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Appendix to “Informationally Efficient Climate Policy”

This appendix contains numerical detals, proofs, and additional formal analysis.

A Numerical Details

There is no broad agreement on a distribution to use for climate change impacts. I calibrate
the distribution for aggregate impacts Zfil #:[¢; + ¢;] to Pindyck (2019). In 2016, he asked
around 1,000 climate scientists and economists to report their subjective percentiles for the
percentage reduction in GDP that climate change will cause in fifty years, assuming that no
additional emission controls are enacted before then. He fit four distributions to the results
and found that a lognormal distribution produced the highest corrected R?. The location
parameter for his fitted lognormal distribution is -2.446 and the scale parameter is 1.476. His
distribution describes a parameter (which he labels ¢) that is equal to Thogs Zf\il Kl G+ Gl
Using this estimate and treating Thpg5 as known, ZZ]\LI #:[¢; + ¢ is lognormally distributed
with location parameter —2.446 — In(75g65) and scale parameter 1.476.

The value for Tygg5 should be the temperature that experts would have expected to hold
based on their information in 2016. The IPCC’s AR5 summarizes knowledge around that
time. Hausfather and Peters (2020) suggest that a no-additional-emission-controls scenario
is consistent with SSP4-6.0 from the IPCC’s AR6. So I consider RCP 6.0 in the IPCC’s
ARD. There, the mean of the CMIP5 models is for 2.2 °C of warming in 2046—2065 relative
to a 19862005 reference period, which in turn is on average 0.61 °C warmer than over 1850—
1900 (Collins et al., 2013, Table 12.2). I therefore fix Tooe5 = 2.2 + 0.61 = 2.81 °C. This
implies a location parameter for Zf\il ki[G + (] of -3.48.

In order to determine either the emission tax or damage charges, it remains to calibrate r,
a, and Cjy. I take r to be the policymaker’s consumption discount rate. According to World
Bank date, average growth in global output per capita was 1.85% per year over 2000-2019.
Choosing an annual utility discount rate of 1.5% and a coefficient of relative risk aversion of
1 to match the log utility specification, the Ramsey rule implies that » = 0.0154+1%0.0185 =
0.0335, or 3.4% per year.

The parameter «, or the “transient climate response to cumulative carbon emissions”, is
1.6/1000 °C/Gt C, from the central value in Matthews et al. (2009). This value is consistent
with Collins et al. (2013) and Dietz and Venmans (2019) and is the same as used in Rudik
(2020).

I calibrate initial consumption Cy to World Bank data. In 2021, global output was $86.7
trillion in year 2015 US dollars. Converting to year 2021 US dollars using World Bank
deflators, I set Cy = 97,975 billion dollars.

Now consider the calculations underlying Figure 3. Substituting (5) into (6) yields the
probability that the damage charge A; is constrained by the deposit D from reaching its
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first-best value of Coar[C + \i]:
Pr(A; < CoalG + M) =1 — F(rD/[Coal),

where F'(+) is the cumulative density function for C;+Xi. In the absence of either measurement
error in the aggregate signal or stochasticity in climate impacts (i.e., if_&}2 =0 and 0% = 0),
F(-) is completely determined by the lognormal distribution of Zfil ki[Ci+ (] defined above.

A.1 Additional Parameters for the Evolution of Beliefs

To analyze the evolution of beliefs in Figure 1, I consider a normal distribution that has
the same mean and, when I' = 0, variance as the lognormal distribution for sz\il KilGi + G

described above:
N

D ki = exp(—3.48 + 1.48%/2) = 0.0916,
=1
and

N
70 Y k= [exp(1.48%) — 1] exp(—2 * 3.48 + 1.48%) = 0.0658.
i=1

The k; are drawn from a symmetric Dirichlet distribution with concentration parameter 1.
The regulator and all agents know the values of the x;. I fix N = 10 in the base specification

Now consider the sources of noise. First, I assume that o2 sz\; k7 is the same as the
prior variance 72 S~ | #2, so that

5 0.0658
Zi]\il K7 '

Second, in the base specification, I assume that aggregate measurement error has twice the
variance as aggregate stochasticity:

N
0*=2x0° g K.
i=1

Third, I assume that sectoral measurement errors have half the variance as sectoral stochas-
ticity:
w? =0.5% 0.

For the purposes of simulating beliefs, I assume that the true value of Zfil k;C; is the
same as sz\il r;(;, so that the full-information optimal tax is twice the prior tax. I draw the
(; from a multivariate normal distribution with mean vector equal to Efil x;(; and I then
adjust the draws ex post by adding a constant to ensure that Zfil KiG = Zi\; ;G T draw
1 million trajectories for the random variables conditional on these (;. These trajectories
yield 1 million trajectories for fi; and fi; from equations (3) and (4), respectively. Averaging
over these trajectories yields the trajectories Ey[f|¢] and Ey[f|¢] despicted in the figure.
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B Taxing the Stock of Carbon

Assume informational efficiency, so that all agents observe all (;; + A;. Denote firm i’s
cumulative emissions from time 0 to time t — 1 as M;;. In period ¢, the regulator taxes M;,
at rate ;.

Final-good firms’ problem is as in Appendix E. I here assume that all actors observe all
signals in the economy and that firms discount the future at rate r.

The representative intermediate-good producer in sector i solves the following Bellman
equation:

J(Mita flt, Qt) = Inax {Et [Pit eXP[—@tTtH Lityit(eit) — Wi Ly — v My — PfRit

it,€it it

A

+ EyJ (M + e — Rit, flss Qt+1)]},

147

with each control weakly positive. At an interior solution, the first-order condition for
emissions is
1

Et [pit GXP[—Q‘tTtH Lityit/(eit) = - 1+ TEt[Jl(Mit + e — Rt fleg1, Qt+1)],

and the first order condition for carbon removal is

1

T TEt[Jl(Mit + e — Rig, flega, Qtﬂ)]-

pl=—

Substitute for p; and then Cy in the first-order conditions as in Appendix E:

1 - ~ A /%Yit/ €;
7 I TEt[Jl(Mit + ei — it ferr, Q1)) ZW;;)CO, (A-1)
L Fog ci (1)
T+r S (M + e — Rigy flesr, Qiv1)] 1—Ct<Rt)CO (A-2)

The envelope theorem yields:

1
+r

J1 (M, fur, Qt) =—1+ 1 Et[Jl(Mit + et — R, g1, Qt—i—l)]-

Recursively substituting, we find:

1

(e el

Jl(Mib/lt? Qt) - - Z

s=0
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Advancing by one timestep, substituting into (A-1) and (A-2), and applying the law of
iterated expectations, an interior solution must satisfy:

> 1 ~ %iY”’(eit)
- Etl4s] =5~ Co,
; AT t[Vets] Yit(en) Co
ad 1 ~ C,(Rt)
B =
821(14—1”)3 s 1—c(R,) °
Now set 7, = Coar|[G; + A¢]. The foregoing conditions become:
> ’{iyit/(ez‘t)
s >\ sl = XA N\
Z 1+ Ct+ + t+ ] th(eit)
S (1)
s /\ s] = . )
Z 1+ Ei[Grra + Avys] 1= a(R)

=1

which in turn are equivalent to

- N i .
1 = N Kfz'YZt/(eit)
a; Z KiCr + fie —W,

. -
1 . c;(Ry)
o= FuCe + iy | =——5~.
r ; 1 — Ct<Rt)

Once we adjust for the possibility of corner solutions, these conditions are the same as the
conditions for welfare maximization in (1) and (2). Therefore this choice of 7 must be the
optimal choice for a regulator who can commit to a choice rule at time 0.

C Proof of Proposition 1

Consider the zero-mean random vector

[ Zk 1 KkCh i
%Z] O[CIJ + )‘13] C
A
S = :
1 %tiljzj)[CNj +)\N3] (N
i Zj:O[C Ajl = Zk 1 #k G
Observe that
. N = ) = =1 N
LB kb n Gy + Ay) = Gis ey n D [Cvi+ Angl = G- Z[C] + ] =D
k=1 =0 =0 j=0 k=1
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Let ¥, indicate the (N 4 1) x (N + 1) covariance matrix of the final (N + 1) x 1 elements
of s; and ¥, indicate the 1 x (/N 4 1) vector of covariances between fo:l k(e and the other
elements of s;, so that

S 2 mrd+ (=m0, oo, kntd+ (1= ka8, 723N K202 0, Z] fi1 Bk | -

From the projection theorem,

(A-3)

oLl
T~
3
-
pS
5
J\
2

Consider W; . Label the N x N upper-left block of ¥, as W,, the N x 1 upper right
block as Ug, the 1 x N lower left block as W, and the 1 x 1 lower right block as ¥ . From
familiar results for block matrix inversion,

U+ U R (Up — WU U)W oWt U (U — Ul 0g) !

-1 _
Vo= —(Up — VU0 Up) 100! (Up — VoW, ' Up)~t

(A-)
Element (i,i) of W, is 78 + 02/t + w?/t, element (i,7) of Wy is ['rd for i # j, the ith
clement of W and We is w; (178 + 02/t) 4+ (1 — k;)T72, and Wp equals (78 + 02/t) Sor_, K2 +
N «N -
2075 D ey Dy Fkky + @7/
Conjecture that each diagonal of W' is

18+ 0%t + Wt + (N —2)I'7
(15 + o2/t + w?/t)? + (15 + 0?2/t + W2/t)(N — 2)T'75 — (N — 1)[T'7]?

and each off-diagonal of U' is

—FT(?
(18 + o2/t +w?/t)? + (18 + o2/t + w?/t)(N — 2)T'1¢ — (N — ) [I'7g)?

Under the conjecture for \I/;‘l, each diagonal element in ¥ A\IJ;ll is
e+ o/t +w/t+ (N —2)I'78
(% 1 02/t + w202 + (g + 02/t + W2/H)(N — 2)I7g — (N — [Tr)?
IR
(15 + 0?2/t +w?/t)? — (N — D)[T'73]2 + (75 + 02/t + w?/t)(N — 2)I'15

[72 4+ o?/t + w?/t]

N—1
2
I'rs

k=1

=1

Y
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and each off-diagonal element in WU " is

2+ o/t + W/t + (N —2)I'72

T 2
OB 2 t+ w2/t + (72 + 02t + WP Jt)(N — 2)T78 — (N — 1)[[72]?
I
2 2 /4 2/ 0
7o 4o e i (T o7t DN = )T — (N = T2
N-2 9
= (15 + ot + w12 — (N = )P + (75 + 02/t +w? [t)(N = 2)T'7g

We have shown that W, WU " is the identity matrix under the conjecture for W' and thus
have confirmed that the conjecture is correct. Observe that the denominator of each element

simplifies to
[(1 — D)2+ o2t + uﬂ/t} [(1 — D)2 + 02/t + w?/t + NT72|.

With ¥' in hand, we now calculate ¥, ' from (A-4). Element i of ¥¢V¥ " and also of

‘Ile\I/B is
e+ 0%/t +w?/t + (N — 2)['78 5 o 9
@+ o P+ G+ 0%+ a2 0N~ T~ (¥~ DR il 07/t + (1 = m)lro]
—FTOQ
21: (18 + o2/t + w?/t)2 + (78 + 0?2/t + w2 /t)(N —2)I'1¢ — (N — 1)[['7E)?

[ka(75 + 0% /t) + (1 = k)T
(1-— F)TO + 0%/t Criw? /[t
TA-D)R+ ot (L=T)78 + 02/t + w2 ft) |(1 = 1)} + 02/t + w2/t + NT73|

We then have:
X N [(1—F)T§+02/t+w2/t+NI‘Tg] [(1—F)T§+02/t}ﬁi+f‘rgw2/t
VU, v
AT Z (78 + 0/t + W/t + (12 + 02/t + W2 /t)(N = 2)T7Z — (N = 1)[T P

[m(u ~ )72+ o?Jt) + rTg]

|:(1—F)7’02+0'2/t+w2/t+NFTg] [(1— rs —1—02/15} SN K2

T (Rt o2t + w2 + (1 + o2t + w2/H)(N — 2)I73 — (N — 1T
[(1—F)T02—|—O'2/t+NF7'02} [(1—F)7’0 +02/t+w2/t] + [ D)7 + o2 /t|w?/t \
T R T o it iR 4 (4 i (N — 2T — (N = DR o
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And
(Up — \110\1121\1;3)*1
- [(1 e w2/t} [(1 T2+ o2t Wt Nrfg]

{ [(1 )2+ o2t + w2/zs} [(1 D)2 4 0%t Wt Nrﬂ

N

N N
[7‘0 + 02 /t) Zlﬂi —|—2FT§Z Z /iklﬁj+@2/t:|
k=1

k=1 j=k+1

- [(1 B NrTg] [(1 P 02/4 i i 2

— [(1 —D)g + o/t + NFT@] [(1 —~D)d+ o2/t + w2/t} e — [(1 ~ )73 + 02/75] FTng/t}l
- [(1 D)2+ o2t uﬂ/t} [(1 )72 4 ot 4wt Nrfg]
{ 2/t<[( )7'0 +cr2/t—|—w2/t—|—NFTO] [(1 - F)Tg +02/t} i/{z +F7'gw2/t)
+ [(1 — )15 + o/t +w2/t] [(1 —D)7g + o/t + WP/t + Nrf(ﬂcv?/t}_l,

where the final line uses S 5, #x = 1. Element i of W' Wp(¥p — WU 'Wp) ! and also of
(Up — VoW Up) WUt s

{ (1= D)7 + 0%/t + w2/t + NTRE| [(1 = T)7d + 0t i + rTng/t}
{ 2/t<[( D) + 0%/t + W/t + NT7] (1 = D)7 + 01 ZN: K2+ rTgwl’/t)

+ [(1 — )2+ o2t + w2/t] [(1 — D)2+ o2t + Wit + NFTS](DQ/t}_l.
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Element (,7) of U' + W' Wp(Up — oW, ' Up) Wl ! is

(1-D)1§ + o/t +w?/t + (N — 1)I'7g
[(1 — D)2 + 0t + w? /t} [(1 ~ D)2+ 0t + w2/t + Nrfg}

{ [(1 — D) + 0%/t + WP/t + NFTOZ] [(1 —D)g + 02/15} Ki + FT§w2/t}
+

[(1 — D)2+ o2t + w?/t} [(1 C D)2 4+ o2t 4w+ NrTg]
{ [(1 D)+ o/t +W?/t+ Nrf(ﬂ [(1 ~ )73 + 02/15] Ki + Pfguﬂ/t}
{ 2/t<[( D)2 + 02 ft +w?/t + NFTO] [(1 )72 + 02/4 i K2+ PTOQWQ/t)
+ [(1 —T)r2 4o/t + w2/t] [(1 — )2 + ot + WPt + Nﬁ@}@?/t}_l,

and element (m,n) of W' + U ' Wp(Vp — WU ' Up) 100! is, for m # n,

2

[(1 D)7 4 0t + w? /t} [(1 S T Ry Nrfg}

{ [(1 — D) + 0%/t + WP/t + NFT(?] [(1 —D)g + 02/4 Km + FTng/t}
+

[(1 D)2 4ot + w2/t] [(1 C )12 4+ o2t 4w/t + Nrfg]

{ [(1 D)+ o/t +W?/t+ NFTS} [(1 ~ )7 + 02/15] Kn + Frng/t}
{ 2/t<[( D)3 + o2/t + W/t + NFTO] [(1 )75 +02/t} i/g +F7’02w2/t>
+ [(1 — D)2+ o2t + w2/t] [(1 C D)2+ o2t W+ Nrfg}aﬂ/t}_l.

The foregoing pieces define W; ' from (A-4). X,¥;' is 1 x N + 1 and, from (A-3),
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determines how /i, uses the signals in s;. Element k € {1,..., N} of ¥,¥; ! is

r? + (1 — m)Tr2] (1-T)2 + o/t +w?/t+ (N — 1)1
0 0

+

[(1 — D)7 +02/t+w2/t] [(1 — D)1 + o2/t + w2/t + NFT&]

{ [(1 — )¢ + 0%/t + WP/t + NP’TOQ] [(1 —D)g + 02/25} KK + I‘Tng/t}

[(1 S T2 4 o2t w? /t] [(1 )12 4+ o2/t 4w/t + Nrfg}

S w4+ (1 - m)ﬁg]{ (1= D)7 + 02/t 4+ w2/t + NTrE | [(1 = T)7g + 02t s + Tries? /t}

=1

k=1

{ 2t ( (1=T)7 + 02/t +w?/t + NTr2 | [(1 = T)78 + 0*/t] i K7+ FTgw2/t>

+ [(1 — )2+ o2t + w2/t} [(1 D)2+ o2t 4w+ Nﬁﬂ@?/t}_l

—[(1 =) (1 = T)rg + (N = DI'7g] I'rg

[(1 )72+ o2t + w? /t} [(1 D)2 4+ o2t w4 Nrnﬂ

(1— D)7 + 02/t + w2/t + Nrnﬂ [(1 ~ )72 + o /t] ki + Drlw? /t}

/—/H/—/H

2/t<[( )73 +02/t—|—w2/t—|—NFTO} [(1 -7 +U2/t] ilf +FT()2w2/t>

+ [(1 D)7 + %/t + w2/t} [(1 D)+ o/t + W/t + NFrg}aﬂ/t}l
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o (1_F)To
TA-D)Rtottwjt "
o’ [t + WP/t I'7g
(1-D)g+ o2/t +w?/t (1 —T)7¢ + 02/t + w?/t + NI'1¢
Yy (1—-T)12 + 02/t - w2/t I
— D)2+ 02/t +w2/t T (1 =D)2 + 02/t + w2/t (1 — D)2 + 02/t + w2/t + NT'72
0 0 0 0

{[(1 —F)T§+02/t+w2/t+NFr§](1 —F)Tgi/@%r [02/t+w2/t}f‘73}
{ 2/t<[( D)7 + 0%t +w?/t + NT7] [(1-T) TO+02/42N:FU +F7'02w2/t>
+ [(1 — D)2 + o2t + aﬂ/t] [(1 — D)2+ o2t + Wt + NFT(?}(DZ/t}_l. (A-5)

Element N + 1 of ¥,¥; ! is

= i[wg +(1— mk)rTg]{ (1=T)7 + 0%/t + w2/t + NTrE| [(1 = T)78 + 02/t s + Tries? /t}

—_

{ 2/t<[( )TO+J2/t+w2/t+NFTO}|:(1— To—f-O'Q/t]iV:li —|—F7’02w2/t>

k=1

+ [(1 — D)2+ o2t + uﬂ/t} [(1 D)2+ o2t W+ Nrfg}aﬂ/t}_l

,_.
Z&‘
H
u
P?‘
+
=

[(1 )2 + o/t +w2/t] [( C D)2+ o2t Wt Nrnﬂ

=

{ 2/t( IBER —|—O’2/t—|—w2/t—|—NFT0i| [(1 - )75 +a2/t] Zﬁ; —|—Frgw2/t>

+ [(1 — D)2+ o2t + oﬂ/t} [(1 ~ D)2+ o2t + Wt + Nﬁﬂﬁ/t}_l
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—[wZ/t]{ [(1 D)2 4 ot Wt NrTg] (1— D)7 i K2+ [02/15 n w2/t} rTg}

k=1

{ 2/15([( D)2 + 0% ft +w?t + NFTO] [(1 )72 + 0—2/15} i,«u + rTng/t)
+ [(1 — )2 + o2t + w2/t] [(1 ~ D)2+ o2t W+ Nrrg}aﬂ/t}_l. (A-6)

With these elements, we can determine fi; from (A-3).
Define

Z, é[WQ/t]{ [(1 —D)2+ o/t + WP/t + NFTOQ] (1-— F)Tgiff% + [02/75 +W2/4F702}

=1

{[ 2/t]<[( D)7 + 0%/t +w/t + NT7] [(1 - T 70+a2/4i5 +rTgw2/t>

+[@?/1] [( )72 + o/t + oﬂ/t} [( D)2 4ot Wt NrTg} }_ .
(A-7)

Clearly Z > 0. Observe that Z,]::l K4 is minimized when each r; = 1/N and thus

<[w 2/t]{[( I)r2 +a2/t+w2/t+zvr¢0} 1—F)Tginz+ [02/t+w2/t]rrg}

k=1

{[ 2/t]([( I)r2 +a2/t+w2/t+zvr¢0}(1—r)Tmeszg[a?/Hw/t])

e [( I)r2 +02/t+w2/t} [( F)Tg+02/t+w2/t+NFT02]}_
<1.

Therefore Z, € [0,1). By inspection, Zy > 0as@ Jw — 00. The expression in the proposition
follows from (A-3), (A-5), (A-6), and the definition (A-7).
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D Proof of Corollary 1

From Proposition 1, Z, — 0 as w? — 0 if &2 > 0. In that case, the expression in part (i)
follows from (3), Ar; = 0, and the definition of ;. Now consider the case in which @? = 0
and w? — 0. From (A-7),

(L=T) + 02/t + @t + NTR| (L= D) 0L 62 + |02/t + w2/t Tr3

Zt -
[(1 — D) + o2/t +w?/t + NFT&} [(1 — D)2 + 02/t] SV K2+ DRw?/t

if 2 = 0, which goes to
(1=T)78 + 02/t + NTr2| (1 = D)2 0L, 2 + [0 /4]T'73

[(1 —D)g + 02/t + NFTOZ] [(1 -D)g + 02/4 Zszl Ky

as w? — 0. Substituting into (3), using A\; = S\j = 0, and applying the definition of éj yields
the expression in part (i). We have established the first part of the corollary.
From (A-7),

R R ARl PP 2
rats0 24 2 2 2 | 2 N 2 T2+t
7 16 + o2/t + W/t |15+ o [t| Yoy K 0

Substituting into (3) and setting :\kj = 0 yields the expression in part (ii) of the corollary.
From (A-7),

lim Zt =
®2—0,1;—1/N Vi [(1 — )78 + o2/t +w?/t + NFT(?} [(1 —)7g + 02/t] + NT'72w?/t
(1-T)r8 + NI'7¢
(1-D)g+02/t+ N2

[(1 — D) + 0%/t + WP/t + NFT&} 1-D)rg + [02/75 —|—w2/t] NT7¢
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Using this,

_ (1—2,)(1 =) — Z,o%/t
lim
#2=0m—1/Nvi (1 = T)78 + 02/t + w?/t

B NT7Zo?/t
[(1 D)2 4 0t WPt NrTg] [(1 ~ )2 + o /t} + NDr2w?/t
y o2t 4+ (1 — Z)w?/t NT'73
im
#2=0,m—1/NVi (1 = T)78 + 02/t + w2/t (1 = D)1¢ + 02/t + w2/t + NT'7¢
NT7éa%/t

[(1 —D)g + 02/t + w2/t + NPT&] [(1 -D)g + 02/4 + NPT(?WQ/t'

Substituting into (3) and setting S\kj = 0 yields the expression in part (iii) of the corollary.

E Proof of Proposition 2

I first solve for market equilibrium conditional on the choice of tax and then consider how
the regulator would design the tax to maximize welfare.

Let p; be the price of consumption, p; be the time ¢ price of intermediate 4, and pf* be
the price paid for removal. Final-good firms solve:

N
max {pt (1 - Ct(Rt)) Y, — sz‘th‘t +prt}-
i=1

R {Yu},

The first-order conditions are

G
pzt *pt'%ly-i )
R cy(Ry)
=p——F~=—C,. A-8
Dy ptl—ct(Rt) t (A-8)

The latter condition becomes a < when R; = 0.
The representative intermediate-good producer in sector ¢ solves

max {Eit [pit eXP[—Cz‘tTt]] Lityit<€it> — wy Ly — 1y max{eit — Ry, 0} - pﬁRit}-
Lit,eit,Rit=>0

The max{e;; — Ry,0} reflects that, unless the regulator could disciriminate subsidies by

sectors, the regulator cannot pay firms in sector ¢ for negative emissions or else it would

violate its revenue constraint if emissions in other sectors net out to zero or less. A maximum

clearly has e; — Ry > 0.
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The first-order condition for L;; is
wir = Byt [pi exp[—CiTi]] Yit(eit)-
If e;; — R;; > 0, then the first-order condition for e; is
vy = Eiy [pir exp[—CiT}]] Lityitl(eit>a
and the first-order condition for a solution with R;; > 0 is
W = pﬁ-

Substitute for p;; and pft in the first-order conditions:

C
Wit :ptliz‘L—;, (A‘9)
’fiyit,(eit)
" :ptm 2 (A-10)
c;(Ry)
=p;—————C}. A-11
Vi ptl—ct(Rt) t ( )

At a corner solution with e; = 0, the second condition’s equality would become a >, and at
a corner solution with R; = 0, the third condition’s equality would become a <.
Household maximization implies p; = «'(Cy). Therefore, using py = 1,

W(C) _ Co
U/(CO) Ct ’

bt =

Households’ budget constraint Zfil wiLiy = p;Cy and the first-order condition imply 1 =
ZiN:1 ki, which does hold. Substitute p;C; = Cj in (A-9) through (A-11):

1
Wiy ZHiL—itCm (A'12)
/%'Yit/(eit)
i —WCO, (A'13)
c;(Ry)
= (). A-14
Tl a(Ry) " (A-14)

The wage must be equal in sectors with nonzero employment, so w; = w,; for some w; > 0.
Equation (A-12) becomes:

1
Ly = ki—Cy.
Wt
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From the budget constraint, w, = Cy and thus L; = k;. Therefore equilibrium L;; is inde-
pendent of e;, v, and T;.

Conjecture that v;/Cy is independent of T; (we will confirm this conjecture when studying
the regulator’s problem). Then from (A-13) and (A-14), the time ¢ market equilibrium is
also independent of T;. It is also independent of the random shocks ¢; and the unknown
damage parameters (;; and thus is not stochastic.

As v, increases, e; strictly decreases while e; > 0. Aggregating over all 7, Zf\il it
strictly decreases in v; and R; weakly increases in v;. There exists some 7, > 0 such that
Zﬁileit—Rt =0if v, = 1, and Zi]\ileit—Rt > 0if vy < 1.

The regulator solves the following Bellman equation:

N
W(Tt, [, Qt) = max E, {u( H exp|—C Ty LY " (e5,)]" )
=1

1 - .
—W (T4, i1 Q
+ T+r (Tht1, flet1s t+1)],

where E, denotes expectations over the regulator’s information set at the beginning of period
t and where a star represents market equilibrium. Market outcomes will be insensitive to v,
for v, > 1, and thus the regulator’s objective will be constant in v, for v, > ;. Maximized
welfare is therefore equivalent for a regulator who solves the following problem in which v,
is constrained to be less than or equal to 7;:

W(Ty, fu, ) = max E; [“ ((1 — a(RY)) ﬂ[eXp[_gitTt]L;}Y“(eft)]“i)

v <ig "
1=
1

+ ?W(E—Ha i1, Qt-i-l)]

At an interior solution, the regulator’s first-order condition is

3%
th

KV (e J R -
0= Z Y“f Zt th + 1+rEt [WT(TtﬂvﬂtH,QtH]

B c,(R) OR; 1
1—c(Rf) ovy 147

aR;
0l/t ’

E, {VNVT(TtH, [it+15 Qt+1>} o (A-15)
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Substitute from (A-13) and (A-14):%

861 1 -~ |- B ~ ael

8Vtt Et |:WT(Tt+17 Hi+1, Qt+1 } autt
v (9R* 1 - |= - ~ (9R*
Ct* D 1y rEt |:WT(E+17Ht+179t+1>1& ayz-

Factor out common terms:

1 et OR
0= (Co + —OéEt |:WT<Tt+1;Nt+179t+1>1) (; aytt - aTZ) .

Applying the Implicit Function Theorem to equations (A-13) and (A-14), we find:

oej, -1 1 -
Dy~ I YTy, <0 ife}, >0, (A-16)
Y it/ Yit
ORf 1
L= >0 if R, > 0. (A-17)
ovy o (By) O* [ci(R C*
1— Ct R* 1 Ct R*)]2

Therefore, if some firm is at an interior solution for either emissions or removal:

Vy

C*

1
+ —TOéEt Wi (Tir, fiesn, Q1) |- (A-18)

From the envelope theorem:

. s - 1 - . ~ -
W (T, fie, ) = — G — A + 1+ rEt[WT(Tt—i-lu,ut—i-la Q1))

where we recognize that the market equilibrium is independent of temperature under the
conjecture that v;/Cy is independent of temperature. Recursively substitute into (A-18) and
rearrange:

1
Vy = Cga—
r

N
> kaC + i
k=1

We have confirmed the conjecture that v;/C{ is independent of temperature when Zfil Cit —
R; > 0. We have established Proposition 2.

4LAt a corner with either e;; = 0 or R;; = 0, we would have del, /Oy = 0 or OR; /Ov, = 0, respectively,
and so would end up at the same optimal tax as below as long as at least one is interior.
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F  Proof of Corollary 2

Let G; be cumulative revenue collected, which is invested with rate of return r:

3

N

Z ey — Ry

i=1

Gt+1 = (1 +T’) {Gt +

with Gy > 0. The constraint in time ¢ is now

N
Z eir — Ry

=1

Gt+Vt ZO

This constraint binds only if Zi\; e;r—R; < 0. Denote the smallest v, at which the constraint
binds as 7. By the implicit function theorem,
dv 1
b > 0,

N _ _ N Qe OR}
dG; 22‘21 e () — Ri(0e) + Zz’:l ae,ff _ autt
t

where a star indicates market equilibrium. The sign follows from (A-16), (A-17), and emis-
sions being net negative when the constraint binds.
The regulator solves the following Bellman equation:

N
WA(Ty, fu, Q. Gy) :H},?XEt [U( (I —c(R H exp[—Cu Ty LY " (e,)]" >
=1

1

+ TW(TtH Ht+17Qt+17Gt+1)]

where E, denotes expectations over the regulator’s information set at the beginning of period
t. Market outcomes will be insensitive to v, for v, > 74, so the regulator’s objective will be
constant in v; for vy > ;. Maximized welfare is therefore equivalent for a regulator who
solves the following problem in which v, is constrained to be less than or equal to 7:

v <in

N
W(ﬂ) ﬁfn Qt’ Gt) = max Et |:U( ]' - Ct H eXp CZtT;f thylt( ’Lt)] >
1=1

1

+ FW(TtH 1, Qt+1> Gt+1)]
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At an interior solution, the regulator’s first-order condition is

el/ ; 8€Z 1 5 B R B N 862‘
0= Z th Ztt al/: =+ 1 T ’]"Et [WT(E+17 Hit1, Qt—i—l; Gt+1):| o 2 a_l/tt
o q(®By) ory 1 OR!

l—c(Rf) Ovy, 1+ o,

Z OR;
th al/t

Marginal effect of emission tax on revenue

Et |:WT(Tt+17 g1, Qt+1> Gt+l):| Q

+ Et |:V~VG(Tt+1a fbit15 Qt+1, G } {Z e, — Ry + v

N

} . (A-19)

From the envelope theorem,

WolTh s, O, G) = B [W@ ot Qu, Gm)}

lf V¢ < Dt and ~ ~
do, OW (1, fir, 4, Gy)
th aEt

if v, = ;. Advancing these to later timesteps, we find

WG(Ev /]h Qt? Gt) =

W Ty, i, O, Gy) :ZPT(VHJ' <V Vi €{L oy s = 1N Pr(Vigs = Vi)

s=1
dv4 s aW(THs, fhits, Qt—i—sa Gits)
dGiys Oty

if 1, < 1. Because increasing v, s loosens a constraint, the final derivative is strictly positive.
We saw above that the other derivative on the final line is strictly positive. And the prob-
abilities on the first line are strictly positive because they depend on fi;; and fi;;s, which
in turn depend on draws from normally distributed variables that have infinite support.
Therefore WG > 0.

Use vV°LB to denote the optimal v, implied by (A-15) and v® to denote the optimal v,
implied by (A-19). vN°LB is the tax described in Proposition 2 when emissions are strictly
positive. If we evaluate (A-19) around v/*°B | then it reduces to its final line. Since we have
established that Wg > 0, the sign of that final line of (A-19) matches the sign of the term
in curly braces, which is the change in revenue due to a marginal change in the tax If that
change is positive, then this term increases the first-order condition and makes v/? > pNeLB
by concavity around a maximum. And if that change is negative, then this term decreases
the first-order condition and makes v/? < vN°LB by concavity around a maximum. We have
established the first part of the corollary.
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The curly braces in the final line of (A-19) are weakly (strictly) negative when net
emissions are weakly (strictly) negative. Because net emissions weakly (strictly) decrease in
v; when net emissions are weakly (strictly) negative, we have established the second part of
the corollary in the case that the dynamic revenue constraint does not bind. And the second
part of the corollary holds trivially when the dynamic revenue constraint does bind.

G Proof of Lemma 1

Conjecture that the value of the carbon share depends linearly on each Fy[dy,;] and Ey[A, ]
for 5 > 0:
G = Z A Bildiy ] + Z Ui B[ A ]
Jj=0 Jj=0

with {A¢ 41520 and {W;;4;}32, sequences to be determined.
~ First consider a case in which Ry = 0. The value of a carbon share in period t is
Ey[d,] + ﬁEt[thH]-

Next consider a case in which R; > 0. The payoff of a shareholder who removes carbon
in period ¢ is

(147D — E[A)] - pf,

and the payoff of a shareholder who does not remove carbon in period ¢ is

Trr t[Qt+1]

In a competitive equilibrium with abundant carbon shares, shareholders must be indifferent
between the two options, implying that

EyJd,) +

Eylesa] — Exldi] — Ey[A). (A-20)

1
R
= (1+7)D—
pt ( T) 1 r

Equilibrium payoffs are then identical whether R; = 0 or R; > 0. By absence of arbitrage,
the value of the carbon share is:

(jt = (]. + T’)D — Et[At] —pf

Substitute for ¢;,; from the guess:
A 1 = . - .
Ge =Ey[dy] + 157 le Ao i Brldiy ] + Tor ]Zl Wy 45 B [ Ay y].

Matching coefficients, A¢; = 1 and ¥;; = 0. Advancing the analysis by one timestep, we
find Ayp1401 =1 and Vypq 441 = 0. Therefore Ayyy =1/(1+7) and Wy = 0. The lemma
follows from repeating these steps for subsequent periods, deriving Asyj,4; and Wiy, 5,
eventually Ayyq 4y and Wyyq 4y, and finally Ay ,q; and Uy yy ;.
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H Proof of Proposition 4

The cost of emitting in period ¢ is D — (G, — E[d,]). From (8),

D_( =D — Zl—i— t-H]

from which (7) implies

D~ (4~ Bldi)) =D =3 ————B[r D — Ay

= (14 7)7
j=1
Using (6) and the properties of truncated normal distributions,
lon . 1 <1
D — (G — Eldy]) =Cp v - ; KiCr + ;Ht - ; th,tﬂ' ) (A-21)
where
f—fit
¢ (Zt t+j

i =0

A
Xtt+j = —ﬁ 2
—Ht
¢ <2t,t+g‘>

is the adjustment to the mean of a normal distribution (for time j random variables, using
the time ¢ information set) for the upper truncation point (from the deposit’s definition
in (5)), ¢(-) and ®(-) are the probability density function and cumulative density function

_ 1/2
for the standard normal distribution, and X, ; = (V@m(/}tﬂ)) is independent of fi.

Setting v, = D — §; in (A-13), time ¢ emissions are as in (1) as x¢¢4; — 0 for all 7 > 0.
Assumption 1 ensures that some shares are outstanding. Applying the foregoing analysis
to equation (A-20), we find that, if some shares are exercised,

P 1+rz 1+r EilAesl.

J=1

Using in equation (A-8), we find that

o0

(1) 1 1 .
L—c(Ry) 1+ Z (14 7)1 praves]
:CO (0% Z /?ka + /'[’t _::-_ i (1 _|_];,.)‘7_1 Xt,t+j 5 (A_22)
j=1
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with x¢.1; as above. Time ¢t removal of carbon emitted in all previous periods is as in (2) as
Xtt+; — 0 forall s € {1,...,t} and all j > 0.

Xt1+; decreases in fi and goes to 0 as fi goes to oo (i.e., the mean of a truncated-normal
distribution increases in the upper bound and approaches the mean of the untruncated
normal distribution as the truncation point goes to infinity). By the foregoing analysis, time
¢ emissions and removal as as in (1) and (2) as i — oo. So L; — 0 as i — co. We have
proved the proposition.

I Preliminaries for Proofs of Propositions 5 and 6

Let fi; and (ult indicate the indicate the mean and variance for chvzl ki(r formed after ob-
serving §~S + s and g; for all s < ¢, with the corresponding variance of each ¢; labeled 772 (note
that this variance will be indepndent of 7). I show below how to define 7?2 from Bayesian
updating for ¢t > 0.

Demand for carbon shares and market-clearing price

Conjecture that ¢; is a linear function of the (; + A\;; and that ¢, is a linear function of
@ + A and ¢:- In this case, ¢; and ¢, are normally distributed, and by standard properties
of normal random variables and D — oo, the time ¢ maximization problem for traders of
type ¢ is equivalent to:

Xt

max — exp { — AL+ r)(wir — Xir@e) — Ay + Xit)Et[Qt+1 + (1 4+ 7)de|Cit + Nit @1
1 ~ e N v
+ §A2(yit + Xz‘t)QVWt [Qt+1 — (1 +7)Coar[C + ]| Gt + it Qti| }
1 ~ e N v
=max — exp { — A1+ r)(wy — Xuqy) + §A2(yit + X )*Var, |:qt+1 — (1 + 7r)Coa[C + M]|Cit + Nt qt]

— Ay + Xit) (Et[Qt+1|<it + Nit, @) + (L +7) [TD — COOCEU't[é:t + 5\t|§z’t + Ait, dt]D },

where E; and Var; indicate the expectation and variance at the common time ¢ beginning-
of-period information set. The first-order condition for a maximum is

hi (= y o xx y y
Xip = — Eilqi1|Git + Nits @) + (L4 7) (7D — CoaBy[C + Ae|Cit + Nies @] ) — (L +7)G ) — Yt
A (A-23)
-23
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where
Nyan L 1\
hiy = <Va7“t [Qt—i-l — (1 +7)Cocr[Ct + ]| Gt + it QtD . (A-24)

The h;; are deterministic by standard properties of normal-normal updating. Aggregate net
demand for carbon shares is

N N

hie (= y ook y .
X = Z j (Et[Qt+1|Cit + Nit, @) + (L + 1) <7‘D — CoaEy[Cr + Ae|Cit + it C]t}) —(1+ T)Qt)‘Z Yit-

=1 i=1

Market-clearing requires

Xt - O

Rearranging, the equilibrium price is:

1 al -
q; = i (Et[QtHKit + N, @] + (1 +7) (TD — CoaEy[ G+ |Gt + it ijt]))

)Yl b [2
N
Ay y] .
i=1
Define
v i
hy &———. (A-25)
Zij\il hig

We have:

R .

qr =7 Z i (Et[Qt+1|<it + Nty @] + (L +7) <7"D — CoaB[G + Me|Cit + it dt]))
i3
1 N
- A Yit-
(1+7) chvzl Pt zz:;

Observe that Zfil Yt = My — M. Therefore

R .

d; T hit (Et[Qt+1|Cit + ity @) + (1 +7) (TD — Coarksy[Ge + AefGir + Aits (jt]>>
i=1
M, — M,
_A ¢ 0 (A-26)

(1+7) chvzl hkt.
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Analyzing ¢;,1

¢:+1 18 the equilibrium price determined by time t + 1 agents who have common beliefs, so
that Lemma 1 applies, modulo the information set. As D — oo,

[e.e]

1
di+1 :ZO (1 +T)]

N
rD — Coo Z Fﬂkgk; - Coaﬂt+1]
k=1

N
I+r - .

= rD — Cya ; KrpCr — Coauflyi1 (A-27)

Define G, as the signal of ¢; + \; — Zszl kp(, extracted from ¢, which implies
Eya) = fie. (A-28)

Conjecture that
~ ~ N —
fiesr = ayjie + b, (ct +Ah— ) m) + Big, (A-29)
k=1

where ay, b}, and By are constants to be determined. Taking the expectation of each side under
the information set at the beginning of time ¢ and using (A-28), we find that 1 = a4 b, + B;.
Under the conjecture,

N
Et e ]Cit + Nt @] = afin + b;Et G+ A — Z HkC_kKit + Xt @ | + By
k=1
Using this with (A-27),
N
o 1+7r _
E i )\Z y 7| = D - C
Q1] Gir + ity @) " oa;/‘ék@
o N
— Coa (afgﬁt + 0B |G+ N — Z KeCrlCit + Nt @t | + Bﬁt) -
k=1
From (A-26),
N
e 147 =
q; = rD — Cya Z /fk(k]
" k=1
1 by +r al PN al
— —Coar(ayfis + BiGe) = =——Coar D hary |G+ A= Y wnelCe + A ét]
i=1 k=1
M, — M,
—A L (A-30)

(1+7) Zé,»v:l hi
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Deriving ¢;
From (A-30),

N

2Nk

6t + )\t Z /‘ﬂka‘Qt + it Qt]

_ 5 N y My — My
= [(1+7) | rD—Coa Y k(i | — Coala,jiy + Big,) —rgs —rA .
Coalt+7) |\ >< " ; ) oorleulle + Bi) ~ 1, (1+7) 0, b
(A-31)
If we set,
1 al M, — M
G = 14+7)|rD—Coa > ki | — Codlfiy — G — 1A L 0
“=Coatm iy | ( o) ’“g’“) ottty T A+ hy
(A-32)
then from (A-31) and the definition ¢ = ¢ + 6;,
N N .
o= haly |G+ A\ — ColCot + Nits e | — 0,. A-
qt ; tBe |G+ A kz_;likaKt—i- ts Gt Coa(BL+ 0, + 1) ¢ (A-33)

Recalling that hit € (O 1) and Z .1 hiy = 1, this ¢, satisfies the earlier definition of ¢; as the
signal of ¢; + A\ — Zk | kk(r, extracted from g;.

J Proof of Proposition 5
Section I contains preliminaries. A rational expectations equilibrium is fully revealing if and
only if ji; = jiz41 and, from (A-33), G; = fiz41. From (A-32) and taking ©2 — 0, that ¢; clears

the carbon share market if and only if

My — My

N
rgt =(1+7) (T’D — Cha Z mkfk) — Coad,fizr1 — Coa(By + b, + 1) figr1 — A
k=1

(1+47) Z]kvzl Pt

Using a; + b, + B = 1,

1+7r M—MO

N
rD — Cya kiuCr | — Coaufigsr — 1A L
( > ) T A T e

sk

qy =
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As ©2 — 0, §; — ¢, in which case traders can back out fi;+; from the observed price ,
SO ftiy = figs1. In addition, the conjectured form of fi;,1 in (A-29) holds, with B, = 1, and
72 can be defined from the posterior variance of informationally efficient beliefs. We have
described a rational expectations equilibrium that is fully revealing.

Observe that ¢, is identical to ¢; from Lemma 1. Assumption 1 and Proposition 4 then

imply that L —0asD — oc.

K Proof of Proposition 6

Section I contains preliminaries.

Expected ¢;.1 as a function of time ¢ information

The combination of normal random variables and an affine information structure implies
that the posterior mean is a linear function of the prior and the signals:

o N

G+ At — Z el Gt + At (jt] =aijls + bi(Ge + Nt — G) + Bud (A-34)

k=1

for yet-to-be-determined coefficients a;, by, and By. Substituting into (A-33), we find:

’
Coa(B; + b, + )

N
¢t = Z hit [az‘tﬁt + bit (Gt + At — ) + Bit(jt] -

=1

0;.

Solving for ¢, yields:

1 r
1 = hz i hzbz i )\z i 0 .
TSN B (Z tat““LZ il A = G) = Coa(B] + b, +7) t)

=1

Taking the expectation under the mformatlon set at the beginning of time ¢ and setting it
equal to (A-28), we find:

This holds if and only if SN Ay By = 1 — zN hit(ai + bi). Define

=1
Xt £ 1-— Z ;litBit- (A-35)
Then:
1 N N .
5 = B Bl (Con 4 Niy — ) — 0, | . A-
i <Zzl ztaztut+z it zt(Czt+ it gz) C()O{(Bé-f—b;—l—r) t) ( 36)
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Deriving E, [ft + N\ — chvzl kel Gt + it @)

In time ¢ but prior to observing (;; + A;; and ¢;, the 3 x 1 random vector

y G+ A — chvzlﬁkék
Sit = Git + Ait — G (A-37)
Gt
is jointly normal with unconditional mean

v

Eit[sit] = | Mt
Kt
and covariance matrix
OO’Uit<Sit) =
_ } Rpsbre |
Z;.Vzl H?[T3+02]+2FTE ;‘\]:1 ZkN:jJrl Kk +o2 ki +(1—k; ) T2 +Ki02 SN (kT (1—rp) DR +f€k02)%
kiTE+(1—k; ) T2+ K02 T2 +02+w? (T2 +o02+w?) ”b” A0 3 hk;lt)kt
Fosbrg ) 2
Zk 1( kt kt) (Tt2+a2+w2)
By b b, hpb hitbig by, b
S (a2 (l-mi) D2 rgo?) Pl (2402 2y hitbie ypra s, Raabie popr2 N s Rathit P
2
T o
+(coa(Bg+bg+r) m)
(A—38)
From the projection theorem,
N
G+ A — E FrCe|Git + it Gt
k=1
B 2402 4w? (r2 402 +w?) ztbzt 4T72 ZI# hktbkt T
y 2
] e s (548 s
=y N ) Lo
1— F2 2 ktPkt b hi.b N N hitbir by, b
i1 (BeTE+(1=kp )T 4R 0?) (12402 +w?) n it D77 Sy BEVEL 2P N SN %%
2
r o
| +<Ooa(B£+bg+7-) xt)

|: Cit i —Ci— e i|
Ge—fit '
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Working through the matrix algebra and matching coefficients to (A-34), we find:
1 72 4+ o2 |
by = i+ (1 — k) 5———
’ detit{(KTt2+02+w2+( /{)TE—FCTZ—FU.)Z

. 2 N v
i Prsbit o 2 i Z Rjthji Pibs
Xt 72 + 02 + w? Xt Xt

k=1

N 1 r 0\?
2+ 02 +w? \ Coa(B] + b, + 1) x¢
N 2 2 i
O +o I'r; hiebre
_ A
(Z (Kk7t2+02+w2+( Hk)7t2+02+w2> Xt

ilitbit FTE ;thbkt
A-39
< + Tt? + o2 + w? Z ’ ( )

ot Xt

1 72 72 4 02
Bi — — K; t t
t detit{z<[ﬁk ﬁTt2+02+w2} T2+ 02+ w?

2 2 7
#lamm - - ] )h’“b’“},

7+ 02+ w?]| 4 0?2 + w? Xt
(A-40)
and
ait = 1 — by — By, (A‘41)
where
hitb r Bibis hisb
detitéz<ktkt> 19 +7;t+ 22 Z NjtOjt Mkt O
ki Xt T+t tw j=1,%i k=j+1,#i
y 2
+ 1 " © I'r? ? Z Pkt bgt
2+ 02 +w? \ Coa(B] + b, + 1) x¢ T2 + 02 + w? =X

(A-41) implies that ZZ L Bit =1 =7 (ay + by), as required above.
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Simplifying, (A-39) becomes:

N 2
o 7 r e
bu =) Dbk + 2 >3 byt CoalBi b +1) 7

2 2
T, g w
ki j=1,4i k= j—i—l;éz ¢ oot

~1
FTE 2 o
- hyb
(Tt2+02+w2) kz?;z Rtk
2 2
T +o I'r;
i 5 + (1 — Ay hi,
{(K7t2+02+w2+< )Tt+02+w2)z

Tt + 02 L a ) 72 r 2 62
7+ 2102 +w? T2 + 02 + w? Coa(B} + b, + 1) TE + 02 + w?
N

Tt+0 FTt FT2
( 2+02+w2+( )Tt2+a2—i—w2> i +a2+w2];ézk ;# gt ]t Rkt

Tt + o I'r; 77
1 —k; Zbl hy:b
( +02—|—w2 +( )Tt2—|—0'2+w2> Tt2+0_2 t tz ktVkt

k#i
72+ o? 77 v
hih; K t 1 — ki) —5———a—— | hpib
" tz( g 2+02+w2+( k)Tf—l—UQ—i-oﬂ) S

77 2 + 0 77 y y
- Ky——-———+ (1 —k)—5————=) hisb it 7.
Tt2+0'2+w2 <Z< th2+U2+(.U2 ( k)Tt2+02+w2 ktVkt Z ktUkt

k#i k#i

+

Solve for by:
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2 2 T 2
by — (KL - ,ﬂ)#>

T2 + 02 + w? T2 + 02 + w?

{ (th + 0?4 w? - FTE) (7}2 +o?+w+ PTE) Z Eitbit
ki

N N
+ 207 [+ 0’ +w =T Y hisbsilscb
J=1,7i k=j+1,7#i

2
r 2/ 2 2 2
+<Goa<Bz+b;+r>) O+ +u)

=

)3 b
il o)+ (L= )l

Ifk(TE +o?+ w2) — IiiFTE (7}2 + 02)

+ [ = k) (77 + 0° +w?) — (1 — k;)'7}] FTE) Fthbkt]

{ (7 +0° +w* =T7) (7 + 0" + 0 +T7)) Z Ribi
ki
N N
+2I'7? [7’3 + 0% +w? — F7t2] Z Z Fojubji i D
=17 k=j+1,7#i

2
i
92 2 2 2
+<00a<Bz+bz+r>) (0" + )

+ hy ( [/{k(TE + 0?4+ w?) — /{iFTtZ] (12 + 0?)
ki

+ [(1 = k) (77 + 0" +w?) — (1 — k)7 rﬂf) ﬁktbkt} . (A-42)

Observe that

[k1(17 + 0% +w?) = K IT] (77 + 0°) + [(1 = ki) (77 + 0° + w?) — (1 — k) T77] 7}
= [(1 ~D)2+ 0%+ wz] [mk(TE +0?) + (1 - I{Z‘)FTE}
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decreases in k; and is strictly positive as k; — 1, implying that it is strictly positive for all
relevant ;. Because that expression is positive,

72 + o?
‘24 02+ w?

2
I'r;

by < K —_
& 72 + 02 + w?’

and because this last inequality holds for arbitrary 7, inspection of (A-42) shows that b; > 0.
Therefore the set of functions defined by (A-42) for each i € {1,..., N} maps a vector from

77 ]

=)
( )Tt2+02+w2

N

Tt2+0'2
X 10, ki— 2 2
. T +octw
=1

into itself. By Brouwer’s fixed-point theorem, there exists a fixed point in that space. By
inspection, the fixed point does not have any by, on the boundary. Therefore, for each
ie{l,..,N},

2 2 2 5
by = ( I >—> Z (A-43)

i
2 + 02 + w? 2 + 02 + w?

for some Zit € (0,1). Observe that Zl-t and b;; are deterministic because each ;th is deter-
ministic.

Deriving ji;1q

Substituting (A-43) into (A-36) and using S~ | hirai = xi— S, hibiy from (A-35) and (A-41),

Xt — i Pabi . T to I'r hitZit =
= - i 5 (kK it + it — G
& Xt Mt+; ﬁTt2+02+w2+( /{>7't2+02+w2 Xt (G ¢ G
r Qt
— —. A-44
Coa( Bl + b, + 1) xt (A-44)
Consider jointly updating about
Zi]\il KiGi
N 12452 - 2 - . A-45
[Zi:l (:‘iing_f_jw + (1 - Hi)TtQ-i-aQt-‘er) hl;flt CZ ( )
Define the time ¢ signal of this vector as
y G+ A — fgvzl e
St . ~ Xt=>2i0 ) hisbie + : (A_46)
@ — =, Mt
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Let T, indicate the 2 x 2 precision matrix of the time ¢ prior and T, indicate the 2 x 2
conditional precision matrix of the time ¢ signal. Apply the conventional normal-normal
updating formula, recursively substitute, and recognize that the time 0 mean is a zero vector:

R TTIR {G+ X4 —Zt: ﬁ | (= me)3
ZN (KzQTtL—i_(]-_ ) L7 >hz;fzt<'z J j»4djfi=0| = Uy Tk )Sk;

i=1 +02+w? v 2402 +w? k=0 |j=k+1

E

where 7; £ (Y, +Ts;) 1T, and I is the 2 x 2 identity matrix. Define 7, as element (1,1)
of |:H§':k+1 7Tj:| [[ — m] and 7, as element (1,2) of H;:Hl 7Tj:| [I — m]. Using (A-46) and
the definition of fi;1, )

t AT S Xk — ZN harbi
ﬁt+1zz [ﬁk (Ck+>‘k_Z“jCj> + 7 | Gk — )é:l = ﬂk)] :

k=0 j=1

Substituting for /i ,ut, we have confirmed the conjecture in (A-29) that ji,,; is a linear function
of i, ¢ + A — Zk 1/1k,§k, and ¢. Matching coefficients yields aj, b}, and B;.
Using (A-44),

t

N
firsr = [ﬁ'k <5k + A — Z Kj&j)

k=0

T, +0 77 Eijjk ~
+7rkz(KJT2+0'2—|-LL)2+(1_K,j)7']§—|—0'2—|—w2 Y& (Cjk+)\jk_Cj)

r Hk
Cga(B’ + 0, + 1) Xk
Define
Fois 2 hisZis. (A-47)

Ris € (0,1), because both components are. Also define

Xs £ BL+V, < 1.
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Then:

frey1 = Zﬂ'k ( k—i—)\k—zf'ﬁj@)
_I_Zﬂk D)1+ o?

2 + 0% + w?

Z Rieki Gk + Aie — G)
=1

72 al . _
+ m ; Rik Gk + ik — G)

Tk
— 0. A-48
kZOXkcoa (Xe + 1) g ( )

Letting T; indicate element (1,1) of (Y, + Y,,)~!, the conventional normal-normal
updating formula for the precision and the definition of 72 together imply:

7'2 = Tt
D KD

Finally, the following lemma establishes properties of the @ and the 7:

Lemma 2. IfT', w?, &%, and ©* are sufficiently small, then 7y € (0,1) and limp g2, 7y, is
arbitarily close to zero.

Proof. See Appendix M. m

Emissions and carbon removal

Adapting (A-21) and (A-22) to the current informational environment and applying the con-
ditions of the proposition, time ¢ firms equate both the marginal cost of emission reductions
and the marginal cost of carbon removal to D — (¢; — Ey[d;]). Using (A-27),

N
o 1+ - o
D — <Qt - Et[dt]) =D — ( Lo 1> [””D - CoOéZ/kak — Coafiy

r
k=1

N
Z ke + it

k=1

1
:—C()CY
r

The proposition follows from using (A-48) to define fi;.
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L.  Proof of Corollary 4

By inspection, equation (A-42) holds if b;; = 0 for all 4 € {1,..., N} with ©% = 0, and
because the denominator contains a term that is linear in the by; whereas the numerator
contains only products of the b, equation (A-42) holds if each by is arbitrarily small with ©2
arbitrarily small. The first part of the corollary follows from these results, it € (0,1), and
the definition (A-47).

Now analyze h;;. From the definition (A-24),

1/hzt ZVUCL’f’t [qt+1\@t + )\it7 dt] + Vuart [(1 —+ T)COOK[@ -+ S\t] |Clt -+ )\it7 dt] . (A—49)

From (A-29), } o
Vargpe|Ge + i, Ge) = (bé)QVC”"t [Ce + Al Git + Nit, G-
Using this in (A-27),

1+7r
r

2
Vardg1|Ge + Nit, @) = ( CoOébfg) VardG + M| Ge + ity Gl

Covy [qt+1, —(1 4+ 7r)Cocr[G + Ae]|Cir + Ait, Qt] =[(14 r)Coal? ?tVC”"t[Ct + Ae|Git + it G-
Substituting into (A-49),

1+7r
r

2
1/h’Lt = |: COCY:| (b; + T)zvart Kt =+ /\t|Cit + )\ita Cjt] (A-50)

Apply the projection theorem to (A-37), via (A-38):

Vvart[ft + MGt + Nt G

N N N
=[r? + o7 Z /i? +2I'77 Z Z Kjkk + &?

j=1 j=1 k=j+1
[ 72402 4w? (T2+02+w2)M+F72 > by Pt bt ]
i i Xt t LekFi Xy
o 2
|: ki +(1—k; ) T2 +Ki02 T Ei\f I(M) (TE+02+M2)
. = Xt
N 2 2 2 Pt Oks ny K hibiy h
(kT2 (1—kp) DT+ Rpo? ) —RLEL 2, 2. 2\hith 2 Rt 2 N N t05t Pioere
> k=1 (B ( k)T +rRo?) Xt (404w )%JrFTt Dkt k;tkt H207E 3000 Y ]Xt] k;tkf
2
fe—r __©°
L Coa(Bl+bj+r) Xt

kiTE+ (1=K D77 +Ki02 :|

N Fupesb
|: Zk:l(“k7t2+(1*l€k)117t2+/¢k02)%
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Using the b, and By from (A-39) and (A-40), this becomes

N
Vary G+ AlGe + Xt @) =[(1 = D)7 + 0% Y w5 + D7 +@° = by [ (1= D)7 + 0% + Trf]
=1
al Pt
= B | Y (ml(1 = D)7 + 0% 4+ D7) =22 |
—1 Xt
Substituting from (A-43),
S ~ 2 2 = 2 o | -2 [ml(1— P)th +‘72] +FTt2]2 5
VarGe+ MG + Aie, @) =[(1 = D)7y + 0 ];’%’ +Im +o” - 724+ 02 4+ w? Zit
_B iv: /ik 1 — F)TtQ —+ 0'2] + FTt2)2 ithZkt
i — T2 + 02+ w? Xt

From (A-42) and (A-43), limg2_,, Zi = 1. And from (A-40), limg2_,o, Bi; = 0. Therefore,

[kil(1 = D)7 + 0] + 7]

N
. S - 1 2 2 2 2 | ~2
@1212100 VaryG + Me|Gie + Nie, @) =[(1 = T)77 + 07 E Ky + 17+ 0" —

— T2 + 02 + w?
]:

Simplifying, we find:

L 2
Hm VardG + AlGie + A, @] =0’ 4+ [(1 -D)77 + 07 (Z i m’i?)
+ L (1 —r)*[(1 = D)2 + 0% + w? |.
,7-t2 + 0-2 +w2

Now consider the second part of the corollary. If x; = 1/N for all + € {1,.., N}, then
the foregoing implies that limgz_, Vart[Q + )\tKZt + Alt,qt} is independent of i. From
that result, (A-50), and the definition (A-25), lime2 hw = 1/N. And that result with
limg2 o Z;x = 1 and the definition (A-47) implies limgz_ o Rxy = 1/N. Further, if k; = 1/N
for all i € {1,.., N}, then b; equals some constant b, which, from (A-42), solves

2 2 2 2 2
r TP+ o +w N
(Tt2+02+w2+(N—1)FTt2) bf—i—( )) 2 !

b
Coa(B] + b, +r 2402 +w?—TEN—-1"

(1 Ti+o +N—1 I'r r 2, T4 oitw N?
AN+ 02+ w? N 12 +02+w?) \Coa(B]+b,+7) 7+or4+w TN -1
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Substitute from (A-43), writing 7, for Zy:

1
N

— )72+ 0%+ NI'1? 2 Yo
72+ 02 + w? Zi
¢
o r 2 9 Tt2—|—02+w2 N?
:<1_Zt) 7 ; @ 2 .
Coa(B; + b, + 1) 1-D)rF+02+w?N -1

1
3 ((1 —F)7}2+a2+w2—|—NFth) ((

Evaluating at Zt = 0 and Zt = 1 shows that there exists at least one root in the interval
(0,1). For Z, € (0,1), the left-hand side monotonically increases in Z; and the right-hand
side monotonically decreases in Z;. Therefore the root in the interval Z, € (0,1) is unique.
This root monotonically increases in ©2 for ©2 € (0, 00). Using hy = 1/N and the defini-
tion (A-47), we have established the second part of the corollary.

Finally, consider the third part of the corollary. Without loss of generality, order the
sectors by increasing ;. Then limg2_, Var, [ft + S\tlgt + Aty Gt > limgz o Vvart[ft + S\t\Cjt +
Njt, @i for all j > ¢ if, for all {n,n + k} such that &, < Kni,

2 T 2
Zm Ky + — T (1—kp)?

2+02+w? " TR+ o0?+w?

J#n
2 FTZ
> Kj —I<L2 +—t (1—-k 2,
;rk 2402w "R 2 a2 4 w2( nek)
i#n

This sufficient condition is equivalent to

2 2
FTt 2 w 2

(Kop — ko) + Ztotta? [—2(kn — Fonan) + Ky — Fpyg] >

and thus is equivalent to

(1 —=T)12 + 0% kp + Knai o 77
T2+ 02 + w? 2 T P+ o+w?

This condition clearly holds and thus so does the sufficient condition for limgz_,, Var, [CNt +
MGt + Nity @] > limee_yoe Var G + M| + Aji, ] for all j > i. Therefore from (A-50),
the sequence {hy, ..., hn¢} is monotone increasing as ©* — 0 when sectors are ordered
by increasing x;. And from the definition (A 25), the sequence {Fth, . FLNt} is monotone
increasing as ©% — 0, with hu < 1/N and hNt > 1/N. The latter inequalities are strict
if any k; # 1/N, which in turn is equivalent to k; < 1/N. The third part of the corollary
follows from the foregoing, limez o Zi = 1, and the definition (A-47).
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M Proof of Lemma 2

Define

2 2
A(‘ nre + (1 —ri)

wit =\ R
th + 0—2 —|—UJ2

FTE ilitZit
7't2 + 02 + w? Xt

By definitions of y; and Zit,

v

Piisbit
> 7lz‘t [ait + bi] ’

Wi =

and hence w;; € (0,1) with le\il w;; < 1. Before updating for time t observations, the prior
covariance matrix for the vector of unknown parameters in (A-45) is

(1 - F)Tt2 Zf\; “? + FTt2 (1 - F)Tt2 Z@Jil KiWit + FTt2 Zf\il Wit ]

V S 3 5 . o\ 2
. (1- F)th Zfil KiWit + FTE Zf\;l Wi (1 — F)TtZ Zfil wzzt + Fth <fo\i1 wit)

and the covariance matrix for the vector of signals in (A-46) is

2V 2 ~9 2 NV v
g Zi:l Ki +w g Zizl K;i Wit ]

2
2 Y v, 2 2 N 2 r 2
0% ) iy kit [0 F w00 Wy + <Coa(B,§+b§+r)xt> o

By definition, T, ; = V/;jl and T, ; = V;]1 Define det,, ; and det, ; as the determinants of
L

V,; and V;;, respectively. These are weakly positive. Recall that 7m; = (T,.; + Ys;) T,
Using superscripts to indicate elements, standard matrix inversion and matrix algebra yield:

Vi =

1
det,,; +dety; + V. EVVED Ly Uy R oy 2y (2

T =

(1,1)y,(2,2) (1,2)y ~(1,2) (1,1)7 ~(1,2) (1,1)y ~(1,2)
dets’g/?;?;)/s‘}](lvg)/;hj V(_272‘)/;{}7(112‘;s’] d t VH,J V‘(/'vls:{)v(;72‘)/s’ ' V‘(/TILL,’Q])V(LQ) '
/’ij 7j B 87j l"/m] € S’j + uvj 7j B l"ﬂj S7j

The leading fraction is the determinant of V, ;4-V; ; and thus is weakly positive. Substituting,
we find that

N N
VT VU = D 4173
i=1 i=1
N N N
— ]_—"7}-20'2 ( [Z Ii?] [Z UUJZ]] — Z I{i’wz‘j) s (A—51)
i=1 i=1 i=1
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which goes to 0 as @? and I become small. We also find:
N N N N
(2,2)7 7(1,2) (22)7,1,2) 1.2 2 o o o 09
Vig Vi = Vi Vi =Imo (Z w@']’) [(Z “’ij) > ity szj]
i=1 i=1 i=1 i=1
N . 2
2 22 2
[ ; J (Coa(B;. + 0 + fr)xj)
N N
[(1—F)TJQZI€Z?IJZ]+FTJQZQT)”] .
i=1 i=1

This goes to 0 as I, w?, and ©? become small. So 7; becomes approximately diagonal as T,
w?, ©2, and @? become small.
Observe that:

(1,1)7y-(2,2) (1,2)y ,(1,2)
dets; + Vi Vi = ViV

N T N N 2 . 9
2 E 2 ~2 2 2 2 E (] 2 o 2
[ i=1 i i=1 ’ ’ ! Coo(B] + b + )X;

i =1
N 1T N N
— [O’2 Z :‘iiﬂvjij [(1 — F)Tj2 + 0'2] Z Hﬂf)ij + FTJ'2 Z wl]]
=1 1 L =1 =1
N N N 2
> [02 Z /-f,f] (1 -T)7* + 07 Z Wy 4+ 7} < IT)Z-]->
i=1 =1 =1

N N N
_ [O’2 Z ﬁzwzj] [[(1 _ F)Tj2 + 0-2] Z ’izwlj + Fsz Z ”L\[)Z]] .
=1 =1 =1

As I' becomes small, the final two lines go to

o (£4) (£4)- ()

=[r?+0°] lim det,;.

02 w2 H2—0
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We also have:

et VPV VG

N 2
2 2 w r 2
E w2, =)

[0 + ] — Wi (C’oa(B§ + 0+ T)Xj)

N N N
— [02 Z /‘iiwij] [(1 — F)sz -+ 0'2] Z /iiwij -+ FT]-2 Z Uv}l]]
i =1 =1

N
[(1=T)77 + 0% ) K} + 77 +&°

=1

=1
N N
= [02 szzjl [[(1 — F)Tj2 + 07 Z K3+ FT]-Q
i=1 i=1

As I' becomes small, the final two lines go to

=[r?+0% lim det,;.

02,w2,62—0

N
[sz + 0'2] Z /fﬂf)ij]
=1

Because det, ; > 0 by properties of covariance matrices, dets ; + V(l-’l)Vlfi-g) — V(1{,2)V5(1',2) > 0

and det, ; + V(1 1) Vs(j 2) V (L 2)V (%) . 0. Therefore elements (1,1) and (2,2) of 7; are each
between 0 and 1 for I' sufﬁmently small.

These results imply that H j—k41T; 18 approximately diagonal (in that its off-diagonal
elements are arbitarily small), with diagonal elements between 0 and 1, as ', w?, ©2, and @?
become small.

To analyze 7, and 7, under these same conditions, it remains to analyze the first row of
(Ypur + Ysp) 'Y the product of element (1,1) of (T, + Tsx) ' Tss and element (1,1)
of H;:k L, 7; dominates 7, as I', w?, ©%, and @* become small, and the product of element
(1,2) of (Y,k + Top) 'Y and element (1,1) of TT"
&? become small.

Matrix algebra yields that element (1,1) of (T, x4+ YTsx) ' Tor is

. v 2 2
ikl T dominates 73, as I', w*, ©<, and

dety + VEIVEY — v AV

det,y, + VO IVED — V02 >v<1 At detyy + VEPIVED v B2V 02

123 ) S

We already established that the denominator is strictly positive as I' becomes small and that
the final three terms in the denominator sum to a strictly positive number as I' becomes
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small. The numerator is

N N N 2 2
[(1 —I)r? ; k24+T72| |[(1=D)72 + 02 + w?] ; w5+ T (Zl wit> - (Coa(Bg :bg " T)Xt) Ch
N N N N
_ [(1 — F)sz Z KiWis + FT]-Q Z ﬁjit] [(1— F)sz + 07 Z KW + FTJZ Z ﬁ)it]
Nz=1 i=1 i=1 2 i=1
> [(1 —I)r? Z ky + 077 | |[[(1=T)77 4 07 Z wy + 7} (Z wzt>
N N
[ Z KW + FT Z wlt] [(1— sz + o7 Z ki + FTjQ Z u“)it] )

As I' becomes small, the final two lines go to

-2
———] hm dets ;. (A-52)

Therefore the numerator is strictly positive, which means that element (1,1) of (Y, +
Ysr) Y5k is € (0,1) for T sufficiently small. Because element (1,1) of szkﬂ m;is € (0,1)
and element (1,2) of H;Zk .1 7; is arbitarily small for T', w?, ©% and &* small, we have
established that 7, € (0,1) for T',w? &%, ©? sufficiently small.

Element (1,2) of (T,; + Ts;) 'Y, is:

Vs(,i’l)‘/u L V(1 1) Vs(l 2)
det, o+ VEIVED —vEIVOD ety 4 vV ED _y B2y 07

From (A-51), the numerator is 0 if both T and @? are zero. Therefore as T',w? — 0 with w?
and ©2% not too large, 7, is equal to zero times element (1,1) of H 7; plus a term that

scales with element (1,2) of T

j=k+1

i=x1 ™ and thus is arbitarily small.

References from the Appendix

Collins, M., R. Knutti, J. Arblaster, J.-L. Dufresne, T. Fichefet, P. Friedlingstein, X. Gao,
W. J. Gutowski, T. Johns, G. Krinner, M. Shongwe, C. Tebaldi, A. J. Weaver, and

A-39



Lemoine Informationally Efficient Climate Policy September 2022

M. Wehner (2013) “Long-term climate change: Projections, commitments and irreversibil-
ity,” in T. F. Stocker, D. Qin, G.-K. Plattner, M. Tignor, S. K. Allen, J. Boschung,
A. Nauels, Y. Xia, V. Bex, and P. M. Midgley eds. Climate Change 2013: The Physical
Science Basis. Contribution of Working Group I to the Fifth Assessment Report of the In-
tergovernmental Panel on Climate Change, Cambridge, United Kingdom and New York,
NY, USA: Cambridge University Press.

Dietz, Simon and Frank Venmans (2019) “Cumulative carbon emissions and economic policy:

In search of general principles,” Journal of Environmental Economics and Management,
Vol. 96, pp. 108-129.

Hausfather, Zeke and Glen P. Peters (2020) “Emissions—the ‘business as usual’ story is
misleading,” Nature, Vol. 577, No. 7792, pp. 618-620.

Matthews, H. Damon, Nathan P. Gillett, Peter A. Stott, and Kirsten Zickfeld (2009) “The

proportionality of global warming to cumulative carbon emissions,” Nature, Vol. 459, No.
7248, pp. 829-832.

Pindyck, Robert S. (2019) “The social cost of carbon revisited,” Journal of Environmental
Economics and Management, Vol. 94, pp. 140-160.

Rudik, Ivan (2020) “Optimal climate policy when damages are unknown,” American Eco-
nomaic Journal: Economic Policy, Vol. 12, No. 2, pp. 340-373.

A-40



