &;:

, (1-T)7 + o*
min
N, | T+ o+ w?

(Z K ) iilmt — ilnffét]
(Z ,f?) D ﬁirft] }

i=1 =1 =1

R
7*£t2 _|_ 0—2 +w2

N
Z R; = 1.
1=1

Factor k; and substitute in the constraint:

) . 77
{B%%v“l{ BT NZ” +N<1—Z*”w> - }
1Si=1

The first-order condition for x; is

»)
I'r;

0=2NRr}————"——
t7”'t2+a2+w2

[/‘ii — /‘iN] .

For I > 0, the solution requires that x; = ry for all ¢ and thus requires that each x; = 1/N.

The N — 1 x N — 1 Hessian has element (i, 1)

72
ANF, ——t
it 72+ 0%+ w?

and element (7, 7)

P2
The Hessian is double-constant at the solution to the first-order conditions. Via standard
results (e.g., O'Neill, 2020, Theorem 1), the determinant of its kth leading principal minor
is

2Nk

Nv ]._‘7\13 * (4 2>k—1 (4 2 + 2]€)
H —_— _ J—
P2+ o+ w2

72 :
= Nirog—at—— ) 25(1 + k).
< Htﬁ?—l—a?—i—w?) (145

This is strictly positive for all k. Therefore the second-order condition for a minimum holds
when each k; = 1/N with I' > 0. And because there is no other critical point within the set
of feasible {x;},, that minimum is a global minimum over the relevant domain.

]
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Since the first two lines on the right-hand side of (A-56) are zero when each x; = 1/N, and
since zero is the minimum (for T' > 0), they are strictly positive when I' > 0, 0? > 0, and
some k; 7 1/N. We have established that 7, ;), >0 (and thus, from (A-54), 7 _1), > 0) if
either (i) @? > 0 or (ii) ' > 0 and 02 > 0 with some x; # 1/N.

N Proof of Corollary 4

In (A-49), define £5° 2 7. and fRA =S ﬁit.

From (A-46) and (A-47), limg2_,o Ziz = 1. We have established part i of the corollary.

By inspection, equation (A-46) holds if b;; = 0 for all i € {1,..., N} with ©2 = 0, and
because the denominator contains a term that is linear in the b;; whereas the numerator
contains only products of the by, equation (A-46) holds if each b;; is arbitrarily small with
©? arbitrarily small. We have established part ii of the corollary.

Parts iii and iv of the corollary follows from using (A-24) in (A-25) and taking limits.

Now analyze h;;. From the definition (A-24),

1/hi :ni_lAiV:ZTt [qe41]Cit + Nty Q] + ni_lAinm“t [(1 + T)Cﬂa[ét + S\t]

Git + it Cjt] . (A-57)

From (A-29), } o
Vary |G + Nie, @] = (03)°VardG + Al Gt + A, G-

Using this in (A-27),

1+
r

2
v 5 r , v o~ 5
Vardg1|Ge + Nie, @) = ( Coabt) Vary (G + M| Gie + Nit, @1l

y - g b, o ~ =« -
Covy [Qt+1: — (14 r)Coa[C + Ae)| Gt + Aits C]t] =[(1+ 7")0004]2 ?tvm“t[(t + Ae|Git + Ait, G-

Substituting into (A-57),

1+4+7r
r

2
1/hzt :TLZ_IA, |: O()OC:| (b; + 7")2‘/2”} [513 + S\t‘Cit + )\it7 (jt] (A_58)
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Apply the projection theorem to (A-41), via (A-42):

VarG + /N\t|<it + Ait, Gt)

2 4 o Z/@ +2Fﬁ22 Z Kjkg + 07
7j=1 k=j+1

r w2 2 o\hyby | e Aptbrs ]
(Ff+o tw )ZT;'*‘FTt Zk;ﬁi T xt

w2, 2. 2
2404w
ittt Xt

/417“—3—%(1—51)1"7”—3—&-/4102

)
{sz_l(wﬁ+<1—~k>w3+w%”’“;i"“ ]

(2o w?) ittt yre2 5,

o

Pt brt

Xt

)2<v2+02+w2)

Rjtbjt higbre

Fupsb
kt kt 2
+2I'7; Z] 1Zk i+l T xg Xt

o

+ - r ___©9
Coa(B}+b,+r) Xt

X

KiTf 2H(1— m)FTt +Kio :|

{ Z{cvzl(’{k%t2+(1_fik)r%3+f{kg2)hk)t(il:kt

Using the b; and B;; from (A-43) and (A-44), this becomes

N
VarG + MlGie + M, @i =[(1 = T)#2 + 0% Y k3 +TF + @ — by [m](1

J=1

—T)# + 0% + T#]

— By

Z(Iik[(l — P)’]\if +O_2] +I17V_t2) kt k‘t] '
k=

Xt

—_

Substituting from (A-47),

_ Wil

— D)2+ 0 + 1727
i toctw

Vart[ét‘F;\tKit‘i‘)\ita(jt] =[(1-T)7 +o° ZH, + 72 +

Tt +o ]+FTt) h’k‘tZk:t
7P+ o+ w? Xt

/ik 1—
_th

>

k=1

Now consider part v of the corollary. If x; = 1/N for each i € {1,.., N}, then from (A-44)and (A-46),
7 i+ and B;; are independent of . And we then have that Vart[ t—l—/\t|§}t+>\n, qt] is independent
of i. From that result, (A-58), and the definition (A-25), hy = npA; /Ej ) n]A L

Finally, consider part vi of the corollary. We saw above that limgz_,., Zy = 1. And
from (A-44), limgz_,o, Bj; = 0. Therefore,

[ril(1 = T)77 + 0% + TR

N
lim VarG + MG + i, @) = -
Hm Var, [Ce 4 AelGit + Nits @) =[(1 = )77 + 0° Z:: 72+ 02+ w?
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Simplifying, we find:

W2
lim VarC + M|Gr + A, @) =07 + [(1 = D)7 + 2 —HQ
@21£>noo t[Ge 4 Ae|Cit + it @) + [( Tt o <Z 24 g2 42t
JF#i
72
T 2
T +0*F+w

((1 — k) [(1 =T)7 + 0% + w2> .

Without loss of generality, order the sectors by increasing x;. Then limgz_, Vuart[é +
Ae|Git + Aty G| > limeey oo Vary[G + Ae|Cje + Ajt, Gi) for all 7 > i if, for all {n,n+ k} such that
Bn < Kn+tk,

2 Fv
YRt m et (1—k,)?

O'2+W2 n V2+0-2+w2

Jj#n
2 1-\7&2
> K T R T U —
Z P42 w2 R r2 g2 4 w2( nik)
j#Fn+k

This sufficient condition is equivalent to
72 w?
2 2 t 2 2 2 2
('Lin+k - ’%n) + 732 402 4 w2 [_20@% - KTLJrk) + K, — /in+k] = 7\:t2 + 02 4+ 2 (Hn+k - Kn)a

and thus is equivalent to

(1 =D)72 4+ 02 Ky + Kntk o 72
T2 4 02 + w? 2 T Rt tw?

This condition clearly holds and thus so does the sufficient condition for limgz_, Var, [ft +
MGt + iy @] > limez_oo VaryG + M|Ce + Ajr, @i for all j > 4. Therefore from (A-58),
the sequence {hyy, ..., hNt} is monotone increasing as ©* — 0 when sectors are ordered by
increasing ; and {n;A;', ..., nyAy'} is weak monotone increasing. And from the defini-
tion (A-25), in that case the sequence {hlt, . FLM} is monotone increasing as ©% — 0, with
hy < n A7t/ Zj N J_ and hyy > nyAx 1/ Zjvzl njAj_l. The latter inequalities are strict
if any k; # 1/N, which in turn is equivalent to k; < 1/N.

O Proof of Corollary 5

Let G; be cumulative revenue collected, which is invested with rate of return r:

3

N

Z it — Ry

i=1

Gt_;,_l = (]_ +T) {Gt + v
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with Gg > 0. The constraint in time ¢ is now

N

Z eir — Ry

i=1

Gt+Vt ZO

This constraint binds only if Zi\; e —R; < 0. Denote the smallest v, at which the constraint
binds as 7;. By the implicit function theorem,
dv 1
th I N 8 o] O
* (5 e
t >oimi €q(P) — Ry () + D200, Doy . .

81/,5
where a star indicates market equilibrium. The sign follows from (A-18), (A-19), and emis-
sions being net negative when the constraint binds.
The regulator solves the following Bellman equation:

N
W (T e 0 G = o (1 = (R [ lool- G2y (1)
=1

1

+ FW(Tw%l flty1, Qtﬂ, Gt+1):|

where E, denotes expectations over the regulator’s information set at the beginning of period
t. Market outcomes will be insensitive to 1, for v, > 74, so the regulator’s objective will be
constant in v, for v, > ;. Maximized welfare is therefore equivalent for a regulator who
solves the following problem in which v; is constrained to be less than or equal to 7;:

W(T3, i, 4, Gy) =max E, [u ((1 — ¢(RY)) ﬁ[exp[_@tmL;yu(emm>

v <in
i=1
1
+ TW(TtH fier1, i1, Gern) |-
At an interior solution, the regulator’s first-order condition is
0 Zmyw . aethL I s (T feen, Sevn, Gara) Y. 9e,
a —
Yit(er) v, 147 t | W Lt1, Le+1; 3 0e+1, Geg - o,
c(Rf) ORy = [ _ OR;
— — E, | Wp(T, Qi1, G
=GR 0, 1+ |\ Wr(Tig, fiegrs Qer1, Ger) Ofa ”

} . (A-59)

Z R
th 814

Marginal effect of emission tax on revenue

+ Et [WG<E+17 fliy1, Qtﬂ, G 1 {Z ey — R + 1y
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From the envelope theorem,
WG(Tt,ﬁt,Qt,Gt) = E) WG(ﬂH,ﬂtH,QtH, Giy1)

if v < Dt and ~ ~
th 8W(E; ﬂt; Qtu Gt)
th aﬂt

if v, = ;. Advancing these to later timesteps, we find

WG(Ea Iata Qt» Gt) =

We(Ty, fir, Q. Gy) :ZPT(VH—]’ <V Vj€{L, s = 1} Pr(ves = iys)

s=1
dljtJrs aW(E«#sy ,ELtJrsa QtJrs; Gt+s)
dGiys Oy

if v, < ;. Because increasing 7, 4 loosens a constraint, the final derivative is strictly positive.
We saw above that the other derivative on the final line is strictly positive. And the prob-
abilities on the first line are strictly positive because they depend on fi;4; and fi;1s, which
in turn depend on draws from normally distributed variables that have infinite support.
Therefore W¢ > 0.

Use vV°L'B to denote the optimal v, implied by (A-17) and v/® to denote the optimal v,
implied by (A-59). vY°IB is the tax described in Proposition 2 when emissions are strictly
positive. If we evaluate (A-59) around vV°LB | then it reduces to its final line. Since we have
established that Wy > 0, the sign of that final line of (A-59) matches the sign of the term
in curly braces, which is the change in revenue due to a marginal change in the tax. If that
change is positive, then this term increases the first-order condition and makes v}8 > pNoLB
by concavity around a maximum. And if that change is negative, then this term decreases
the first-order condition and makes v/ < vN°LB by concavity around a maximum. We have
established the first part of the corollary.

The curly braces in the final line of (A-59) are weakly (strictly) negative when net
emissions are weakly (strictly) negative. Because net emissions weakly (strictly) decrease in
v; when net emissions are weakly (strictly) negative, we have established the second part of
the corollary in the case that the dynamic revenue constraint does not bind. And the second
part of the corollary holds trivially when the dynamic revenue constraint does bind.

P Proof of Lemma 3

Consider \TJ . Label the t x t upper- left block of W, as Wy, the ¢t x 1 upper right block as
0 B, the 1 x t lower left block as \IJC, and the 1 x 1 lower right block as Up. From familiar
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results for block matrix inversion,

v

o [qf + Uy \pB(qu—xpcxp W) MW (U — Bl xpB) }
t 1

7
—(Up — Ve Wp) U, (Up — el Up)

Using (A-51), element (j, 7) of W4 is

N 2 2
T 1
(1=D)r5+0*+w?] Y W, Wi(j—1 +( ) 0?——,
0 ; U=1) X Z U= X3 Coa(X;j-1+7) X5

element (7, k) of W4 is

al 1 1 al al 11
(1=T)73 > i nyie—1)— +I1g (Z wi(j—l)) (Z wi(k—n) ,

Xj—1 Xk—1

n d o !
Cio2(Xjm1 +7)(Xk—1 +7)  Xj—1Xk—1

for 5 # k, the jth element of Up and Vg is

[(1-T)78 + 0%/t anww 1) —i—FTO Zw” 1)

le

and Up is
N

(1 -D)72 + 0%/t Z ki 4 D78 + &2
i=1

In \11;11, element (7, k) is proportional to x;_1Xx—1- Up— \T/C\i’;ll\ilg does not contain any
X, and element (j, k) of \TJAfl\TJB(\ffD — \ifc\i’l\ig)_l\ifc\vﬂgl is proportional to x;_1Xx—1. So,
for Js k; < t, element (j, k) of ¥; ! is proportional to Xg AXk-1- Now observe that element k of
Yob! o 1s proportlonal to xx_1 and element j of \I/ Wy is proportional to x;_1. Therefore
element (£ + 1,k) of U;! is proportional to ysz_ for k <t and element (j,t+ 1) of U}
proportional to x;_; for j <t.

Using those results and the observation that element j of ¥, is proportional to 1/y;_ if
j < t and does not contain any x term otherwise, we find that element (1, %) of f]t\f/t_ Lis
proportional to xx_; if £ <t and element (1,¢+ 1) of it\i,t—1 does not contain any y term.

We therefore have that 7; is independent of all y and that %;t is proportional to x; but
independent of all other x. Therefore 7 is independent of all .
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