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ABSTRACT. This paper studies the welfare impact of information spillover in divisible
good markets with heterogeneous traders and interdependent values. In a setting where
two groups of traders trade two distinct but correlated assets, one within each group, the
information contained in the price of one asset spills over to the other market. Some “more
informed” traders who submit demand schedules may condition their demands on the
prices of both assets, while others do not. We prove the existence of a linear equilibrium
and examine how information spillover affects trading, information efficiency, and welfare,
as the fraction of the more informed traders varies. In the two symmetric benchmarks, full
information spillover (all traders are more informed) dominates no information spillover
(all traders are less informed) in terms of welfare. However, in markets with heterogeneous
traders, information spillover can hurt overall welfare, while still improving information
efficiency; we characterize the non-monotonic impact of information spillover on aggre-
gate welfare in large finite markets. Furthermore, information spillover can account for the
empirical evidence of excessive price co-movement and volatility transmission in financial

markets.

KEYWORDS: information spillover, strategic trading, interdependent values

1. INTRODUCTION

It is well-known that markets are interconnected. For instance, in financial markets,
trading activities of assets in one market can be informative about the values of assets in
other markets. Savvy traders operating in one market will likely use information from
other markets to help guide their trading decisions, amplifying underlying correlation
among markets and volatility of the impact of economic fundamentals, with potential

substantial welfare consequences for all traders. More concretely, during the financial
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crises in the late "90s and 2008, drastic movements in one national stock market had sig-
nificant impacts on the stock markets across the world (see King et al. (1994), Forbes and
Rigobon (2002), Diebold and Yilmaz (2009)). Likewise, several studies have documented
the “excess comovement” of asset prices relative to the fundamentals (see Pindyck and
Rotemberg (1993), Barberis et al. (2005), Veldkamp (2006)). Similar patterns and issues
appear in many markets, such as real estate, petroleum, electricity, etc. Despite the sig-
nificance of information spillover, there is relatively little study of its impact on strategic
trading. How do strategic traders react to information spillover? For traders who do not
directly observe or take into account prices in other markets, how are their trading activi-
ties indirectly affected? Does information spillover enhance the information efficiency of
prices? What determines traders” welfare? Would a policy that encourages more traders

to take advantage of information spillover necessarily improve welfare?

This paper develops a theoretical framework to examine these questions. In our model,
there are two markets and two assets, one in each market.! Traders’ values are corre-
lated both within a market and across markets. Traders in each market observe noisy
signals about their values and compete in demand schedules of the asset and the equi-
librium asset prices are determined by market clearing conditions jointly. Following the
strategic trading literature, traders” payoffs are linear in their values net off a quadratic
cost, and all traders” asset values and signals are jointly normally distributed. To model
information spillover, we assume that some traders in a market, who are called “more
informed” traders, can react to the price of the asset in the other market and submit de-
mand schedules of an asset contingent on the prices of both assets and their private sig-
nals; the remaining traders, who are called “less informed” traders, can only express their
demands of an asset as functions of its own price and their private signals. The fraction of
more informed traders in a market, which governs the extent of endogenous information

spillover into this market, is the main focus of our exercise.

We first solve for the unique linear Bayes Nash equilibrium in closed form in two bench-
marks: either all traders are more informed (Proposition 3.1) or they are all less informed
(Proposition 3.2). The differences between these two equilibria illustrate the impact of in-
formation spillover, absent of heterogeneity. Notably, all traders in a market benefit from
information spillover (Proposition 3.4). Intuitively, because the price in the other market
is public, no trader has any informational advantage. Instead, it alleviates adverse selec-

tion faced by traders so that they are more willing to trade, which in turn lowers each

!The working paper version Huangfu and Liu (2022) extends the analysis to the case with more than two
markets and assets.
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trader’s price impact (i.e., how much a marginal increase in her demand would change

the price) and hence increases her expected surplus.

In general, trader heterogeneity, despite a realistic feature in many real-world markets,
confounds the information content of prices in the presence of information spillover. In
particular, equilibrium prices no longer reveal the average signals of all traders in a mar-
ket, which is a key property that holds in the symmetric benchmarks. Furthermore, a
traders’ strategic impact depends on the composition of traders in the markets. Conse-
quently, there are no off-the-shelf results that guarantee the existence of linear Bayes Nash
equilibria for the general case. The main contribution of this paper is to establish the ex-
istence of an asymmetric linear equilibrium and to characterize the equilibrium and its

comparative statics with respect to information spillover in large but finite markets.

For equilibrium existence, we identify four bounded parameters, two in each market,
which measure the weighted heterogeneity in bidders” response to their own signals and
the asset price in this market, respectively. Theorem 4.4 shows that these parameters
uniquely pin down each trader’s conditional expectation about her value as a linear func-
tion of her signal and prices; moreover, the inference coefficients are bounded under a
joint restriction on the number of traders and the noise in the signal, from which we solve
for traders’ optimal strategies and hence the four parameters in the beginning. Applying

Brouwer’s fixed point theorem to this mapping of the parameters delivers existence.”

Because the equilibria are not in closed forms in general, we first consider the large-
market limit as the market size in both markets grows to infinity. Specifically, Proposi-
tion 5.1 characterizes the unique limiting equilibrium in closed form, as the numbers of
traders in both markets go to infinity, keeping the fraction of more informed traders in
each market constant. However, both the price impact of a single trader and her inference
from information spillover vanish in the large market limit in our main setting. We also
provide numerical examples to illustrate how the equilibrium outcomes vary with the

number of traders.

To further examine analytically both the informational and strategic impacts of infor-
mation spillover, we expand the equilibrium coefficients around their limits and focus
on terms that are of order 1/N and 1/N?, where N is the market size. Remarkably, all
these first and second order effects, which also pin down the speed of convergence, are
unique and in closed form (Propositions 5.1 and 5.2). Most importantly, these approx-

imations allow us to compare how the more or less informed traders are differentially

The numerical exercises presented after the existence result suggest that the equilibrium is unique for a
wide range of primitives, although we do not have a formal proof of uniqueness.
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impacted by information spillover (Propositions 5.4 and 5.6). For the more informed, the
information content of the asset price in the other market has a first-order effect. This
direct “spillover channel” leads to a higher surplus for the more informed than the less
informed. Intuitively, the extra information alleviates the more informed traders” adverse
selection problem so that their beliefs are less responsive (first-order effect) to changes in
their own asset prices and more sensitive (second-order effect) to their own signals than
the less informed. Regarding price impacts, because the more informed are more will-
ing to trade with less severe adverse selection, all traders” price impacts in equilibrium
are lower with information spillover. Moreover, the price impacts are decreasing in the

fraction of more informed, albeit only to a second-order effect.

Based on these characterizations, we obtain three main sets of results on traders” wel-
fare, information efficiency, price co-movement and volatility transmission. First, Propo-
sition 5.8 shows that the fraction of more informed traders has a non-monotonic impact
on aggregate welfare. Based on the large-market approximation for the expected surplus,
we show that a trader’s welfare increases if either (i) she relies more on her own signal
(“own signal effect”), or (ii) the two types of traders react more differently to prices so as
to create more trade between them (“heterogeneous beliefs effect”), or (iii) her price im-
pact is smaller. Among these three effects, it turns out that only the first two effects, both
of which are second-order, vary with respect to the fraction of more informed traders;
the term containing price impact in the welfare approximation is independent of the frac-
tion of more informed traders up to the second-order. Therefore, the welfare comparative

statics is solely driven by the traders’ beliefs and inference in large but finite markets.

For the more informed, whose expected surplus is always larger than the less informed,
more information spillover hurts their welfare. As an important step toward this result,
we show that when the market sizes are large enough, more informed traders almost per-
fectly infer the average signals in both markets from the two market prices, independent
of the fraction of more informed. Consequently, changes in information spillover do not
affect the informativeness of prices nor the informativeness of own signals for the more in-
formed. Thus, only the “heterogeneous beliefs effect” matters for a more informed trader:
the gain from trading with the less informed shrinks and so does her expected surplus,
as the fraction of the more informed increases. For the less informed, their surplus is U-
shaped because of two opposing forces. Suppose the number of more informed traders
increases in a market, on the one hand, the price contains more information from the other
market, which may crowd out the informativeness of her private signal (a smaller “own

signal effect”), which hurts the less informed; on the other hand, competition among the
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more informed gets stronger (a larger “heterogeneous beliefs effect”), which benefits the
less informed. Overall, with a larger number of more informed, the weighted average

surplus also turns out to be U-shaped as a function of information spillover.

Second, Proposition 5.9 shows that information spillover improves both information
efficiency, measured by variance reduction. When the number of more informed traders
increases, the variance of a less informed trader’s conditional expectation of her value
is always smaller; the variance of the more informed, on the other hand, remains the
same up to second-order approximation. That is, information spillover improve overall
learning and lower the information advantage of more informed traders. In fact, we can
rewrite a trader’s expected surplus (up to second-order approximation) as the difference
between information efficiency and the variance of her own asset price (Proposition 5.10).
Because information spillover leads to larger price variance, this explains the gap between

information efficiency and allocation efficiency in our strategic setting.

Finally, our findings are consistent with the empirical puzzles of excessive price co-
movements and volatility transmissions mentioned in the beginning: the correlation of
prices is larger than the correlation of average signals across markets (Proposition 5.11),
and with an exogenous shock to the average signals in one market, the price variance
in the other market goes up (Proposition 5.12); both effects are increasing in information

spillover.

Our results cover both endogenous and exogenous information spillover. When there
are more informed traders in both markets, the equilibrium prices and their informa-
tion content are endogenously determined through joint market clearing. When only one
market has more informed traders, the price in the other market, which is determined by
its own market-clearing condition, can be viewed as exogenous and “semi-public” infor-
mation that is only available to the more informed in the former market. Therefore, in
addition to prices from other markets, our analysis applies to broader settings in which a
fraction of traders (i.e., insiders) commonly observe some informative signals about their

values before trading.’

The main policy implication of our results is that an increase in transparency (i.e., the
fraction of more informed traders) can have negative welfare consequences in markets
with heterogeneously informed traders. While it is well-known that transparency can

have detrimental welfare consequences (e.g. Biais et al. (2005)), our analysis highlights

3In this exogenous information spillover setting, the same technical issues due to trader asymmetry arise,
and our method can be applied directly. We focus on the endogenous information spillover case as it
allows us to derive more comparative statics, such as cross market effects.
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a new mechanism through the interaction between trader asymmetry and adverse selec-
tion, which can be relevant for transparency regulation policies, such as the Trade Re-
porting and Compliance Engine (TRACE) program in the US.* Furthermore, even though
higher transparency can make markets more volatile, it also implies that information is

more efficiently aggregated in the market prices.

This paper contributes to the literature on divisible-good double auctions with inter-
dependent values and strategic trading in imperfectly competitive markets. Rostek and
Yoon (2020) give a contemporary and comprehensive survey of the literature. Starting
from the seminal work by Wilson (1979) that considers the symmetric pure common
value case,” subsequent papers, Vives (2011), Rostek and Weretka (2012), Ausubel et al.
(2014), Vives (2014), Du and Zhu (2017), and Lambert et al. (2018) for example, extend the
analysis to general interdependent value settings with symmetric equilibria. More recent
contributions by Malamud and Rostek (2017), Rostek and Yoon (2021), Rostek and Yoon
(2021), Chen and Duffie (2021), Wittwer (2021), and Rostek and Wu (2021) take the market
design perspective to analyze the impact of trading technologies (e.g. the arrangement
of trading venues, market fragmentation, joint or independent market-clearing across
venues, synthetic assets, access to information) in multi-asset markets with either private
or interdependent values. An important insight is that, when traders are strategic and
can trade in multiple markets, the change in traders’ price impact in decentralized mar-
kets can outweigh the loss of information or market depth and hence improve overall
welfare relative to centralized markets. In comparison, to isolate the cross-market infor-
mation externality, our main model assumes that each trader only trades in one market so
that her payoff does not directly depend on the allocations across markets and analyzes
how information spillover, either exogenous or endogenous, affects her price impact and

welfare.”

Trader heterogeneity in the presence of information spillover is another substantial de-
parture of our paper from the literature. Different from the insider trading models ini-
tiated by Kyle (1989) in which some traders are privately informed and the rest has no
private information, in our model all traders are privately informed and, in addition, a
fraction of traders in each market learns some additional public signal, such as the price
in the other market when information spillover is endogenous. A recent contribution

45ee Asquith et al. (2019) for a recent empirical study of the impact of transparency in the US corporate
bond markets.

3See Klemperer and Meyer (1989) for seminal study of supply function competition in oligopoly.

%0ur model is not a special case of Malamud and Rostek (2017) or Rostek and Wu (2021) because traders
only observe prices in the other market without being able to trade in the other market. The online appen-
dix contains an analysis of the symmetric case in which all traders trade in both markets.
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by Manzano and Vives (2021) also studies asymmetric divisible good auctions with two
types of traders, who also provide an extensive and insightful discussion on the relevance
of trader heterogeneity in many real-world markets.” Manzano and Vives (2021) over-
come the potentially complex inference problem under heterogeneous information by
studying a setting in which all traders of the same type observe a common type-specific
signal so that the market price perfectly aggregates information when there are two types
of traders; they also consider trader heterogeneity in other dimensions, such as the mar-
ginal cost. In contrast, prices in our model do not perfectly aggregate information and
different types of traders hold distinct beliefs; we deal with this non-degenerate adverse
selection by exploiting the asymptotic symmetry in large markets as explained in previ-
ous paragraphs. In addition, the comparative statics of information spillover is specific to
our setting. Our work thus complements Manzano and Vives (2021), in both the economic
insights and technical methods, and echoes their advocate for further investigations of

markets with heterogeneous traders.

The rest of the paper is organized as follows. Section 2 presents the setting. Section
3 analyzes two symmetric benchmarks. Section 4 establishes equilibrium existence in
the general case. Section 5 examines the equilibrium in large finite markets. Section 6
discusses the modeling assumptions and extensions. The proofs are in the appendix. The

online appendix contains further details of the extensions.

2. MODEL

Consider a setting with two risky assets, k € {I,1I}, traded in two separate markets.
For each k € {I,II}, there are n; € IN traders who trade asset k in market k, and the
set of traders in market k is denoted by N;. For each trader i € N, the per-unit value of
asset k to her is 6}'{. The vector of all traders” values, (9§,G§ 1)ieN;,jeNy;s is jointly normally
distributed with a zero mean vector (as a normalization). The variance of 9,’; is ng > 0. The
covariances satisfy: Cov(6L,0;) = ‘Tezkpk > 0, for all i,j € Ny, and Cov(6.,6' ) =0y.09 ¢ €
R, foralli € Ny, j € N, k,—k € {I,1I} with k = —k. We assume 1 > pj > |¢|> 0.}

For each k € {I,II }., trader i € N privately observes a noisy signal si = 6. + ¢! about
her value. The noise ¢]_is normally distributed with mean zero and variance agzk and inde-

pendent across all traders i and assets k. Let 07 = (ngk / agk be the variance ratio measuring

7 Another recent paper by Andreyanov and Sadzik (2021) also studies exchanges with trader heterogeneity
from a robust mechanism design perspective. From a broader perspective, our paper is also related to
recent work on information spillover in dynamic bargaining, such as Asriyan et al. (2017) and Huangfu
and Liu (forthcoming).

8The condition Pk > |¢] is necessary for the covariance matrix of signals to be positive semi-definite.
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the impact Qf noise relative to the value in market k. The noises (sil,ejl 1)ie Ny jeN; and the
values (6%,0],);c Ny jeN;; are independent.

The initial endowment of each trader i € Ny is normalized to zero. The payoff of trader
i € Ny from trading x;( units of asset k at a price py € R is

uf(xho proB3) = (0 — po) - xp— 2 (x1)

which is linear in her value of the asset 6. net off the asset price py and has a quadratic
inventory cost, where 7y > 0 is a commonly known constant.

Traders at each market submit net demand schedules for the corresponding asset and
the equilibrium prices of the assets are simultaneously determined by the market-clearing
conditions at both markets. To examine the impact of information spillover from one mar-
ket to the other, we assume that there are two types of traders at each market, depending
on whether their demand can be contingent on the price of the other asset. Specifically,
foreach k € {I,I1},let \V, kl be the set of more informed traders in market k, who can submit
demand schedules depending on the prices of the assets in both markets. That is, for each
i € N}, trader i submits a demand function x! : R? — R such that xi (px, p_x) € R specifies
the quantity of asset k trader i demands for any price vector (pg, p_i). Let N = Ny \ M}
be the set of less informed traders in market k, who submit demand schedules only as a
function of the price of asset k. That is, for each i’ € NV, 0 trader i/ submits a demand func-
tion x;'c/ : R — R specifying the quantity demanded x;'c/ (pk) of asset k for any price px € R.
A trader is a buyer if her demand is positive or a seller if her demand is negative. Let
nl = |N}] and ng = |V, ,? |= ny. — n; be the numbers of more and less informed traders, re-
spectively. Denote by ay = n}/ny € [0,1] the fraction of more informed traders in market

k. Given the submitted demand schedules in both markets, (x}(p, p; 1),x§/ (p1))ic NLiTEN?

: i
and (x]H(pU/PI)/x]H(PU))]'GN}I,]"GNPI' the equilibrium price vector (p},p};) € R? is deter-

mined by market clearing;:

¥ x(pipi+ X xi (i) =0, and Y« (piph) + X 2l (pin) =0.
iENT} i'eN? jENE JEND
For each k € {I,II}, a more informed trader i € N, kl receives xli(p;, p* ;) units of asset k
and pays p;xi(p;,p*,), and a less informed trader i’ € A is allocated x}c/(pZ) units of
asset k and pays pr;: (%)
We adopt linear Bayes Nash equilibrium as the solution concept. A strategy of a more
informed trader i € V! is a mapping x!(px, p_k,s.) from her realized signal s to a de-

mand schedule for asset k contingent on (pg,p_x). A strategy of a less informed trader
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i' € N is a mapping x]i(/ (pk,sﬁ'{/) from her realized signal SZ toa demgnd./schedule for asset
k contingent on py. A Bayes Nash equilibrium is a strategy profile (X}, X} )ie 1 11},ic NLIeN?
such that for each trader i € NV} and signal s}, the demand schedule maximizes i’s ex-
pected payoft:

E [u;;<xi<pz,pik,s2>,pz,ei> s, pz,p’:k} >E {ui(f,i(ﬁk,ﬁ_k,si),ﬁk,e@ s, ﬁk,ﬁ_k} ,

where (p}, p* ;) is the market-clearing price vector given xi and all other traders’ equilib-
rium strategies and (f, f_x) is the market-clearing price vector given any strategy f;{ and

others’ equilibrium strategies, and for each i’ € Y and sf{l,

E [u;xx;;(pz,s;;),pz,e,i) s;;,p;:] > E [k (% (Pt o) sm} ,

where p; is asset k’s market-clearing price given x,i(/ and all other traders” equilibrium
strategies and py is asset k’s market-clearing price given any strategy f]l: and all other
traders’ equilibrium strategies. A Bayes Nash equilibrium is linear if all traders” equilib-
rium strategies are linear functions. Since traders in each of the four subgroups (N}, NP,
N 111, and N 101) are ex ante symmetric, we further restrict attention to linear Bayes Nash

equilibria that are symmetric within each subgroup.

3. BENCHMARKS

To illustrate the spillover effect of asset prices, we first solve for the closed-form equi-
libria in two benchmark cases. To simplify notations, in this section we assume the two
markets are symmetric in the sense that n; = nj; =n, pr = p11 = p, and (712 = (7121 = 2. Since
the proofs of the results in this section follow standard argument, they are relegated to

the online appendix.

3.1. Information Spillover («; = aj; = 1). Suppose all traders can condition their de-

mands on the prices of both assets. The equilibrium in market k € {I, I} is given by

(1) X (pr.sp) =a's, — Blpe+b'p_y,
where
@ g (- 2)F} — F! Bl _ (Fl + FY)al bl o Fla!
1) T E PR (T (R ()
1— 2
rl 1—0p 1 o? P2+—p( ZW)_‘Pz 1_ ‘72'%

S

“1-p+o” :1—p+‘72‘<p+#>2—4’2 (PJF#)E‘PZ'
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Moreover, trader i’s price impact in market k is

3) P L .
dxi  (n—1)B(1-(4)?)

The above strategy profile is an equilibrium if and only if a! > 0. A simple sufficient
condition for a' > 0is (1 — p)(n — 2) > 2. Furthermore, we have the following result

regarding the equilibrium coefficients.

Proposition 3.1. If a; = aj; = 1 and (1 — p)(n — 2) > 02, the equilibrium is given by (2)
and the parameters satisty:
(i) b' > 0 if and only if ¢ > 0;
1
(i) 0<al < =22 and 0 < |b'|< B! < 112,
(iii) a', B!, and |b'| are increasing in |¢|.

3.2. No Spillover (a; = a;; = 0). Now suppose no trader can condition her demand on
the price of the other asset, thus there is no information spillover and the market-clearing

prices are determined separately. The equilibrium in market k € {I,1I} is given by

(4) X (Post) = a%si — BOpy,
where
) 0 (n—Z)PSO—FO’ g @ ’
y(n—1) F9 + FO
(6) FO — 1- P FO — 0—2 %
* 1—p+0?¥ 1—p+02 p+1 pto?”

Moreover, trader i’s price impact in market k is

dpk 1
(7) A0 =2E

dxi  (n—1)B°

The above strategy profile is an equilibrium if and only if a° > 0. Again, a sufficient

condition is (1 — p)(n — 2) > ¢?. The result is summarized below.

Proposition 3.2. If a; = a7 = 0 and (1 — p)(n — 2) > 02, the equilibrium is given by (5)
and the parameters satisfy:

snz 0
(1)0<a < v n— 1and0<B <§ﬁ,

(ii) a° and B® are independent of |¢|.

3.3. Comparison. Now we compare the two benchmarks. First, Proposition 3.3 com-

pares traders” demand schedules.
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Proposition 3.3. The more informed traders” demand schedules, compared to those of
the less informed, are more sensitive to their own price, i.e., B! > BY and more sensitive
to their own signals, i.e., a' > a°. The price impact under information spillover is lower

than that under no spillover: A < A.

Intuitively, a more informed trader’s inference is less sensitive to the own price, since
the price of the other market provides an additional signal for the more informed trader
and hence crowds out the informativeness of the own price. As a result, with a lower own
price, the more informed trader is less pessimistic about the quality of the asset and thus
demands more than a less informed trader. Therefore, the equilibrium market demand
under information spillover is more responsive to price (B! > B’). Consequently, the
equilibrium price is less sensitive to a change of trade, i.e., (A! < A?). As an immediate
implication, more informed traders are more willing to rely on their own signals (a! > aY),
since they have smaller price impacts.

Next, we compare traders’ equilibrium payoffs. Denote by W] (resp., W}) a trader’s
expected equilibrium payoff in the benchmark with (resp., without) information spillover.
Proposition 3.4 establishes that a trader’s expected payoff is strictly decreasing in her
price impact, and more informed traders’ payoffs are higher since information spillover

lowers traders’ price impacts.

Proposition 3.4. Traders’ expected surpluses in the benchmarks are given by

Wi = A FO2E(s — 5.)2 d Wo— T+ A0 (FO)2E(s )2
k—m(s) (Sk—Sk) an k—m 5 Sk —Sk),

where W,} > WI? )

4. THE GENERAL CASE

This section establishes the existence and characterization of equilibria in the general
setting in which there can be both more and less informed traders in each market. We first
characterize both types of traders” equilibrium strategy and inference, and then apply
Brouwer’s fixed point theorem to prove existence.

For each k € {I,II}, we conjecture a linear demand schedule for any less informed
trader i’ € N in market k as

0 ' 0 0
%k i(ProSk) = @y — Beprs
and another linear demand schedule for any more informed trader i € NV} in market k as

xi,i(szPfk/Si) = ‘11155} - B%Pk + bzlpsz
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where ag, B,?, a,l, B,%, and b,l are constants. Recall that oy = n,i/ ny is the fraction of more
informed traders in market k. Let By = ockB,% +(1-— ak)Bg and by = akb; be the average
sensitivities of demand in market k to py and p_y, respectively. Lemma 4.1 characterizes

the equilibrium demand schedules.

Lemma 4.1. The equilibrium demand schedule of a more informed traderi € N} is

. 1 o
1 1) _ 1]l .
(8) X i (P P—ksSk) = YAl (E [9k!SkrszP—k} Pk) ,
where

b 1
A= ((“k”k —1)(By — by kB l;{) +(1— “k)”kBlg) .

The equilibrium demand schedule of a less informed traderi € N} is
, 1 o
0 L 1141 _
©) Xy i (PrsSy) = YA (E [9k|5k/ Pk} Pk) ,
where

-1
Agz(aknk(sk blbk) ((1—1xk)nk—1)B,2) .

Lemma 4.1 shows that a trader’s demand is increasing in the conditional expectation of
her value, and is decreasing in the price impact )\]1 (or /\2). The next Lemma (Lemma 4.2)
characterizes the market-clearing prices in terms of traders’ signals, given the conjectured
strategies of all traders. It establishes that the price py is a linear combination of the
average signals of traders in different subgroups; as a result, the price vector (py, pr1) is

also jointly normally distributed.
Lemma 4.2. The market clearing price of assetk € {I,11} is
(10) Pr= Dy + Dpsy + dist + dps?
al — 1 1 50 _ " /.40
where 5, = ZieNkl sp/my, 5, = Zi’e/\f,? sp/ng, k,—k € {I,11},k+# —k, and

B_kocka}( dlz bkoc_kal_k 0_ B_k(l ock)ak do bk(l—(x,k)agk
BiB_x—bib_i' K ByB_jp—bb_ K ByB_p—bb_ KT BBy —bib i

Dj =

Next we examine traders’” conditional expectations of their values. Because of trader
heterogeneity, there are two types of learning: “cross assets” and “cross subgroups.” Un-
like the benchmark cases, traders’ conditional expectations and equilibrium strategies do
not have closed-form solutions due to the asymmetry. To facilitate the economic interpre-
tations of the characterization and to establish equilibrium existence, we introduce the

following parameters that capture the impact of signals on market-clearing prices:
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e The price impact of own-asset signals, {x:
(11) {x = D + DY.
e The price impact of cross-asset signals relative to own-asset signals, J;:
dy +d)
(12) b=k
e The price impact of cross-subgroup signals within a market, 77:
D} o)

(13) e = = .
D+ DY wat + (1 — ay)a)

The next result (Lemma 4.3) expresses traders’ conditional expectations as functions of
the parameters (Cx, Jx, 7Tk ) ke 1,11} - Besides the associated economic interpretations, these
parameters are technically convenient to handle, allowing us to establish tight bounds for

the fixed point mapping in the existence proof.

Lemma 4.3. Given the conjectured equilibrium strategies, the conditional expectation of

the value of a more informed traderi € N, kl is

(14) E [9;{(!55« Pk/P—k} = Cisi + C P+ kP

and the conditional expectation of the value of a less informed traderi € N is

(15) E [6}]s}, px| = Clust + Clpi,

where (C]%S,C;,c,l,Cgs,Cg)ke{LH} depends on (6, Cx, ﬂk,alf,pk, nk,4>)k€{1,11}. The exact form
is given in equation (22) and (23) in Appendix A.

Now we state the first main results of the paper (Theorem 4.4) that establishes the exis-

tence of a linear equilibrium and demonstrate its properties.

Theorem 4.4. There exists o7 € (0,(1 — py) (nx — 2)) such that if 07 < o7 for k € {I,11},’
there exists a linear Bayes Nash equilibrium such that

(1) aj >0, B{ >0, |b|> 0,4 > 0 and B > 0.

2) Ch, C), € (0,1), CLCP € (0, 71=7).

(3) b} > 0and ¢} > 0 if and only if ¢ > 0.

9The condition o < 07 holds if ny is large enough or 07 is small enough.
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Here we provide a sketch of proof for Theorem 4.4. First, we define two parameters to
capture the heterogeneity between more and less informed traders:
ocka,l ockBll

16 T = , 1= .
(16) ¢ gt + (1 — ay)al ¢ 0Bl + (1 — ag) BY

Then we construct a fixed point mapping as follows:

Step 1: The input of the mapping is 7t € [0,1] and TT; € [IT,1] for k € {I,11}."

Step 2: Fix any (71, I1x) ey 11y, We solve for the unique (CL,C},cl, C]gs,C,?)ke{LH}, as well
as (J, ?k)ke{l,n}-

Step 3: Given (C,%S,C]%,ci,C,?S,Cg)ke{lln}, we get unique (a}, B}, a?, Bg)ke{u[}, which are all
positive numbers, and also (b},b};).

Step 4: Given (ay, B}, af, BY )ke(y,11}, We obtain the output of the mapping 7 € [0,1] and
Iy € [0, 1] for k € {I,11}.

Along the proof of Theorem 4.4, we also identify the following properties regarding
the inference parameters and equilibrium strategies. First, both types of traders respond
positively to private signals (2} > 0 and a? > 0) and negatively to the own price (B} >0
and B) > 0). This is guaranteed by the assumption that the noise of the private signal o7 is
small enough or there is a large number of trader 7. Intuitively, if a trader’s signal is very
informative about her value, her demand would mostly rely on her signal as opposed to
the prices. If instead it relies more on the information content of prices, then a low price,
for example, would imply that the asset is less valuable and thus the trader would lower
her demand, violating optimality. Likewise, if there are more traders, the price would
be less sensitive to each individual trader’s demand, thus the trader is more willing to
submit a larger demand when the price is lower. Second, more informed traders react
to the price from the other market positively (b; > 0 and ¢} > 0) if and only if the two
assets are positively correlated (¢ > 0). Under positive (negative) correlation, a higher
price in other market serves a good (bad) news about the value of the asset in a trader’s

own market. Finally, the sensitivity of the own price for both types of traders is less than
Mg
Ny
that of private signals and make traders completely abandon their private signals.

:f to prevent the informativeness of the own price from being so precise to crowd out

4.1. Numerical Exercises. For fixed market sizes, the inference problems depend on the
composition of traders in both markets, which complicates the characterizations of traders’
best replies and thus the equilibrium demand schedules. Here we provide several numer-
ical examples on the impact of information spillover a;. From the mapping constructed

0pefine I =~ €1[0,1].

o
o+ (1—ag) (g —1)
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in Theorem 4.4, we apply the fixed point iteration to get a numerical solution of (7, I)

and hence the equilibrium.!

n=10,p=0.9,0°=0.05,¢=0.5,7=0.01,0. =01,

S6.1f e 55.64
56.05 56.635
1
56 ——
55.625 —— a0
55.95
S 55.62
55.9
0 0.5 1 0 0.5 1
(lk (lk
0.4 al-a0
— - B1-BO 83.46
b1l
0.3
83.45
0.2 —— 83.44
0.1 83.43
0 83.42
0 0.5 1 0

FIGURE 1. Equilibrium Outcome: n =10

n=50,p=0.9,0°=0.05,¢=0.5,7=0.01,a  =a,

64.74 ‘\.\\ 64.629
64.72 BO 64.6285
64.71
64.7 64.628
0 0.5 1 0
(.lk
0.1 ——=—alad | 96.944
—=— B1-BO
bl J96.9435
0.08 M o
96.9425
0 96.942
0 0.5 1 0 0.5 1

FIGURE 2. Equilibrium Outcome: n =50

First, the more or less informed traders react differently to their own prices (B} — BY =
0), and their reactions to their own signals also differ but only mildly (a,% — ag % 0). Differ-

ent from the benchmarks, it is not always the case that more informed traders trade more

HEoy simplicity, we focus on the symmetric case where a; = a7 and nj = nj; = n, where n = 10,50. The in-
puts of the fixed point iteration are 7t = 7ty = 7177 and I1 = Il; = I1j;. It turns out that IT is the unique posi-
tive root of a cubic polynomial, hence we can further simplify the input to be 7r, which is one-dimensional
and significantly simplifies the numerical analysis. See the details in the online appendix Section E.2.
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aggressively, i.e., al > a? (see Figure 1),'? while it is still true that more informed traders
are more sensitive to prices (B,% > Bg). When 1y is small, the less informed may trade more
aggressively due to a free-riding effect. Since more informed traders are more sensitive to
prices, a larger fraction of more informed traders lowers the price impact, which benefits
all traders in the market. Compared to the more informed, a less informed trader faces
one extra more informed in the market, so she could benefit more from the smaller price
impact of her residual demand. However, when the market size is large, the impact of a
single trader becomes insignificant; consequently, the informational advantage of a more
informed trader dominates: a; > a (see Figure 2 and Proposition 5.2).

Second, information spillover (x;) has monotonic impacts on the equilibrium beliefs
and strategies. If the fraction of more informed traders increases (a higher ay), then mar-
ket k becomes more competitive (lower price impacts A} and AY); both types of traders
trade more aggressively (higher 4] and 4Y); and more informed traders are less respon-

sive to both prices, relative to less informed traders (lower B]l — B,? and b]l).

326364 N v - W1 291.8 | \ : - - W1
- - WO et w0
oy W R

326.362 ‘\\__ - 201.78 | W |
\\\_—.’—“"‘ 29176 [ . = ~*

326.36 P,
0 0.5 1 0 0.5 1

¥
K x

FIGURE 3. Welfare: n=50and n =10

Finally, the impacts of information spillover (a;) on welfare are non-monotonic (See
Figure 3). To be specific, when the number of traders are large enough (see the left figure
n =50 in Figure 3), the welfare of more informed traders (ng) is decreasing in ay, while the
welfare of less informed traders (W}) and the aggregate welfare Wy = ; W} + (1 — a )W
are U-shaped in a;. Note that the welfare in the benchmarks corresponds to the two
extreme points in the interval oy € [0,1]; thus, the asymmetry between the two types of

traders plays has important welfare implications in the general (i.e., interior) case.

5. ANALYSIS OF LARGE MARKETS

To further examine the equilibrium properties, this section considers settings in which

the numbers of traders at both markets grow large, which allow us to disentangle the

125ince we study the symmetric case in the numerical exercises, we drop the dependence of the parameters
on k for notational simplicity in Figures 1-3.
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information channel of price spillover from its strategic impact on traders’ inference, be-
havior, and welfare. We focus on the generic case in which p; > |¢| for each k, that is,
traders’ values are more correlated within a market than across markets. Let N = n; + ny
be the total number of traders. Denote by xx =1/ N € (0,1) the proportion of traders in
market k € {I,1I}. Recall that a; € (0,1) is the fraction of more informed traders in mar-
ket k. We will take N to infinity while holding both (x;) and («y) fixed. That is, we study
equilibria in large markets keeping the relative sizes of different subgroups the same. In
particular, we examine the inference and demand parameters in the orders of 1/N and

1/N?, which capture most of the direct and indirect spillover effects when N is large.

5.1. Comparison between two types of traders. We first compare traders’ inferences and
strategies in large markets. In particular, the unique limiting equilibrium is symmetric
and independent of the fraction of the more informed. This “asymptotic symmetry” lays
out the foundation toward the analysis of how information spillover and the composition
of traders influence the equilibrium in later sections.

Proposition 5.1 characterizes and compares traders’ inferences. Notably, the infinite-

market limit as well as the first and second order effects are all unique.

Proposition 5.1. Traders’ inference parameters satisfy the following:
A A
(1) |ci|= 7 % L+ o), 6kl= 5 % “+o(y), Cf — Cf = 3k +o(), and CJ, C,?S=n—’%s+o($),
ek(lfpk)\¢| 1
9o (k0 k= 9%) o+ Bk
%
(2) ¢ >0,6; >0, A >0, and Ay, > 0.7

(3) imy_ 0o ck =limy 00 =0, imy e Ck =limy_ oo Ck =1-C,

1—px
1_pk+U]% :

where c; =

and limy _ e Cks limpy oo Cks =C}, where C; =

First, a more informed trader’s inference depends on the price in the other market,
|ct|> 0 when the two assets are correlated (¢ # 0), as she directly takes into account this
information externality. Since py is predominantly determined by the average signal 5; in
market k, as the number of traders n; grows large, 5 is almost a perfect signal of her value,

015k) - . -

e., —ng(’f S)k) is close to 1. Therefore, the residual explanatory power of 5_j converges to
Cov(6L5) _ %

Var(sy) ~ Var(s )

effect is nontrivial, |;|> 0, whlch is a direct consequence of information externality.

zero and is proportional to -, i.e.,, 1 — 4 Furthermore, the cross-asset

Second, the less informed are more sensitive to the own price than the more informed:

CY > C/. Intuitively, the information disadvantage of the less informed makes them put

I3 A1l these parameters are solved in closed-form in the proof, see equations (32), (33), (34) and (37).
14Note that Cov(6:,5) = (o + L Pk)% and Var(5;) = (o + lpﬂ)agk.
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more weight on the own price than the more informed. Since this is also a direct implica-
tion of information externality, C) — C} is proportional to nik

Third, the less informed are less sensitive to their own signals than the more informed
(CY. < Cl,). Since the less informed put more weight on the own price (C{ > C}), which
contains information about the other market (|dx| > 0), it crowds out their reliance on their
own signals than the more informed. Since the difference C}, — CY. is jointly determined
by both C? — C} and |8/, it is proportional to nl%

Finally, one crucial property to establish these approximations is that the higher-order
terms in Proposition 5.1 all come from the difference between traders’ reactions to their
own signals, a,lc — ag, which has an order higher than 1/N, as we establish in the next

proposition.

Proposition 5.2. Traders’ equilibrium strategies satisfy the following:
(1) af —ad = % +o(3r), BY — B = 1% +o(%), and b= £ +o(3).
2) a; = %Aks >0, B} = %Ak >0,and b} = %c; > 0.
3) Al = m +0(3) and A = m +0(35)-
(4) impy_ 0o a,l = limy_eo ag = %;, limy 00 B; = limy_e0 Bg = %’t, limpy_ oo b]l =0, and
limy e A} = imy_ye0 A = 0.

Proposition 5.2 characterizes traders’ equilibrium strategies. In particular, the price
impacts for both types of traders are asymptotically the same up to second-order approx-
imations. This is because price impacts are determined by the price elasticity of demand
Br = axB} + (1 — ay) BY, so if the market size is large, each trader faces approximately the
same set of market participants. Consequently, the behavior differences between the two
types of traders are completely due to their information differences. Formally, a more
informed trader’s demand is more sensitive to the own signal (a} > aY), since her belief
is more sensitive to the own signal than the less informed (CllS > C,({JS); a more informed
trader’s demand is also more sensitive to the own price (B} > BY), since her conditional
expectation about her value is less sensitive to the own price (C,} < C,?): with a lower
price, she is less pessimistic about the asset value and is willing to buy more assets than
the less informed.

5.2. Impacts of information spillover. Next we study how information spillover, param-
eterized by the fraction ay, affects the inference and behavior of traders in market k.'> For

inference, the first step is to analyze the key parameters J; and (i, representing cross-asset

15The online appendix Section D.1 studies how aj affects traders in market —k.
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and own-asset effects, respectively. Let 5; be the average signal of all traders in market
ke {I,1I}. From Lemma 4.2, we get

1
(17) Pk=Ck(§k+5kSZk)+o(N), fork e {I,11},

where (j is the impact of 5; on p; and Jy is the relative impact of 5_; on py. From Propo-
sition 5.1, a larger ay implies that the total demand in market k is more sensitive to p_,
since the fraction of more informed traders reacting to p_j increases. Consequently, the
equilibrium price py is more sensitive to 5_j (larger |0¢|). That is, py is less informative of
5_k. Furthermore, since the more informed’s inference is less sensitive to pj than that of
the less informed, a larger & implies that the total demand in market k is less sensitive to
pkx, which is predominantly determined by 5;. As a result, the equilibrium price py is less
sensitive to 5; (lower {i). That is, py is more informative of 5;. Lemma 5.3 below formally

establishes these relationships.

Lemma 5.3. If we ignore the terms of order o(;), then
e |0x| and |0y (k| are increasing in ay.

® (j is decreasing in ay.

Applying Lemma 5.3, we establish the comparative statics of the inference parameters

in Proposition 5.4.

Proposition 5.4. The impacts of information spillover on inference are as follow:

(1) First-order effect: if we ignore the terms of order o(;), then
e C} is increasing in ay, and |c}| is decreasing in ay.
e C} is independent of ay;

(2) Second-order effect: if we ignore the terms of order o( %), then
e Cl isindependent of ay;

0 = . . . . 1—px
o C;, is decreasing in «y if and only if aj < -

According to Proposition 5.4, information spillover has a first-order effect on the more
informed traders” inference from prices, but has no first-order effect on that of the less
informed. For the more informed, conditioning on observing p_, the predicting power of
px on 5_y is of second-order effect, thus we only need to focus on the direct inference of 5;
from py. A larger ay has two effects: (i) a smaller {j, implying that py is more informative
about 5; (a larger Cl%); (ii) a larger |dx|, implying that p; contains more information about
of 5_, which crowds out the informativeness of p_j in predicting 5 (a smaller |c,1c\). For
the less informed, the price p; contains two sources of information: 5; and 5_j. Recall

that Lemma 5.3 shows that with a larger fraction of more informed traders, pj is more



20 B. HUANGFU AND H. LIU

informative about 5, and less informative about 5_;. It turns out that their first-order
effects exactly cancel out so that the informativeness of p; remains unchanged.'®

Proposition 5.4 also establishes that information spillover has a second-order effect on
traders’ inference from their own signals. For the more informed, C, is independent
of ay. This is because they can almost perfectly infer 5, and 5_; from py and p_y, inde-
pendent of the fraction of more informed (see equation (17)). Consequently, changes in
information spillover do not affect the informativeness of prices nor the informativeness
of own signals for the more informed. For the less informed, C}, is decreasing in ay if and
only if a < %.17 This non-monotonicity follows from two opposing effects. On the one
hand, the correlation between a trader’s value and the price is stronger when the fraction
of more informed traders increases in the market. As a result, the less informed rely more
on the price instead of their signals to predict their values (smaller C},). On the other
hand, the market price becomes noisier and thus the correlation between a trader’s signal
and the price is weaker, which implies that the signal contains more information (larger
CY). In total, these two effects generate the non-monotonity in Proposition 5.4. Moreover,
when the fraction of the more informed is small, the former dominates the latter, thus C,({)S
is decreasing in aj for small w18

Next, we study how information spillover affects traders” equilibrium strategies. The
first step (Lemma 5.5) is to analyze the price impact: A{ and A?. Recall that By = a; B} +
(1— ack)B]? is the average sensitivity of demand in market k to the price py.

Lemma 5.5. The following results hold:

(1) First-order effect: if we ignore the terms of order 0(%), then By, is increasing in ay;
A and MY are independent of wy.

(2) Second-order effect: if we ignore the terms of order 0(%), then A} =AY = m
is decreasing in ay.

Lemma 5.5 states that the price elasticity of the market demand (By) is increasing in «.
Intuitively, the demand of a more informed trader is more responsive to price, relative
to a less informed trader: B] > BY (see Proposition 5.2). Thus, if the fraction of more
informed traders increases, the market demand becomes more elastic. Consequently, the
price impacts A} and A? are smaller, where the changes are in the second order.

Proposition 5.6 then establishes the comparative statics of the equilibrium.
Proposition 5.6. The impacts of information spillover are the following:

1614 i possible that & has a second-order effect on Cg.

171 1;# > 1, then Cgs is decreasing in ay for all a; € [0,1].
k

185¢e the online appendix Section E.1 for more detailed analysis of this non-monotonicity.
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(1) First-order effect: if we ignore the terms of order o(4;), then B! and |b}| are de-

creasing in ay; BY is independent of ay.

1

(2) Second-order effect: if we ignore the terms of order o e

), then a} and aY are in-

creasing in wy.

The first part of Proposition 5.6 follows from the fact that information spillover has
a second-order effect on price impacts (Lemma 5.5) and a first-order effect on inference
(Proposition 5.4). For the second part, note that even though the inference from signals C},
is independent of ay, the price impact of the more informed is smaller when the fraction of
more informed traders increases, thus they trade more aggressively with a higher signal,
i.e., a; is increasing in ay. For the less informed, their price impact is smaller, yet their
inference from signals CY. is non-monotone in a. Overall, the former dominates the latter
and hence the less informed trade more aggressively, i.e., a) is increasing in a.

5.3. Welfare Analysis. This section presents the results on traders” welfare. Denote the
expected surplus of a more (resp. less) informed trader in market k by W,} (resp., Wko).
Recall that 5 is the average signal of all traders in market k.

Lemma 5.7 characterizes W, and W. Importantly, it decomposes a more (resp. less)
informed trader’s welfare into three parts: (1) an own signal effect: IE [C,%s (s}c — 8;)]? (resp.,
E[CD (st — 5¢)]?), respectively; (2) a heterogeneous beliefs effect: (1 — ay)?E[(C} — C?)5; +
c15_x)? (resp., a2 E[(CL — CY)5k + c;5_4]%); and (3) a strategic effect related to the price

impacts.

Lemma 5.7. Ignoring the terms of order 0(%), we have
(1) Wl = (Ejﬁéz [E[CL (st — 50)]2 + (1 — a)2E[(C] — CO)5 + cls_i2].
@) W0 = (Effg%z [E[CO (] — 5)]2 + 2E[(CL — C0)3g + cls_4J].

h h i off. isf %—&-)\i 1 1 2 1 %4—/\2
Furthermore, the strategic effects satisfy oA = (1= (W) ) +o(5z) = GRSV

which is independent of ay.

Notably, information spillover does not affect welfare through the strategic effect up
to the second order. That is, the welfare impact of information spillover can be almost
completely attributed to the information effects. To see this, let us consider the more in-
formed. The same reasoning applies to the less informed. Recall that a larger a; lowers
the price impact A, so the more informed trade more aggressively. However, the mar-
ginal benefit of trading equals its marginal cost in equilibrium so that there is no first or

second order welfare change when aj increases. Proposition 5.8 goes on to characterize



22 B. HUANGFU AND H. LIU

how the own signal and heterogeneous beliefs effects and thus traders” welfare react to

changes in a.

Proposition 5.8. If we ignore the terms of order 0(%), then

(1) W,} is decreasing in «.

0 : . . . _ 1-p
(2) W, is decreasing ay if and only if oy < aj = 1—pk4fff,§'
= ! - 0j ing i i i Ay = 1Pk
(3) Wi = W, + (1 — ag) WY is decreasing in ay if and only if ay < &y = —py) T

(4) Wy evaluated at o =1 and a; = 0 are the same.
(5) Wl — W0 is positive and decreasing in .
k k18P g

Proposition 5.8 shows that for any given market composition, the more informed are
always better than the less informed (W,} > ng), but the welfare advantage W,g — W]?
shrinks as ay increases. For the more informed, since C,%S is independent of ay, the own
signal effect is also independent of a;. The heterogeneous beliefs effect is decreasing in
ax: a larger ap means that there are fewer less informed from whom the more informed
can take advantage. Therefore, the welfare of the more informed is decreasing in ay.
For the less informed, the own signal effect is non-monotonic (Proposition 5.4) and the
heterogeneous belief effect is increasing in a;. When the fraction of the more informed is
small (a; < &), the information disadvantage of the less informed dominates, so that the
welfare of the uniformed is U-shaped in ay.

Perhaps more surprisingly, the aggregate (i.e., weighted average) welfare Wy, = a, W} +
(1 — ax)WY is also U-shaped. That is, more information spillover does not always im-
prove the aggregate welfare. To understand this, we consider the aggregate own signal
and heterogeneous beliefs effects, respectively. The aggregate own signal effect displays
a U-shape, since a larger ay implies that both the fraction of more informed traders, who
are better than the less informed, increases and the less informed may get worse, and the
latter dominates when the fraction of more informed is small, i.e., ay < &. The aggre-
gate heterogeneous beliefs effect displays a reversed U-shape, as intuitively the market
becomes more heterogeneous when a; is in the middle. Overall, the aggregate own asset

effect dominates the aggregate heterogeneous belief effect, so Wy is U-shaped in a.

5.4. Information Efficiency. In this section, we first examine the impact of information
spillover on information efficiency, captured by an individual trader’s uncertainty reduc-

tion, formally defined as:

7} = Var(6;) — Var(6¢|si, pr, p—x), T = Var(6;) — Var(6;[s}, pi).
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Since a larger fraction of more informed traders a; improves the informativeness of the
price py, i.e., a higher correlation between the value and the price (see the online appendix
Section E.1 for details of this statement), less informed traders in market k get more precise
estimation of their values by observing only py; whereas more informed traders, who
observe both prices, can almost perfectly estimate the average signals from both markets,

independent of ay. Thus, we have the following proposition.

Proposition 5.9. If we ignore the terms of order o( ), then

1
N2
(1) Tkl is independent of ay.

(2) Tko is increasing in .

3) Tkl — T]? is positive and decreasing in w.

The next result (Proposition 5.10) characterizes the relationship between welfare and
information efficiency. The welfare of any trader can be decomposed into two parts: in-
formation efficiency and price volatility. Hence, the gap between allocation efficiency
and information efficiency comes from the volatility of prices. This gives an alternative
explanation about the welfare impact of information spillover: as ay increases, the welfare
deterioration for both types of traders is due to the fact py becomes more volatile (higher
Var(py)) and all traders are risk averse. Another immediate implication is that the advan-
tage of the more informed W} — WY is completely determined by the information gain

Tk1 — T,?, since price variance has the same effect on all traders.

Proposition 5.10. If we ignore the terms of order o(#), then
T+Al F+A9
(1) Wl = (72+)\;1k)2 (7! — Var(py)) and WY = (72“2")2 (0 — Var(py)).
2) Wi =W = (g — 7).

(3) Var(py) is increasing in ay.

5.5. Price co-movement and volatility transmission. Here we show that information
spillover can account for the empirical patterns of market prices mentioned in the intro-
duction. First, it exacerbates the price comovement across markets beyond the correlation
in the fundamentals (see Proposition 5.11). Define r, as the correlation between pj and
p—_k, and define r; as the correlation between 3, and 5_j, which captures the correlation
between fundamentals in two markets. Intuitively, a larger fraction of more informed
traders in each market makes the market price contain more information about the other

market, thereby increasing the correlation between the two prices.

Proposition 5.11. If we ignore the terms of order o(3;), then

(1) |rp| is increasing in both a and «_y.



24 B. HUANGFU AND H. LIU

(2) |rp|= |rs|, with equality if and only if o = a_j = 0.
(3) rp > 0andrs > 0 if and only if ¢ > 0.

Furthermore, information spillover amplifies the transmission of price volatility be-
tween the two markets (Proposition 5.12). Consider the counterfactual in which the vari-
ance of the average signal 5_ increases, due to higher volatility of true value 6" | or noises
¢ . Intuitively, because prices provide information about the average signals of both
markets (see equation (17)), a larger «; (and thus a higher ;) implies a higher degree of
linkage between two prices. Proposition 5.12 formally establishes that the change in price

volatility in market k relative to that in market —k, denoted by T, is increasing in aj.

Proposition 5.12. If we ignore the terms of order o(z\l]), then Ty, is increasing in ay.

6. DISCUSSION AND EXTENSIONS

We conclude with a brief discussion of the modeling assumptions and several exten-
sions studied in more detail in the online appendix.

Trading in both markets. Our model assumes that each trader only participates in
one of the two markets in order to isolate the impact of information externality from
prices. Section C of the online appendix contains an analysis of the symmetric case in
which all traders trade in both markets and have multidimensional private information.
Assuming a trader’s demand for each asset can be contingent on both asset prices, we
derive the unique symmetric equilibrium. Compared with the full information spillover
benchmark in Section 3.1, the equilibrium features two extra incentives, in addition to
the information externality from prices: cross-market (and within-market) price impacts
and cost linkage of holding different assets; furthermore, traders trade more aggressively
based on their signals and prices when they participate in both markets. In the more
general case with both traders who trade both assets and those who only trade one asset,
the above three types of incentives would confound each other due to this new trader
heterogeneity, which is an interesting question that goes beyond the scope of our current
analysis.

Positive information spillover in large markets. In our main setting, the impact of
information spillover vanishes as the market size increases to infinity, which is a conse-
quence of the assumption that a trader’s residual uncertainty diminishes when the mar-
ket size increases, conditional on the average signal of traders in her market (in particular,
st =0 + ¢, and pg > |¢|). There are several ways to enrich the model to reinstall infor-
mation spillover in the large market limit. We pursue one such extension with systematic

risks in Section B of the online appendix.
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We model systematic risk by introducing an extra market-specific normally-distributed
noise ¢ in the signals of all traders in market k: sfc = 9}; + e, + €, for all i € N. Even
when these noises e; and e are independent, in the large market limit, the average signal
of traders in market k will not filter out all the noise in s};. As in the main setting, we
first solve for the unique symmetric equilibrium in the benchmark where all traders are
more informed and examine how the systematic noise ¢ affects traders’ inference. In
particular, it muffles the informativeness of the average signal 5;, but this also means that
traders rely more on information spillover (i.e., 5_) if ¢ is noisier. In the large market
limit, information spillover matters for traders” inference as long as the variance of the
systematic risk is positive.

In the general case with heterogeneously informed traders, the presence of systematic
risk implies that the limiting equilibrium remains asymmetric, which further complicates
the equilibrium characterization even in large but finite markets. To make progress, we
extend the approximation method in the main setting to investigate equilibria around
a double limit, first taking the market size to infinity and then taking the variance of
the system risk to zero. This again allows us to characterize the comparative statics of
information spillover up to second-order approximations. Furthermore, we show that

the results in our main setting are robust to systematic risks.

APPENDIX A. PROOFS OF THE RESULTS IN SECTION 4

A.1. Proof of Lemma 4.1. The first-order condition of a less informed trader ¢’ is

i/ i/ d
(18) E [0k|skfpk] pe=(7+ dplk)

From the market-clearing conditions, we derive the price impact of a less informed

trader i’ as

1 -1
ox_,

d ox) ox! ox’ YieN, D5
(19) P§ _ Z hdal Z Nl Z k —k 9Pk

L= pe ap_ o'’y 4
dx JEND j =i Pk ieN 9Pk ieN; P kZl’eNO B; P +216N1 3; k

Substituting (19) into (18) and using the conjectured linear strategies, we obtain

0) % (prsi) = ﬁ (& [61st pi] = i) = 'Y%A‘,E (& [6 st p] = i)
dx;z

where AY is given by (9). Similarly, we obtain the strategy of the more informed.
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A.2. Proof of Lemma 4.2. The market-clearing conditions can be rewritten as
weapsy + (1 — ag)alsy = («ka,% +(1-— zxk)B,?) P — axbip_k = Bepk — bep—i,

for k,—k € {I,11} and k # —k. Thus, we have pj = D]%§,1( + D2§2 + d}(s'l_k + dgs'(ik, where the

parameters are given in the statement of this lemma.

A.3. Proof of Lemma 4.3. We first define some new parameters:

1 —px 2 76
(21) Ci=——"—,k=1—pr+0¢, 7= ,
k 1— p + 07 p ke 1 05,
2
T Kj (1—7Tk)2 T | Ki 1 — 7y g
ep1=—— €p=\—F/""1T —)—, 3= —,
Kl Kj Ny k2 ( 1—Dék +06k)ﬂk ks l—ocknk

2
_ Kkek2 — €1 ¢

Y = Y=kt ) - ¢,
1 — €
Vi = (0k + ex2) (0—k + e_g2) — ¢ — H((Pk +er) (p—k +e_ra) — ¢7).

More informed traders: For a more informed trader i € N}}, since (6%, st, py, p_) is jointly
normal, we have E(6%|st, pr, p—x) = Clst + Clpx + cip_i. Let X =60 and Y = (st, p, p—i)-
By projection theorem, E[X|Y] = E(X) + ZX,yZilY(Y —E(Y)), where X y is the covari-
ance matrix of X and Y, and Xy y is the variance matrix of Y.

: d}+d) D} : D} d!
=k "k = 1 —+ 0 T = ——k __ k = —k
Define o = D} +DY’ Ck =Dy + D, Tk DI+DY Since DI+DY ~ d', +d°,

DYs) + d;5t | + dYs%, (see Lemma 4.2), we have

and by py = D}5; +

P =Cel(medy + (1 — m)8Y) + S (moish e + (1 — _g)3% ).
In addition, we have X X,yZ;}Y = (C,ls, C,%,c,lc), where

(1—C;)(Yrk2 — Yr10—x)
(1 — 0k0_) Y3l

(1= Ci)(er — ex2)yr2
(Kk — ex1)Yi3
(1—Cf)(Wr1 — Yxax)
(1= 0k0_K)y3l—rk

Less informed traders: For a less informed trader i € N9, since (Gli,s;{, pr) is jointly nor-

(22) Cl.=Ci — , Cl =

1_
Cr =

mal, we have E(6}|si, py) = Cst + COpy. Define X = 6, Yy = (s, px). By the projection

theorem, we can solve for
E[X|Yo] = E(X) + Zxv,Zy,y, (Yo — E(Y0)),

Cov(st,st)  Cov(si,px)

where Yx y, = (COV(GIZ;/S;;)’COV(G;;’ Pr))s T Yo = Cov(pr,st) Cov(pr pr)
79k ’
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Therefore, we have X YOZY Yo = (C},,CY), where
(1= Cp) (Wrate 0 + pr(exa — ex3) — exsiikd)
HY ’
k

(1= Ci) (px(rx — exs) + nidikig)
H)

(23) Cp=Cy+

7

Gl =

HY = 5262 (ke + px) (o—k +e—k2) — ¢*) + (kx + px) (0x + ex2) — (0k + ex3)? + 2 (i — ex3) 70

1 1 0
. g} _ By _ agmet(1—a)ag
A.4. Proof of Theorem 4.4. Define 77 = i (e = BT (=) BV Bk = wBI+ (1= BY

and C_,l = C,l + ’éi kck Simple calculation shows that By = (1 — 6xd_¢)lk, then (22) yields
1-Cr — o_ 1—Cx 5
(24) cl = ( 5 W2 — Y k)’ ol = ( Y Yr — Yk k)
Yr3Pk YisP—k

We construct a fixed point mapping in Steps 1-4 for the case where ¢ > 0, which sat-

isfies the conditions in the Brouwer’s fixed point theorem (Step 5). Step 6 discusses the
case where ¢ < 0.

S_tep 1: Given 7 € [0,1], T € [ak"‘(l_zlli)(”k_l)’l]’ where k= 1,11, Clls’ C,?S, C,l, C,?, cll, and
C]l are pinned down uniquely, which are continuous in (7t ITy )1 7.

By (21), we pin down ey, ek, €x3, Vi1, Yio, Yk3, Which are continuous function of 7y, 7w_.
By (21), (22), (23) we obtain C,%S, C,({)S, C,l, CO and c,lc, which are continuous functions of
(nk,ék,gk’l)k L By Cx = 1_5:5 and (24), we obtain C} = C} + O-kb- okl = Cl4 = Sy (B_xc}) =

Ck T=0k0_
1 0t (1=C) (v —yiady) T - .
Ce + 150 k Vi , which is continuous in (nk,(sk,gk k=1 11-

Next, we solve for ; and 1 By Lemma 4.2 and (24), we get J, = B¢

akbi
zxka}(—l—(l—zxk)ag

Bormmiby _ (B_ych) 2 = (1-CF) (1 —Ykadk) 7

K Vi ot Consequently,

(1= C{)yrmx

(25) = " .
(1= G}y + Cloyis
. ! Ct
Since B = Z—EH—]’: =1 "él . L and (24), then we get
Y2 Ykl ITCy,
26 = —0_§) + —=.
(26) Be= (- (2 Mg 4 2

_ (1 — 60g)
(1 — C;)(yﬁ — %5,]()71']( + chlls

Yk3
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By (25) and (27), we obtain J; and 1 which are continuous in (70, I1g )g=p ;7. Since
C,%s, C,?S, C,l, C,((), c,l and C,l are continuous in (7Tk,5k,§k_ 1)k:I,H/ hence are continuous in
(70, 1T ) k=1, 11-

Step 2: Given C,%S,Cgs € (0,1), C,%,C]%,C]? € (0, Z" 2) (see Step 4), there is a unique solution

toa,1c>0B1>Oa2>0B0>Ob,1>0,7'ck€[01] Il €| "k )1] which are

ap+(1—ay) (n—1)’
continuous in C1 C1 C,?S,C1 CO

By the definition of J;, we have J; =

1
S S VA a bl _ ol
gk leBl'F(l—le)Bg. ’ a,kB£k+(1—a,k)B(lk gk :

and C} = C| + ’ég kcl, we get

%k
Together with 2 31 =ic

®_ kBlk—l-(l—lX k)BO

by 648« ) = %1 -G
1 1
B Tk 1-C
Al
Define y = - g’; It is apparent that y > 0. Substituting the above expression into the
definition of /\1 and Ag, we get

B} — bi = Bi(1—

/\11 = ((nock — 1)311.1/ +(1— txk)nkB2> , )\2 = <nk1ka,1y + (1 — ag)ny — 1)Bl(c)>

Together with B} = and BY = po /\0’ we get
1-CY X

BY = k = Hy(x),

S A e (e A
1-C} 1

B]% = k = Hl(x)/

0 Y[(mgax — 1)y + (1 — ag)ngx]

where x = g—? We divide Hy(x) by Hy(x) and get x = g E ; Define

G(x) = xHi(x) — Ho(x).

We need to solve G(x) = 0 to get the solution x = —’({) Notice thatif C} <1and C] < 1, then
all the denominators in Hy(x) and Hy(x) are posﬂﬁve, hence G(x) is continuous for x > 0,
Moreover, given C}, C? and C}, it is apparent that Hj(x) is increasing in x and Hy(x) is
decreasing in x for any x > 0.

First, there is a solution x* > 0 such that G(x*) = 0. This holds since G(0) = —
and G(+o0) = +oo0.

Second, we prove that the solution x* € (0,00) is unique. Define x such that H;(x) >0
if and only if x > x (it is possible that x = 0). We prove that G(x) < 0forx < x. If x >y,

1
then Hy(x) > Hi(y) = ! 7C — v(nkl—l)y = 7(11_%%) (Zi % — C}) > 0, where the last inequality

holds since C,% < Z:—j By the definition of x, we have x > x. Therefore, x < x implies

=G g
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that x < y and hence Hy(x) > Hy(y) = %(zl’zj — C) > 0, which holds since C} < Z’;—j
Since xHi(x) < 0 and Hp(x) > 0 for any x < x, then we reach the conclusion that G(x) =
xHj(x) — Ho(x) < 0 for x < x. Consequently, any solution x* of G(x*) = 0 satisfies x* > x.

We then prove that G(x) is increasing in x for x > x. Since Hi(x) > 0 and Hy(x) is
increasing in x for x > x, then xH; (x) is increasing for x > x, Together with the fact that
Hy(x) is decreasing in x, we have G(x) = xHj(x) — Hy(x) is increasing in x > x. Therefore,
the solution x* such that G(x*) = 0 is unique.

Next, we obtain the unique B} = Hy (x*) > 0 and B = Hy(x*) > 0. Moreover, x* € (0,y)
if and only if C] < CY. We know that G(y) = yHi (y) — Ho(y) = yl_ﬂyc’1 — ﬁ =1(Cl-Cp.
There are two cases: (1) If C{ > C), then G(y) < 0, which means that G(x*) =0 > G(y).

Since x* > x and y > x and G(x) is increasing for x > x, then x* > y. Moreover, B} =

Hyi(x*) > Hi(y) = 7(1%%{)(:’;—:% — C}) > 0. Furthermore, BY = Hy(x*) = x*Hy(x*) > 0.
(2) If C_; < C,B, then G(y) > 0, which means that G(x*) =0 < G(y). Consequently, x* <
y. Moreover, BY = Hy(x*) > Hy(y) = %(Z:—j — C?) > 0. Furthermore, B} = Hy(x*) =
L Hy(x*) > 0.

Finally, we prove that x* € (0,1, — 1). Since C} > C} (see Step 3), then y =

1-C}
1! <1 If

x* <y, thenx* <y <1<n—1 Ifx* >y, then G(x*) = 0 implies that 1 — CY — x*(1 —

1 x*—y _ 1-C) .
Ck & Gy (a0 O 7 (1w = O Hence, x7 < =gk < i — 1, which holds
since C) > 0 and C; < 7=7. In all, we prove that x* € (0,1 — 1).
Since we have solved B} > 0 and B! > 0, together with the fact that Cf,,CY. € (0,1),
= -2 . Cl, cY.
C%,C%,Cg € (O,%), we get the unique ”11 = 1_"(:]1 B,l > 0, ag = 1—kc,9Bl? > 0 and bl =
1 1
1—CkCz} B} > 0. Together with x* € (0,1, — 1), we pin down the unique 7t = m

(kall _ 78 E( X 1)
axBE+(1—a)BY ot (1—a)x* ap+(1—ag) (n—1)" =/

Finally, by implicit function theorem, x* is continuous in C;S,C%,CQS,C,%,C]?. Hence, B,%,

(0,1) and I =

Bg, 11 and I'T; are continuous in C;S,C%,CIQS,C%,CIQ.
Step 3: We show that (i) & € (0,75), okd—x € (0,1); (i) Cpy < 1, G < 1; (idd) if Cf > 0,
then B >0, {x >0, C{ € (0,1), C? >0, and ¢} > 0; (iv) C} > C}.

First, we prove that J; € (O,%), Od_r € (0,1) and 6_; < % By equation (25) and

1
% > 0, we get o, < % Moreover, by C; <1, yxq > 0, yxo > 0, yx3 > 0, we get 5 > 0.
Consequently, §0_j < %% Since Mxyx1 < Y_k2, 1-kY—x1 < Y2 and g = 1, then we
Y1 Y—k1 Y1 Y—k1 Yk Y2
get o < 1. Therefore, 6;.0_j < oy < 1. Moreover, §_; < e <
Second, we prove that C}, < 1 and CY. < 1. By (22), we get 1 —C}. = (1—-C})(1+

(Ekl—ekz)ykZ) _ 1;;33; (Pk(P—k e ) — ¢+ (p_r+e_ia)(era — wekl)) > 0, due to the

(K —ex1)Yi3 K —€x1
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factthatpk(p k+e_r)—¢*>>0and e — k2el>0 Inall, C}, <1. By (23),1— C,?S:

[Wk52Kk(P K+ e ) + Kiero — e + (Pk + 2¢10x) (K — ex3) + exsPrrdy] > 0, because
Kkek2 — e, > 0 and ki — e3> 0. Therefore, C), < 1.
Third, we prove that B > 0 and (x > 0. Since §_j < %, C,%S >0, i > 0and IT; > 0,
then (26) implies that B > 0. Since 66_; < 1, then j = 175:5% > 0.
Next, we prove that C]% €(0,1), C,? > 0 and c,lc > 0. By equation (24) and (26), we get

% _C*\(Y Y
clo 1-CHye—yndx) =GOS —3504)
k= YViaPr - (1—C3)(%2 —¥a5 )4 Cl [P
k/\yis  yrs ks 7y

Since §_x < 2 and By > 0, then C} > 0. Furthermore, Cj, Hk > 0 implies C} < 1. Since

HY > 0and & — e3> 0, then C) = ( )(pk(K§0§:3)+'7k5kKk¢) > O. By equation (24), c¢; > 0 is
k

equivalent to & < y 1 which holds.

Finally, C_,% = C,% ’éi kel > 1 since §_i,{_t,{ and ck are positive.
Step 4: If n is large or o7 is small, then C,C},C2 € (0,2 ”" 2) and Cj,,CY. € (0, 1)

First, we prove that cl C,% € (0, "’; 2) From (24), we get Cl < Cl= Cl Ef kck

1-Cf yjo me—1 (1=C¢)yia — B
Tk%' Hence, we need to prove that {; > hT By (26) and {j = =50 We

need to prove that

* I ClS
(-GG~ 48 0+ U5 w—101- Gy

(28) Yk3 Yk3
1— ko ne—=2 Vi3
We check the case §_j =0, then (28) is equivalent to
1-Cf
(29) e —2> ——k 2 Tk
Cks Yies T

As 1y — +o0 or 07 — 0, we get lim% =1 lim i =1and limC}_ = C;. The right hand side

of (29) converges to IE# = Moreover, if we ignore the first order term o(1), then
k

—pox)(ng —2). Smce hmé « =0, then (28) also holds.
2

U_k

— Pk

(29) is equivalent to and ¢ < (1
Next, we prove that C0 nrl' Since C) <! g , then we need to prove that (; >

lez

- ;( — Cf). Since lim ¥2 =1, then the condition to guarantee C| <
k— y

that CY < "" 2 . Finally, C}, > 0 and C. > 0 hold since C}, — C} > 0 C,?S — C; >0, as
nk—>—|—ooor(7k — 0.

also guarantees

Step 5: The existence of a fixed point.
By compositing the two functions defined in Steps 1 and 2, we have a continuous func-
o
tion from 77 € [0,1], 71y € [0,1], T1j € [ g aj)(m 7y 1,10y € [zxn+(1fzxx)(n”—1)’1] to the
same domain. By Brouwer’s fixed point theorem, there exists a fixed point (7ty, ITg)k=r 11-
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By construction of the mapping, we obtain the equilibrium parameters, a, B}, a?, B, b1,
C,%S, C,l,ck, Cgs, and CO that satisfy the properties stated in Theorem 4.4.

Step 6: The ¢ < 0 case. If ¢ < 0, then yy1, &, ¢, b, and ¢; are all negative. When we
replace &, ¢, b}, cl with |6/, |¢], |bi|, |ci|, the analysis above remains valid.

APPENDIX B. PROOFS OF THE RESULTS IN SECTION 5

In the proofs of the results in Section 5, the comparative statics results refer to the es-
timated version of the equilibrium parameters (i.e., by ignoring the corresponding high

order terms).

B.1. Proof of Propositions 5.1 and 5.2. We prove these two results in five steps.
Step 1: The limit as N — +-o0.

Theorem 4.4 shows that §; < ]% As N — 400, y;; — 0, and hence §; — 0. Con-
sequently, limc¢; =0, imC, = C). = C;, imC] = imC) = 1 — C}, limA] = limA{ =0,
limall = limag = lim B]l =lim Bg = %Z Moreover, lim B =lim ;. = 1, lim 71y = ag..

Step 2: The coefficients C,%S, C,%, c,%, Cl(c) ,and Cg, ignoring the term o( ]\}2)

In equilibrium, a} — a? = o(4;) (which is verified in Step 7). Consequently,

(1= )l — ) _
(xka,l( +(1— (xk)a,({)

).

2|~

T — 0 =

Substituting 7y = a + o(4) into (21), we get (by ignoring 0(%))

Kk K

30 el =€ =63=—, Yr1=———,

(30) w=e=ee = Yk .
Yo = k(P k+_nfk) ¢?, }/k3—(Pk+ )(P K+ i)—CPZ-

Substituting (30) into (22) and (23) and ignoring O(W)' we get

(1=CHre —yad-x) 1 _ (1 —=C{)(yr — Yx2dk)

31 CL.=C}, Cl= Lol = ,
1) ks ks T Yi3Br k Yi3B—k
0 (= COR0ya —yade) o (1= COme(" o+ i)
Crs =Cr — 0 , Gk = 0 ’
H H{Ck
0 k 2 ny
Hy = n¢6¢ ((ox + 1) (0—k + _k) —¢°) + o Kk (ok + ) +27 Kk4”7k5k

Step 3: The parameter |d|.
. . cr
Since C;S =Cl+ 0(%) and 7, = ay + 0(%]) then by (25), yi3 = yx2 +0(1), and ﬁ =
Xk
1-

10Pk we have ¢ =
g (1-Cp )yt e Vi

(1*C*)yk1 _ Y

Yi2 gy =k ptoln). Ve = e P T (%)
0'
k
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we have

o 1 Ki|¢| &
(32) Ol= % 4+0(=), and &= — > 0.
9 Mg 92 7 meloko—k — ?) ay + Le
k
Step 4: The coefficients |c;|, Cl, — C), and C} — C}.
1-C}) (Y1 — a0 .
By B_x =1+ 0(1) and yi3 = ys2 + 0(1), we have ¢; = ( ky)lfjﬁkikykz b _ (1— Ck)(% -

5k)—|—0( ). By (21) and (32) and vy, = pxo_x — ¢ + 0o(1),

ct 1 o (IT=pi)lg| 1
(33) Ici|= % +0(=) and cf = — > 0.
K™ N T meloko—x — ¢%) ag + %
k
_ (k)42 _ _(C*\2 _
Since HI((] = KipPx + 0(1), then Clls _ Cl(gs — (1 Ck)ﬂk(s[]flsigykl Yi20k) — (1 Ck)ﬂkill;()}:kl Yk20k) + 0(%)
By (21) and (32),
Aks 1 (1—px)¢? Xk
(34) Cl —C? 4+0(—) and A= — > 0.
ko ks T2 el T plokp k= %) (ap + )2

k

Substitute HY = e (ox + ) + 2"" Kk4>17k(5k + o(f) into C} (see (31)), we get C{ =
1-C; Pk+nk71 KOk (l) _1-G (1 — nk ST Pk
Ok Pk"’K 2Kk POk N Sk Pk+ +2Kk4777k5k
B+ o(5 ) and pj + £ =+ 26610k = i + 0( ), we obtain C} as follows:

) +0(g;)- Together with g = % =

. et oMl 1 1
(35) Ci=(1-CO(—H— =) g +o(g)
Since yx10_j = 0(%), then by (31), we obtain C]% as follows:
K_k
(1-CHyr 1 1 w(p—k+ ”_k) 1 1
(36) Cl=-"—K7= — Lo(=)=(1-C)(1 - ——l—o—.
= ol = (- G- )
By (35), (36) and the definition of yx; and yj, in (30), we obtain
1= COmd v 1
CO—Clz(—k — — ) +o(=).
oo kB (ykz 0 o)
Together with (30) and (32), we get
A 1 (1—pr)¢? 1
37 Cl—Cl="fk4o(=) and Ax= > 0.
(37) TR & " peloro—x — ¢7) e+ f
k

Step 5: The parameters A} and AJ.
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Since by = o(1) and by = 0(1) and By — B = 0(1), then (A})~! = (ayny — 1)(B] —

bi%) + (1 — ag)mgBY =By — B} + 0(1) = (nx — 1) By + 0(1), which implies that

1 1 1 1
(38) Ai:m‘FO( 0

— )y A0=_ - —

N2 M= e, TN

The result for AY follows by the same loglc It is clear that A; =o(1) and A =o(1).
Step 6: The coefficients a; — a{, Bl — BY, and |b; |.

Since A} = 0(1) and ¢; = 0(1), then |b}|= ﬁ\ci]: l\ciH—o(l). Similarly, B1 — B) =
O = C) +oly) o — ak 2 (Ciy — C) +o(5p)- Consequently, a; — aj) = + o(x2).
B — B =1k +o(d), \b1|— +0(%), where af = LAy > 0, Bf = 1A > 0, b*——ck > 0.
Step 7: We Ver1fy that ak 2 o(3)-

Ajs

By Step 6, we have a} — af = %(C - Q) +o($) = %—% + 0(%) = 0(%).

B.2. Proof of Lemma 5.3. First, (32) implies that |Jy| is increasing in zxk

Next, since C? — Cl = 2 4 o(L) and Cl =1 — CF +0(1), then S0=% - +o(+).
’ k k= N k k - a-cl C*nk N
. B}—BY c —C}
Since B;—Bozl(CO—Cl)—I—o(%)and B,%—%( —C})+o0(1), then kBk b= —I—o(l)
By (37) g’l‘ =1-(1—«a )BkBlBk =1-(1- (xk) A (%) Since A > 0is decreasing in o,
then t is increasing in aj.
Next, from (26), we have
1 *
Yo Y 1o By (1= Cye 1
r=(1-C = )+ C—==—T=+C; —).
Pi={ k)(yks Vi3 ) 71 By Yi3 kBk ¥
Since §1 is increasing in ay, then By is decreasing in ay. Since (; = % = By + 0(%),

then ( is also decreasing in ay.
Finally, since g—’i =1+o0(1), then gy = B +o(%) = (1 — Cz)% + C{ + 0(1). Therefore,
16kk|= \5’2 %((1 - C;)% + C}) + o(&), which is increasing in aj.
2
%k

ucka}{—&—(l—txk)ag _ Cy

1
aBl+(1—ag)B) — 1—(aCl+(1—a)CY) + of 2) then

B.3. Proof of Proposition 5.4. Since i =
B =Cf + Br(CR — a(CY — C})).
Substituting (35) into this expression, we get
Et oo (1=CHpd Y L w M G 1
R e (CLEAREE + 2 o().
Pk Pk Yi2 Ok PN N

Br=1—(1-C;)
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Substituting the above expression of B into (35), we obtain
KkC;ck 1

0_ (1 ~*\(1 _ 2
(39) C=(1-C)( Pknk)—i_O(N).

Therefore, C} is independent of ay.
By (37), CY — C} is decreasing in ay. Since C} is independent of &, then C ! is increasing

in ay. By (33), |ci| is decreasing in a;. Since C}, = Ci + 0( »), then aaks = 0. By (34),

C). —Cjl = A"S + O(N2) Thus, aA’“ > 0 if and only if & < kp" Therefore, aa,;: < 0ifand

only if ay <l >
k

B.4. Proof of Lemma 5.5. By (37), zxk(Bl BO) = %(C) - CH) +o(F) = 25% +o(F),

which is increasing in ay. Together with 2 aa =0, we have By = leBk + (1 —ax)BY = BY +

a(Bi — B,?) is increasing in ay. By (38), we have A] = + 0( 5 ). Since aB" > 0, then

oAl .. oAl
87’; < 0. Similarly, aT',: <0.

(nx— )

B.5. Proof of Proposition 5.6. We first prove that a} and a) are increasing in a;. We know
that a} =

Cl,. Since A} is decreasing in ) and CJ, is independent of &y, then a; is

+A1
0
increasing in a. Since a) = 7C X0/ then
40) a) — K="k Tk 4 —)C) = —(C) —Cf — —— k)t o(~5).
( ) k v v (’)’—l—)LO ,)/) ks ,),( ks k 1—|—’)/()L2)_1) (Nz)

Since (A9) 1 = (n — 1)Bx +0(5), By = B} + (1 — ax) BY, v(Bf — BY) = 2= +0(%), 7BY =
C; +0(1), and yBy = C; +0(1), then

1 1 1
T+ (A1~ 1T+ 9(m —1)B; Tolge)
_ 1 B v(nx — 1)ax (B — BY) +0(L)
1+9(m—1)B) (14 9(m—1)Be)(1+v(n —1)BY) N?
1 1 (XkAk 1
1+ —1)BY  (G)? 2 o(x)

Substituting the above expression and (34) into (40), we obtain

G 1 C; 1 A 1
(41) 2 — + = <_ k + ( Ek Aks)) +0(N2)

v v\ 1+9(m—-1)B} C;

where
D‘kék A= (1— px)¢? i X ( 1* B 11_ ) >0,
Ci ex(Pro— k—¢)oc+ Ci zxk+U—Pk
k
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: 1— :
which holds by Cj < —F%. Since & — —1— and g
Ok k ap+—5k zxk—l—
% %
independent of ay, then ag is increasing in ay.

are increasing in «y, and B,? is

Then we prove that B} and |b}| are decreasing in ay and BY is independent of ay. Since
By = & +0(1), then A} =

of ay 1f we ignore the term 0( ). By the same logic, A{ is independent of aj if we ignore

(nx . )Bk + 0(%) =1 1)C* + 0(4)- Therefore, A is independent

the term o(4). Consequently, the comparative statics of B}, |b}| and BY are completely
determined by 1 — C}, |ci| and 1 — C). Since 1 — C} and |c}| are decreasing in ay, so are B}
and |b}|. Since C) is independent of &y, so is BY.

B.6. Proof of Lemma 5.7. Define a; = aya} + (1 — zxk)ag, By = axB] + (1 — a;)BY, and by =
arb}. We first solve for IE(xll )? and lE(xkl)z. Since al — a; = o(4;) and a5, — Bxpy +
bp—k =0, then x; ; = ag(s; — 5) + (Bx — BY)px — (b — bp)p— + o(x)-

Since py = {x(Sk + 0k5_) + 0(5) =8k + 0(1), By — Bl = —(1 — ay) (B} — BY) =0(%), and
by — b}l = —(1 — ax)b] = 0(1), we have

- 1

(42) xp ;= ag(sp — 5) — (1 — a) (By — B + (1 — )by + o()-
Since E(si — 5¢) = E(s} — 5;)5, = E(s} — 5¢)5_ = 0, then (42) implies that

. ] 1
E(x,)? = (a) "E(sy = 5)° + (1 = af)E((Bg — BY)Sk — b5 ) + 0(553)-
By (a},B} — BY,bi) = (v + Ay) "H(CE,CY— Cl,cb) + 0(%) we have
1 - 1
12 _ 12 =2 2
(43) E(x; ;)" = m ((Cks) E(sp —5)° + (1 —ag) Hk) + O(Nz)
where Hy = E((C] — C?)5¢ + ¢}5_)?. Similarly, we get
+ E(x)?= Cpe) (s} H :
(44) (k)" = m (( )2 E (s — 50)% + o k) +0(Nz)

Next, we solve for W, and W?. Since E (6} |st, px, p—x) — pe = (7 + Ai)xi/i, then

Wi = Elxt; (B(0} s}, P p 1) — pi) — 5 (x1,)?] = (3 + ADE(x,)2

Substituting (43) into the above expression, we get
T+
(’)’ + /\k)

1

45) W} = ﬁ)'

5 ((CLYZE(s} = 502 + (1 — ) "B ((C} = C)si + s 1)) + o
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Similarly,

7+ A
(v +AD)?

1

(46) W = ﬁ).

((CLYPE(s} — 5002 + afE((CL = C)si + s 1)) + o

Finally, we estimate 71+ and 3+
Y Gz 1 G

* v )\1 )\1
M)B= G +o(1), weget £ = 0~ () = 1 = (i) + o) -
1

By )\1 W —|—0(L2) /\11{ = 0(1) and (’)’ +

(v+AD)? 2y T+AL —1)Bi(v+A})
1 1 1 Similarl Ag — 1 1 2 1
25 ( —(m) ) +0(x2)- imilarly, -~ )2 2= 27 (1 = (m=per)”) + o)

B.7. Proof of Proposition 5.8. We first compute two preliminary estimations.

. Cl- ) }
Since T 4”7" +0(35), imE ()2 = = px0j, and imE(5_)? = p 405 , then

(47) E(si —5;)% =E(st)? — E(51)% = X,
BI(C) - D+ chs i = (BB s — 0 = ()Y ol )

where X; = "—1(1 — pk—|—(7k)0’9 and Y, = &£k 9 il e .- By (45) and (47), we have

1 Pk

T4 Al 1 (1=p)*¢°05 (1 — ay)? 1
48 Wl=_21"k | (CH2X + = k k +o(—=),
( ) k (’)’+A]£)2 ( k) k T’I%Pk(pkp—k _4)2) (Oék+ %)2 (NZ)

k

which holds since C}, = Cf + (LZ) and (33). Thus, we have ‘?2] <0.
By (46) and (47), we have

1+ A9 . 1 (1—pp)%05  2a; — a2 1
49) W= 2 | (G- — T T Tk ) 4o(y),
(7 +AD) 11 PP~k = §%) (a + L% )2

k

which holds because of (33) and (34). Consequently, k < 0if and only if a; < : ;ffgz.
k
Then by (48) and (49), we obtain
1 (1—pi)?9°0p 1 1

(50) Wl —-W? = —— +0(=).
T 292 or(oro—k — 92) (ay + 105")2 N?

Thus, W} — W is decreasing in ax and W} — W > 0.
J+Al J+A2
By (48), (49), and ( 2M1) = (72+A2k)2 + o(%), we have

T4l 1 (1—px)*¢%05 & (1 — ay) 1
51 W, = 2 k C* 2X = k k k )
( ) k (')’"’A]l)z (( k) k I’Z%Pk(Pkak _4)2) (“k‘i‘ 1;2Pk)2 +0( )
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Hence, Wy is decreasing in ay if and only if aj < & = Finally, by (51), Wy is the

1—pk
2(1—pg)+0og”
same when a; =1 or a = 0.
B‘.8. Proqf of Proposition 5.9.. Let Var;} = Var(9i|s;;‘, Pr P—k), Vary = Var(0i|si, p). Let X =
0, Y = (s}c,§k,§ ) and Y7 = (s}c, Pr,P—k) and Yy = (s}c, Pk)-

1—

Since Xy YZYY = (C;, (1= C;)%,(l - Cz)%) and Xy x = (1,px + n—kp",q‘))agk, then by

the projection theorem,

2

of
(52) Var} = Var[X|Y] = Var(X) — ZxyZy v Zy x = K—k(1 — 0%,
’ k
1 _ Y, _ o? 0_kK 1 PR
where p, = o — n’}f{ 2=k b . pkp—:kq)z + 0(5z) is independent of ay. Therefore,

7! = Var(6) — Vary is mdependent of Q.
Since Xx y, Xy 1Y0 (CY,CP) and Ty, x = (Cov(6L,st),Cov(6:,py)) (see Lemma 4.3), then
by the projection theorem,

2
_ o
(53) Var) = Var[X| Y] = Var(X) — ZX,YOZY:,YOZYO,X = K—i(l — pg)agk,
where p? = p — —" + 5 ( +E ¢ “n (2 — ——-)) + o(5p2) is increasing in ay.

e R
) % %k
Since 7 = Var(6}) — Var)) is increasing in p?, then 7{ is increasing in a.

B.9. Proof of Proposition 5.10. Let E] = E(6.|s, p, p_x) and E = E(6L[st, pi). By (52)
and (53), we have

1 (1-p)¢? o
e Pe(Ok0—k = 9%) (e + LfE )2

o2
(54) 7 — 1 = Var) — Var} = K—k(p pk)crgk =
k

Comparing (50) with (54), we get
1
(55) Wi — WY = 2y (Tkl - T,?) :

Next, we deduce W/ — WY in a different way. By Lemma 5.7, we have

56) Wi = WP = o (E((EL = p? — E(E) = p?) + ol )

By the law of total variance, Var(6}) = E(Vary) + Var(E}) = Var; + E(E})?, which holds
since Var; is a constant by normality and E(E}) = 0. Therefore,

(57) [E(E})? = Var(6}) — Var} = 1}, E(E?)? = Var(6.) — Var) = 7.

Thus, we have E((E} — px)* — E(E} — px)? =1} — 10 + 2E(pi(E) — E})).
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We then substitute the above equation to (56) and get

1
N

From (55) and (58), we get E(pi(E) — E)) = 0(z)- Since (1 — a)x{; + axxi ; = 0, then
(1 — a)EY + axE; — px = 0. Therefore, we have
(59) E(pkE}) = E(pxEx) = Var(py).

Hence, by (57) and (59), E(E; — px)? = E(E})? — E(px)? = 1@ — Var(py).
Similarly, E(E) — pi)? = 70 — Var(py). Therefore, we get the decomposition of W} and

1
(58) W — WD = —

7 (= + 2E(pe(E) ~ D)) + of

WY in Proposition 5.10. In addition, since 7/ is independent of a; and W} is decreasing in

ay, Var(py) is increasing in ay.

B.10. Proof of Proposition 5.11. First, we calculate r,, and ;. Since py = i (5k + 65_k) +
o(%)and p_x = k(5 ¢+ _«5k) + o(4), then ignoring the term of order o(;), we have

Cov(pr, p-k) = CkC—k[(1 + 6kd_x)Cov (5,5 k) + & Var(5_g) + 6_Var(5¢)],

Var(py) = (¢ [Var(sy) + 67 Var(s_y) + 26,Cov (5k,5_x)],

Var(p_k) = gz_k[Var(§_k) + 52_kVar(§k) + 25_kCOV(§k,§_k)].

Var(5_y)
Var(5;)

o Covlpepri) (1 + 0k0_g)7s + i + 0w
p— - .
v/ Var(pi) Var(p_g) \/1 + 82w? + 2rswk5k\/1 + 02w | + 2rsw_b_g

Var(5;)

Define wy = Var(s.0)

and w_j =

. We get

Since Cov (5,5 &) = ¢0p,04_,, Var(5x) = (o + 35)og and Var(3 ) = (0 + ;= )oj_, then
¢

rs = p P .
N
Second, we prove that r, > 0 and rs > 0 if and only if ¢ > 0. If ¢ > 0, then s > 0, 6 > 0
and 6_j >0, thusr, > 0. If ¢ <0, thenr; <0, <0and é_j <0, thusr, <0.
Next, we prove that |r,| is increasing in a; and a_. We first check the case where ¢ > 0.
We have
orp _ w(1=7*)(1 =80 _4)

9ok (1+ &w? + ZrSaJk(Sk)% \/1 + 02 w? |+ 2rsw_b_g

>0,

using the fact that rs <1, 1 — 66 > 0, and wiw_i = 1. If ¢ < 0, we replace ¢, 1y, 7, Ok
and 0_j with |§|, [rpl, |rs|, || and |0_k|. By definition, |r,| is increasing in |J;|. Together
with the fact that |J;| is increasing in ay, we have |r,| is increasing in a;. By symmetry,

|7p| is also increasing in a_.
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Finally, we prove that |r,|> |rs|. Notice that |ry|= |rs| if ax = a_4 = 0. Since |rp| is

increasing in a; and a_y, then [ry[> |rs|.

B.11. Proof of Proposition 5.12. Let p; and p’ , denote the prices under the counterfac-
tual. Since py = Z(5x + 65 k) +0(3), Pk = Tk (S + 08" ) +0(y), Pk = Tk (5 +6_5%) +
o(§)and p’ , = (5", +5_¢5k) +o(5), then

Var(p},) — Var(p)  Gpop(Var(s' ;) — Var(5_y)) +o(y) _ (8x)> 1

FZ Varlp ) Var(p ) 2 (Var() —Var(s) +old) | G N

If we ignore the terms of order 0(%), then |0,k is increasing in ay (see Lemma 5.3) and

{_x is independent of ay (see online appendix Section D.1), hence T is increasing in «.

REFERENCES

[1] Andreyanov, Pasha and Sadzik, Tomasz. Robust mechanism design of exchange.
Review of Economic Studies, 88:521-573, 2021.

[2] Asquith, Paul; Covert, Thomas R., and Pathak, Parag A. The effects of mandatory
transparency in financial market design: evidence from the corporate bond market.
working paper, 2019.

[3] Asriyan, Vladimir; Fuchs, William, and Green, Brett. Information spillovers in asset
markets with correlated values. American Economic Review, 107(7):2007—40, July 2017.

[4] Ausubel, Lawrence; Cramton, Peter; Pycia, Marek; Rostek, Marzena, and Weretka,
Marek. Demand reduction and inefficiency in multi-unit auctions. Review of Economic
Studies, 81:1366-1400, 2014.

[5] Barberis, Nicholas; Shleifer, Andrei, and Wurgler, Jeffrey. Comovement. Journal of
Financial Economics, 75:283-317, 2005.

[6] Biais, Bruno; Glosten, Larry, and Spatt, Chester. Market microstructure: a survey
of microfoundations, empirical results, and policy implications. Journal of Financial
Markets, 8:217-264, 2005.

[7] Chen, Daniel and Dulffie, Darrell. Market fragmentation. American Economics Review,
111:2247-2274, 2021.

[8] Diebold, Francis and Yilmaz, Kamil. Measuring financial asset return and volatility
spillovers, with application to global equity markets. Economic Journal, 119:158-171,
2009.

[9] Du, Songzi and Zhu, Haoxiang. What is the optimal trading frequency in financial
markets? Review of Economic Studies, 84:1606-1651, 2017.

[10] Forbes, Kristin and Rigobon, Roberto. No contagion, only interdependence: measur-
ing stock market comovements. Journal of Finance, 57:2223-2261, 2002.



40 B. HUANGFU AND H. LIU

[11] Huangfu, Bingchao and Liu, Heng. Information spillover in markets with heteroge-
neous traders. working paper, 2022.

[12] Huangfu, Bingchao and Liu, Heng. Information spillover in multi-good adverse
selection. American Economic Journal: Microeconomics, forthcoming.

[13] King, Mervyn; Sentana, Enrique, and Wadhwani, Sushil. Volatility and links between
national stock markets. Econometrica, 62:901-933, 1994.

[14] Klemperer, Paul and Meyer, Margaret. Supply function equilibria in oligopoly under
uncertainty. Econometrica, 57:1243-1277, 1989.

[15] Kyle, Albert. Informed speculation with imperfect information. Review of Economic
Studies, 56:317-355, 1989.

[16] Lambert, Nicolas; Ostrovsky, Michael, and Panov, Mikhail. Strategic trading in in-
formationally complex environments. Econometrica, 86:1119-1157, 2018.

[17] Malamud, Seymon and Rostek, Marzena. Decentralized exchange. American Eco-
nomics Review, 107:3320-3362, 2017.

[18] Manzano, Carolina and Vives, Xavier. Informed speculation with imperfect informa-
tion. Theoretical Economic, 16:1095-1137, 2021.

[19] Pindyck, Robert and Rotemberg, Julio. The comovement of stock prices. Quarterly
Journal of Economics, 108:1073-1104, 1993.

[20] Rostek, Marzena and Weretka, Marek. Price inference in small markets. Econometrica,
80:687-711, 2012.

[21] Rostek, Marzena and Wu, Xian. Improving access to information through market
design. working paper, 2021.

[22] Rostek, Marzena and Yoon, Ji Hee. Equilibrium theory of financial markets: recent
developments. working paper, 2020.

[23] Rostek, Marzena and Yoon, Ji Hee. Exchange design and efficiency. Econometrica, 89:
2887-2928, 2021.

[24] Rostek, Marzena and Yoon, Ji Hee. Innovation in decentralized markets: synthetic
products vs. trading technology. working paper, 2021.

[25] Veldkamp, Laura. Information markets and the comovement of asset prices. Review
of Economic Studies, 73:823-845, 2006.

[26] Vives, Xavier. Strategic supply function competition with private information. Ecorno-
metrica, 79:1919-1966, 2011.

[27] Vives, Xavier. On the possibility of informationally efficient markets. Journal of Euro-
pean Economic Association, 12:1200-1239, 2014.

[28] Wilson, Robert. Auctions of share. Quaterly Journal of Economics, 93:675-689, 1979.

[29] Wittwer, Milena. Connecting disconnected financial markets? American Economic
Journal: Microeconomics, 13:252-282, 2021.



INFORMATION SPILLOVER IN MARKETS WITH HETEROGENEOUS
TRADERS: ONLINE APPENDIX

BINGCHAO HUANGFU* AND HENG LIU*

In this online Appendix A, we first prove the results in Section 3 of the main paper. In
Appendix B, we consider an extension with systematic risk, which restores information
spillover even in the large market limit. Appendix C analyzes a setting where all traders
trade in both markets. In Appendix D, we provide additional comparative statics results
in the main model and some technical results. The proofs of the results in Appendices
B-E are relegated to Appendices F and G.

APPENDIX A. PROOFS OF THE RESULTS IN SECTION 3 OF THE MAIN PAPER

In the full information spillover benchmark, the linear equilibrium is derived as fol-
lows.

(i) Trader i’s first order condition is
(1) E [911;\55;/ Pk,P—k] — pr= (7 + M)xk

where Al = dpy/dx! is trader’s price impact in market k.
(ii) The price impact A;. In the two market-clearing conditions, we take derivative with

respect to x. to obtain

axldp,  oxl dp ox' dp . oxd
1 k AP kAPk| _q —k@P—k | Tk APk =0,
"tk [apk a5 " Oy ] l% 9Pk dxi  Opx dy

jEijEN]
from which we solve for the price impact:

-1

. . ox!
2) Al y v, oxy [ Liewt, o Bl
k = - P} 1 = 4
j:r:z',]'e./\/‘k1 apk apik Zlele _a;j:: (1’1 - 1) (BllBl_k o bllbl_k)

where the second equality follows from the conjectured linear strategy.
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(ili) Trader i’s inference: E [6%|st,py, p_t]. The market-clearing condition for asset k
implies that

Bipk — bip_i

1

3 gl =
(3) ; )

where §]1< = (Lic A s}c) /n is the average signal of all (more informed) traders in market
k. Therefore, (py, p1r) is a linear combination of (5},5};) and hence is also jointly normal

distributed. The projection theorem then implies that

@ E[efyi } Pl F'Bl  Flb', . FIBl, '}
Sis 7 — = S - - ’
k15ks Pks P~k s Sk ”1% al—k Pk ﬂl—k ”k Pk

where

o 1-p - o2 p_|_P(1P+U)_(P2 ) o2 .

s_m’ _1—p+(72 <p+1—f’%>2—(p2 _<P+1_€1—+02>2_¢2.

(iv) Substituting (4) and (2) into (1) and matching coefficients, we get a,lc =al, Bll = B!,
and b,l =0l fork=1,1I, where

S

4

) a_(m=2F-F o (FH+F)d 1 Fla' |
y(n=1) "0 (B F)?2 = (FL) (B4 F)2 = (FL)?

The equilibrium in the no information spillover benchmark can be derived similarly.

A.1. Proof of Proposition 3.1. We first solve for E [6}|si,py,p_k]. It follows from the
market clearing condition (3) that py = a; (B! 5 + bjs' )/ (B}B, — bib! ), so it suffices
to solve for E[6}|st, 51,51
Next, since F! > 0 if and only if ¢ > 0 and b} has the same sign as F!, we have b' > 0 if

and only if ¢ > 0. Second, since p? +p( —p+02)/n—¢*>|¢p|(1 —p+0?)/n, wehave

), which is given in equation (4) above.

1
F' > ]P1|andthus L FE;F“ < |F | <1 SmceF1 > 0, we have a! _% < %Z_*%
Since F! > |F!|, we also have B! = —F1+F’lll ] <4 < 112 " Finally, since p*> + p(1 — p +

)/n <(o+(1—p+0?)/n)?— ¢ we have 2 aw < 0 Together with aFl < 0, we have

a| 4)‘ > 0. In addition, since g| ke 0, both Bl and ‘b | are mcreasmg in F! and decreasing

in F!, and thus both are increasing in |¢|. Together with 92 > 0, we have that B! and |b!|

a|<I>|
are increasing in |¢|.
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A.2. Proof of Proposition 3.2. From the market-clearing condition, p; = a%s?g/ BY, where

_ i’
8 = Zi’e/\f,? s;. /1, we have

kPk

E [9“5;:,]94 =F)s + FO50 = F0s! 4 FO—k°X
ay

where

FOZ (1_40) FO_ 02 Y

S _ 27 - _ 2 _ 2 °
l-p+o 1—p+o p-i—l Pn+t7

Finally, it is clear that a° > 0 and B? > 0 are independent of ¢. Since F® > 0, we have

0_ n=2)F—F° _ F)y— 0_ _a° 2 _ 1n-2
=y < el 2 and thus B? = F0 1 F0 < £ <~

A.3. Proof of Proposition 3.3. First, F) = Fl = (1 —p)/(1 — p + ¢?). Next,

2 (1—p+c?)¢?
PO . Fl — o . n > 0.
1—p+0? (p-l— 1—p+¢72> <<p+ 1—p+(72)2_¢2)
n n
Therefore, a' — a° = ’y(nl—l) (F° — F1) > 0. Moreover,
B! Fl +F! 1 1 B0

CNGES LGNS E S R
1

Together with al > 4% we have B! > BY. Since a! = 75:}\1,

a' > a¥ implies that A! < A

o_ F 1_ 10
a 7+A0’ and F; = F;, then

A4 Proof of Proposition 3.4. With full information spillover, for any trader i € N},
xt = 7+A1 (E[6L|st, px, p—k] — px), then her expected payoff is

)2 .
T - (T B2

By market clearing, the equilibrium demand is xi = alsl — Blp, + blp_ = al(sl — 5).

= E((E[6L|s}, p, p—i] — pe)xh —

Together with al = o Al Fsl, we have
Y 1
2+ A .
Wy = W(Fsl)zm(si —5)%.

WY can be solved similarly. Finally, since A' < A% and F! = F, then W} > W_.

APPENDIX B. SYSTEMATIC RISK

In this section, we study how the equilibrium in market k is influenced by information

spillover ay if there is a systematic risk for each trader in market. Each trader i € N} in
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market k € {I,1I} privately observes a noisy signal
st =0 + e+ ¢,

where the true value 6!, the idiosyncratic noise €. and the systematic noise ¢; (which is

absent in the original model) are normally distributed with mean zero and variance U'Zk,

ngk and Uezk, respectively. Moreover, (eiI,eJH,eI,eH)i6 Ny je NH are independent. Moreover,
. . _ 2 /.2

the above noises are independent of the true values. Let O'k =07 ./ (Tgk (c2 L =00/ (Tgk) be the

variance ratio measuring the impact of idiosyncratic (systematlc) noise relative to the true

value in market k.

B.1. Benchmark. To illustrate the spillover effect of asset prices, we first solve for the
closed-form equilibria in two benchmark cases and compare their behavioral and welfare
implications. To simplify the algebra, here we assume the two markets are symmetric:
np=ny=n,0=pn=p, 0r=0y=c*and ¢3=¢3, = ¢

If all traders are more informed, we conjecture a symmetric linear demand schedule:

% (Prssi) = asi — Bepe + bpp—.
where a}(, B,l and b]l are constants, for each i € N, kl and k € {I,1I}. If all traders are less
informed, we conjecture a symmetric linear demand schedule:
% (PrsSi) = agsi — Bipx,

where a? and BY are constants, for each i € N) and k € {I,II}.
The following proposition illustrates each trader’s conditional expectation of the true

value, which is the key of the equilibrium behaviors.

Proposition B.1. If all traders are more informed,

o . (C'B} Clpt ClBl,  (Clpl
(6) IE[G,US;«pk,p_k}:CSlS;{_I_( 1k_ : L ; k_ 1k "y

A a_ a_k ay
where
1— 1—
cl = 1-p C1_(P+ p+¢7 QZ)(P+TP)_4’2_C1
S 1—p+o? (,0+1 pn+02+gz)2_¢2 5
2
¢(% +¢%)

cl =

(0+ 5" + 622 g2
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If all traders are less informed,

CBY

) E [Blst, pi | = Clst + —p.
k
where -
CO _ 1;() CO — Y + Tp . 1-— Y )
s 1_p+0-2/ p+1—pn—|—o’2+g2 1_p+0—2

The main finding of Proposition B.1 is that the conditional expectation of the true value
with systematic noises is the same as the one in the original model without systematic
noises if we replace the term - by -1— ¢®. Intuitively, < gt ¢? represents the variance of

5y if there are systematic noises, and <~ represents the variance of 5 in the original model.

Lemma B.2. The following properties hold:
OF d <0andd = <0.
) d|C

2

Lemma B.2 studies how the systematic noises influence the equilibrium. If there is
higher uncertainty due to systematic risk (larger ¢?), then the average signal in the own
market 3 is less precise to predict the true value of asset k. However, the impact of noisier
systematic risk on the predictability of the average signal from other market 5_;, which
captures information externalities, is mixed. On the one hand, nosier signals hurt the
forecast power of both 5; and 5_j. On the other hand, there is a crowding-out effect. Less
predictability of 5 gives more room for information externalities 5 to play a role. It turns
out that if the systematic risk is small enough, the crowding-out effect dominates.

Lemma B.3 studies the significance of systematic noises in the large market if the num-

ber of traders converge to infinity.

Lemma B.3. In the limitas n — +oo,

(1) Timy o0 CL = 0
(2) limy,—, 0 b} =0 if and only if lim, 4+ CL =0.

Lemma B.3 shows that the information externalities exist (b,% # 0) in the limit if and
only if there are systematic risks (¢> > 0). Intuitively, if the own signals only contain
idiosyncratic noises (g2 = 0), then as there are a large number of traders, the own signals
get almost perfectly precise in terms of predicting the true value, which leaves no room for
other signals such as prices from other markets to play a role, i.e., b} = 0. On the contrary,

with systematic noises, the own signal of a trader never becomes perfectly informative of
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the true value, hence information externalities always have an impact which is actually

proportional to the variance of the systematic noises.

B.2. General Model. In this section, we study the impact of information spillover on the
equilibrium if there are systematic noises and the total number of traders N = nj + ny;
converges to infinity.

We first compare two types of traders in terms of inferences and strategies. Proposition
B.4 asymptotically compares information inferences between two types of traders. Define
Vs = g7 + ¢, as the summation of variances of systematic noises in both markets. In order
to get analytical solutions, we do Taylor expansion of the equilibrium outcomes in terms
of Vs, which means that we focus on the limit case where the variances of systematic

noises are small enough.’

Proposition B.4. The informational comparison of two types of traders is
2 2 2
(1) |ct|= c;;ff—% +0(Vs), |6¢]= 5;5—;% +o(Vs), CQ—C} = Akg—kg +0(Vs) and C}, — C). =

2
Aks(i_%)z +0(V52)'
2) CZ >0,(5]1< >0, A >0 and Ay > 0.
(3) AsV.—0,cl=0,5,=0,Cl=C0=1-C},Cl,=C% =C;.

If the variances of systematic noises are small enough, then we have an asymptotic
estimation of all the information parameters by doing Taylor expansion in terms of V,
instead of 1/N. We find that the analytical approximation is the same as that in the orig-
inal model if we replace 0 /n; by ¢2. Intuitively, in the model with systematic risk, it
is the variance of total noises ¢7 + 07 /1y plays the role of information spillover instead
of just the variance of idiosyncratic noises (7,3/ ng. Since in the limit n, — 400, idiosyn-
cratic noises do not have an impact due to law of large number, then only the variance of
systematic noises ¢7 determines the information spillover effect.

Since the comparison of information parameters between two types of traders lays the
foundation of all the following analysis on how information spillover impacts the equi-
librium, an immediate implication of Proposition B.4 is that information spillover aj has
similar impacts on the equilibrium outcome as in the original model, which are summa-

rized as follows.
Proposition B.5. Information spillover impacts traders’ inferences as follows:

(1) First order effect: if we ignore the term o(V;), then

INotice that we first take limit 1/N — 0 and then take limit V; — 0. This implies that we implicitly assume
that the speed of convergence of V; is slower than that of 1/N.
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e Cl is increasing in a, and |cy| is decreasing in ay.
e C} is independent of ay;
(2) Second order effect: if we ignore the term o(V?2), then

1 o .
e C;, is independent of ay;
1—2pk
Tk

e C)_is decreasing in ay if and only if ay <

Since there is no price impact in the limit (/\,1( = Ag = 0), then the results for behavior

parameters are derived immediately as follows:

Proposition B.6. The behavioral comparison of two types of traders is as follows:
2 2 2
(1) a} —al = a;';(j—%)z +0(V2),B} — BY = B;j—kg +0(Vs) and |bf|= b,ti—% +o(V;).
2) a; = %Aks >0,Bf = %Ak >0,bf = %c; > 0.
(3) As Ve —0,a}=a) = B} = B) = %, b} =0.

Proposition B.7. Information spillover impacts traders’ strategies as follows:

(1) First order effect: if we ignore the term o(Vs), then
e Bl and |b}| are decreasing in ay.
e B! is independent of wy.

(2) Second order effect: if we ignore the term o(V?2), then
e a} is independent of ay;

0 - . . . . 1*[0](
e a, is decreasing in «; if and only if a; < -

The welfare implication is also the same as that in the original model. In both settings,

it is the information channel that plays a predominant role, instead of price impacts.

Proposition B.8. If we ignore the term o(V?), then

(1) W,} is decreasing in .
1—pk
1fpk+0'}3 ’

(2) WIQ is decreasing . if and only if aj < & =

1—pk

_ 1 0 : ; i i i R, = ——H
3) Wi =W, + (1- ock)Wk is decreasing in ay, if and only if o < &y = —p) 72

(4) Wy is the same if o, =1 and o, = 0.
(5) W,} — W,? is positive and decreasing in «.

APPENDIX C. TRADING IN BOTH MARKETS

Consider a setting with two risky assets, k € {I, 11}, traded in two separate markets. For
each k € {I,II}, there are n € IN traders who trade both assets in both markets, and the
set of traders is denoted by V. For each trader i € N\, the per-unit value of asset k to her is
0i. The vector of all traders’ values, (6},6%,);c, is jointly normally distributed with a zero
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mean vector (as a normalization). The variance of 9,"c is ng > (0. The covariances satisfy:

Cov(6:,6,) = agkpk > 0and Cov(6:,0 ) =0p0y ¢ €R, foralli,j € N and k,—k € {I,1I}
with k = —k. We assume 1 > p; > |¢|> 0 to capture the idea that traders’ values are more
correlated within a market than across market.”

For each k € {I,11}, trader i € N privately observes two noisy signals s} = 6} + ¢, and
sj; = 07, + €}, about her assets I and II. For k = I, 11, the noise ¢} is normally distributed
with mean zero and variance agk and independent across all traders i and assets k. Let
ot = ngk / (rgk be the variance ratio measuring the impact of noise relative to the true value
in market k. Assume that the noises (¢}, €}, €}, €} 1)ijen and the values (9?,9%1,9%9][1)1'46 N
are independent. To simplify the algebra, we assume the two markets are symmetric:

_ _ 2_ .2 _ 2
pr=pn=pand oy =05 =0".

The initial asset endowment of each trader i € A is normalized to zero. The utility of

trader i € N from trading x} units of asset k at a price py € R is
u (e Xty p1, 1,03, O0) = (05 — p1) - xt + (O — prn) - 2y — 5 ()2 + 204}y + (1))?),

which is linear in her value of the asset 6i net off the asset price py and has an inventory
cost that is quadratic in the asset quantity x} and x},, where > 0 is a commonly known
constant representing traders” decreasing marginal values for holding each additional

unit of asset and w € [0,1) captures the cost link between two assets.

Traders at each market submit demand schedules for the both assets and the equilib-
rium prices of the assets are simultaneously determined by the market-clearing condi-

tions at both markets.

Given the submitted demand schedules in both markets (xt(py, pir), x5 (pr, p11) )ien'
the equilibrium price vector (p},p%;) € R? is determined by the two market-clearing con-
ditions: fork=1,11,

Y x(pi,pT) = 0.
ieN

Foreachk € {I,1I},atraderi € N receives xi(p}, p};) units of asset k and pays p;xt (p}, pi;)-
We adopt linear Bayes Nash equilibrium as the solution concept. A strategy of a trader
i € N'is a mapping x! (s}, s}, p1, p1r) from her realized signal s} and s, to a demand sched-
ule contingent on (py,prr). A Bayes Nash equilibrium is a strategy profile (x})ke(r,11},icp’
such that for each trader i € N and signal realization s} and s};, the demand schedule

2pk > |¢| is necessary for the covariance matrix of all signals to be positive semi-definite.
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maximizes trader i’s expected payoff:

(0 * % i pi
E |u'(x}, X7, P71, 011,01,011)

s piopia| 2 B ol (5], 311 i 0,000 1 1
where (p},p};) is the market-clearing price vector given x; and x}; and all other traders’
equilibrium strategies and (f, pj1) is the market-clearing price vector given any strategy
% and %), and all other traders’ equilibrium strategies. A Bayes Nash equilibrium is
linear if all traders’ equilibrium strategies are linear functions. We restrict attention to
linear Bayes Nash equilibria that are symmetric.

Suppose all traders can condition their demand on the prices of both assets. We conjec-

ture a symmetric linear demand schedule of a trader i for each asset k:
(8) % (prsi) = As — s’ — Bpe+bp i,

where A, a, B, and b are constants.
To solve the equilibrium demand schedule, there are four steps as follows:

(i) Trader i’s first order condition is:

©) E |0}1s} s P p k] — pi= (7 + At + (v + Ly

The LHS captures the marginal revenue of trading in market k, while the RHS captures

that marginal cost of trading in market k, which contains two terms A, = % and Ly =
k

dp_ . . . e s .
;T;'(k’ measuring how a change of trade in market k impacts equilibrium price py and p_j,

respectively.
(ii) We solve the price impact A and L. In the two market-clearing conditions, we take

the derivative with respect to x! to obtain

14 Z ax{c dpk n aXQ dp_.k -0 Z axl_k dp_'k axl_k dpk -0
jeigony [OPrdx,  Op—k dx et [Pk dxi 9Pk dx
from which solve for price impacts as follows:

B b

(10) M) E R T o) (BB

(iii) We solve the trader’s belief of the asset value: [E [9,i|s§;,si_k, pk,p_k}. The market-

clearing condition for asset k implies that

~ AB—uab Ab —aB
( W= AP gk
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where 5, = (L;cprst)/n is the average signal of all traders about asset k. Therefore,
(p1,p11) is a linear combination of (55,5;7), and hence (Gi,s;;,si_k, Pr, P—k) is jointly normal
distributed. The projection theorem implies that

(12)
E [Qll.c‘s;'clsi—k/pk/p—k] = CSS;( + G5+ C_5_4
. [(AB—ab)C (Ab—aB)C_ AB—ab)C_  (Ab—aB)C
:CsS;(“—(( DZ) —( {1) )Pk“‘(( DZ) ( Ll) )pk,

A2 — 2 A2 — 2 A2 — 2 A2 2
where
1_p 0-2 o +P(1 p+‘7)_¢2 0.2 ¢
— — — n
ST 2/~ T 1 2 2 r= 2 :
l—-p+o l—-p+o (p+1 p+a> . <p+ p 2) g2

It is worth mentioning that the coefficient of s‘ik is zero in (12). Intuitively, 5_ is a suffi-
cient statistics containing all the information from market —k.

(iv) Substituting (12) and (10) into (9) and matching coefficients, we get the unique
solution (A,a,B,b):

_(n—2)C—CH+wC_.  C_+w((n—2)Cs—C)
(13) A= =1 = @) ,a= DA W)
g (G+CA+Ca  C A+(C+Ca

(C+C)2—(Co)? 7 (G+C)2—(C)*
The above strategy profile is an equilibrium if and only if A > 0. A simple sufficient
condition for A > 0is (1 — p)(n — 2) > ¢%. Furthermore, we establish the following result

regarding the equilibrium coefficients.

Proposition C.1. If (1 — p)(n —2) > 02, there is a linear Bayes Nash equilibrium described

(7[ Z)Cs n—2
by (13) such that |a|< A < D7) and |b|< B < et

In the equilibrium described above, we distinguish three channels that determine the
equilibrium behaviors. First, the parameter b captures the information externalities effect
which exists in the main model where traders trade only one asset. Second, the parameter
a captures the cross-market price impact effect. Since each trader participates in both
markets, then an increase of demand in one market will not only influence the price in
the same market, but also the price in the other market, which directly influences the
payoff of each trader. Finally, the parameter w captures the cost linkage between two
assets, which naturally changes the behavior of each trader. Notice that if we leta = 0 and
w =0, then the result is equivalent to the main model in which each trader trades only in

one market.
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Proposition C.2. If ¢ > 0, then

e B and b are increasing in a.

e A, a, B and b are increasing in w.

Proposition C.2 establishes that traders react more aggressively to all the signals and
prices if they trade in both markets, rather than only in one market.

APPENDIX D. ADDITIONAL COMPARATIVE STATICS

D.1. Cross-market impact of information spillover. In this section, we study how the
equilibrium in market k is influenced by information spillover in market —k (a_y).

First, we study a benchmark model called one-sided information spillover in which ay =1
and a«_; = 0. By comparing the equilibrium in market k under one-sided information
spillover (¢ =1, a_; = 0) and full information spillover (x; = a_j = 1), we get a prelimi-
nary result on the impact of cross-market information spillover (x_g). Assume that two
markets are symmetric: ny =ny; =nand pr = pyy = p.

Since all traders in market —k are less informed, the equilibrium strategy is the same as

that in the case of no information spillover:
0 (qf 0 i 0
X gi(Shypoi) =alysty = Byp g

Because traders in market —k do not respond to the price change in market k, traders in
market k cannot influence the market-clearing price p_j of asset —k; however, since all
traders’ signals are correlated, the price p_j affects the inference of traders in market k
about their own values. This is the only spillover effect in the one-sided case.

For traders in market k, we conjecture a symmetric linear demand schedule:

1 i a1 Al 1
Xk i (Sks Pk P—k) = Ak S — Brpr + bk,

where ﬁ}c, B,l, and 13,1 are constants, for each i € V, kl

From the equilibrium demand schedules of traders of both markets, we derive market-
clearing conditions in both markets as follows:
Blpk — B}%P—k s = BY Pk

-1 k="
aj a_y

(14) Sk =

where 5 = (1, A s}() /n is the average signal of all (more informed) traders in market k

and 5_j = (¢ NP, st i)/ is the average signal of all (less informed) traders in market —k.
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Since E [0L|s,5,5 k] = Clsi + Cl5; + CL5s_4, then by substituting (14) into the above

condition expectation, we get

. . ClB! ClB, C1b1
(15) E |6}/s}, pr,pi| = Clsp +—% - pi + ( v Pk
Ay a"k iy
where
1—p+
. 1-p P o2 p+p( ptf)_cpz - o2 %
* 1—p+0? l1—p+o02 1- 2 T 02 2 '
g P (o =5T) —2 (o ) g2
From trader i’s first-order condition and the market-clearing condition, we have
(n—1)B]

(16) i i (ko P P—k) = - (E |0hlst P = p).-

1+ (n—1)yB}
Substituting (15) into (16) and matching the coefficients, we obtain

R I R
¢ y(n—1) 7~ KT cl+cl FT(CL+C(CX+ )
BY _1-C® ~0_ _1=p  ~0__ o> np
where we use the fact that “O__: = Ci = = C'= 1_Z+02 DT

Proposition D.1. Compared to one-sided information spillover (xy =1, a_; =0),

(i) More informed traders’ demand schedule in market k under full information spillover
(ap=0_p=1)1is
e equally sensitive to their own signals, i.e., a} = d};
e more sensitive to the price of their own asset, i.e., B,l > Bi;
e more sensitive to the other asset’s price, i.e, |bt|> |b}|.
(ii) The welfare of trader in market k remains the same under full information spillover
(ap=0_p=1).

Proposition D.1 analyzes the impact of information spillover a_; on the equilibrium in
market k. First, a more informed trader is more sensitive to the price of her own asset and
the other asset, when traders in the other market become more informed. Intuitively, if
traders in market —k becomes more informed, then the price of market —k contains more
information, while the price of the market k contains less information. If the correlation
¢ is positive, a higher price p_y is a stronger signal of higher quality of asset k, and thus
traders in market kK demand more, while a lower price py is a weaker signal of low quality
of asset k, and thus traders are still willing to demand a lot. In other words, a more
informed trader’ s demand reacts more to the change of both prices if the traders of other

market become more informed.
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Second, cross-market information spillover a_ has no impact on the welfare of traders
in market k. Intuitively, the equilibrium payoffs of more informed traders in market k are
completely pinned down by the coefficients of their own signals, regardless of a_.

Next, we study whether Proposition D.1 still holds in the general case where there are

both types of traders in each market. The answer is yes if we ignore the terms o(+; ).

N2
Proposition D.2. If we ignore the terms 0(%), then
oC} alct| 0B o|b}|
k k k k
OI O/ O; O.
8zx,k < 8a,k = azx,k - alX,k >

In the general setting, Proposition D.2 reassures the preliminary result in Proposition
D.1. There are three observations. (1) C]l is decreasing in «_j. Higher a_j enhances the
cross-asset effect §_;, which implies that p_; contains more information from market k. By
observing p_i, a more informed trader in market k gets more information about the true
value, which crowds out the more informed trader’s reliance on py. (2) |ci| is increasing
in a_y. Since |c}| is the more informed traders’ reaction to p_j, then by symmetry, the
change of a_ plays the same role as the change of a; when we study C]. Since C;] is
increasing in & in the main model, and thus|c}| is increasing in «_. (3) B{ and |b | are
increasing in a_y. Intuitively, B} and |b; | are completely determined by C} and |c}|, since
the strategic channel /\,1 and )Lg are independent of a_ (see Proposition D.3).

Proposition D.3. If we ignore the term 0(%), then 6y, (., C]}S, C]?S, C,?, a,l, ag, B,?, AL )Lg,
W, and W} are independent of x_.

First, 6y and ( are independent of a_j. Intuitively, traders in market —k do not par-
ticipate the trade in market k, hence a_; could only have indirect impacts through infor-
mation channels: (1) py is more sensitive to signals from the other market —k (higher &),
since higher a_; increases more informed traders’ reaction to p_ (higher |b,1 |, see Propo-
sition D.2); (2) py is less sensitive to signals from market k (lower Jy), since higher a_;
decreases more informed traders’ reaction to py (lower B}, see Proposition D.2). How-
ever, these indirect impacts are negligible if we only focus on first order and second order
effects.

Given the independent result of J; and (j, the rest results hold naturally since all the
parameters in Proposition D.3 depend on a_j through J; and (.

D.2. Impacts of cross-market correlation. In this section, we study the impact of cross-

market correlation ¢ on the equilibrium.

Proposition D.4. The impact of ¢ on the equilibrium is as follows:
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(1) First order effect: if we ignore the term o(y L), then

ac1 il 0B} o|b|
* oy <0 SR 0 3191 > 0 21 > O
ac?

© 54 =0 a7 =0,

(2) Second order effect: if we ignore the term o(iz) then

oCi, _ ~ Oaj A} WL

. - 0, a\¢| >0 gy <0 a1 =0
3 A WY

© St <0 a7 > 0 5 <0, g <0

We first check the first-order effects. A higher |¢| implies a strong cross-market signal-
ing effect. Hence, p_y is a stronger signal of asset value in market k (higher |c;|) and py
is a weaker signal of asset value in market k (lower C}). Consequently, a more informed
trader is more sensitive to the change of both prices (higher B} and |b}|). However, for a
less informed traders, the above two effects balance each other, and thus the correlation ¢
does not have a first-order impact on the informational and behavioral sensitivity to the
price (C? and BY are independent of ¢.)

Second, we analyze C}, and CJ.. Since ¢ measures the relative informativeness of two
prices, instead of the absolute informativeness of two price, then a change of ¢ does not
influence the informativeness of the own signal. In other words, C}, is independent of ¢.
However, |¢| lower the informativeness of the own signal for a less informed trader. In-
tuitively, higher |¢| implies a strong information spillover, and thus a strong information
disadvantage for less informed traders, i.e., higher C}, — C}.. Therefore, C}, is decreasing
in ¢,

Third, we study the price impacts )L]l and Ag. For a higher correlation |¢|, the market
demand is more sensitive to the change of own price, due to the fact that the demand of a
more informed trader is more sensitive to price change. Therefore, price is less sensitive
to a change of market demand (lower )L,l and Ag).

Next, we study a; and ). The impact of |¢| on a} and 4 is decomposed into information
channel and strategic channel, both are of second-order effects. For an more informed
trader, information channel (CJ,) does not play a role, then it is the strategic channel A
that dominates. Hence, 4} is increasing in |¢|. For a less informed trader, both channels
plays a role, and we find that the strategic channel dominates the information channel,
and thus a{ is increasing in |¢|.

Finally, we analyze the welfare of more informed traders W} and less informed traders
WY. In the main model, we have shown that W} (W}) is totally determined by the infor-

mation channel C (C .)- Hence, the result holds.

Proposition D.5. Correlation |¢| amplifies the impacts of information spillover:
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(1) First order effect: if we ignore the term 0( ), then

acl, alcl|, oB! o|b!|
‘aa:’ ! a“’; | |3a-| and |- are increasing in |¢|.

o 35: and 804 are 1ndependent of |¢].
(2) Second order effect if we ignore the term 0( 5), then

aCL,

o aa and 2 aa are independent of |¢|; |aak| is increasing in |¢)|.

“k

A aak | are increasing in |¢|.

8

Proposition D.5 discovers that cross-market correlation |¢| amplifies the impacts of in-
formation spillover. Intuitively, the impact of a; on the equilibrium originates from the

cross-market signaling effect, namely |¢|.

APPENDIX E. TECHNICAL RESULTS

E.1. Analysis of less informed traders’ reaction to own signals. In this section, we study
the less informed traders’ reaction to own signals. For less informed traders, C}, is de-

creasing in ay if and only if oy <1 p k. This non-monotonicity originates from two oppos-

ing effects, described by Lemma E 1 Define r(0k, px) (r(ex, px)) as the correlation between
6,1< (ek = sk — Gll() and py.

Lemma E.1. C), is a function of (6, px) and r (e, px) such that

0
e Crowding-out effect: % < 0 and 3’(9k,r7k) > 0.

e Multicollinearity effect: ( ey < Oifand only if 1 p <1 ar(g(’j‘f") <0.

On the one hand, there is a crowding-out effect. A larger fraction of more informed
traders ay improves the informativeness of the price py, which is illustrated by a higher
correlation between the true value and the price (higher r(6, px)). Therefore, less in-
formed traders rely more on the price instead of own signals to predict the true value
(lower C?). On the other hand, larger a; may mitigate the problem of multicollinearity
caused by high correlation between independent variables. Intuitively, higher aj implies
that py is a noisier signal (higher 0y, ), which leads to a lower correlation between the
own signal and the price (lower (e, px)), and hence a change of the own signal contains
more information (higher C,?S). In all, the combination of the above effects creates the
non-monotonic relation between a; and C,?S. If ay is low enough, the crowding-out effect

dominates the effect of mitigated multicollinearity, and thus C_. is decreasing in ay.

E.2. Details of the numerical analysis. We focus on the symmetric case: a; = aj; =« and
ny = ny; = n. Hence, the key parameters are 7w = 717 = 7177 and 11 = I1; = I1;;. We apply

the following fixed point iteration:
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Step 1: The input is 7r € [0,1] with the initial guess as 77 = a.

Step 2: Given 7t € [0,1], we solve for the unique IT € [0,1] as the solution of a cubic poly-
nomial (see Proposition E.2). Given 7t and I1, we solve for Jy, Cx, Br, C,%S, C,gs, C,l,
o, cl, L.

Step 3: Given C;S,C,%,Cgs, C;,C]?, we get the unique ak, B]%, a, BO b1

Step 4: Given a3, B}, af, BY, we get the output 7’ and then go back to Step 1, until the

distance |77' — 77| is less than a tolerance level.

Proposition E.2. If 77 is taken as given, then I is the root of a cubic polynomial.

APPENDIX F. PROOFS OF THE RESULTS IN SECTIONS B AND C

F1. Proof of Proposition B.1:

Proof. Step 1: We deduce the conditional expectation of a more informed trader in (6).

1 1
- s sl _ Bepbip ok s _ i
The market-clearing condition for asset k is 5 = I where 5, = (¥;¢ N sp)/n.

Therefore, (p1,p11) is a linear combination of (57,577), and hence (9,1;,52, Px, P—k) 1s jointly

normal distributed. Therefore, it suffices to solve for 1E[9,‘;|s;;,§]1,s‘1_k]. Since Cov(si,s};) =
1 ni 1— 1 _ 1-

(1+ 02 +¢?)o3, Cov(s},0i) = (p+ —L)0Z, Cov(si,st) = Var(s}) = (p + P’:FU + ¢%)og,

Cov(s‘lw 0,) = Cov(§£k,s}{) = Cov(§,1€,§£k) = (,b(fg, then

E [Blsk, piop-s ] = E [6fls}, 5t 5L

T o . A
Cov(6.,s!) Cov(st,st)  Cov(s},st) Cov(sl,,sh) st

= | Cov(6L,51) Cov (s, st) Var(s;)  Cov(s},5,) 5
Cov(6:,5", Cov(s!,,st) Cov(s,s,) Var(sl,) s
. (C'Bl  CLb! clpl, C'y
=Clsi + Clsl +Cls', =Clst + ( 1k— 1_k P+ ] Pk
A Ak Ak ay

where C!, C! and C! satisfy equation (6).

Step 2: We deduce the conditional expectation of a less informed trader in (7).
0
The market-clearing condition for asset k implies that ) = %. Therefore, it suffice
k

to solve [E [9£|s}z,s‘ﬂ. Since Cov(si,si) = 02(1 + 02 + ¢2), Cov(s%,6!) = (p + =L)a3,
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Cov (5%,st') = Var(s? 4l L 2y02 then
k5K k) =P 0

i’ . y -1 "

. . Cov(0.,s Cov(st,st) Cov(5g,s! s
E[%H«Pk} [9k|sl O] — ( k kl) (_(])c 5) ( _ok) _]6
Cov(8),6: Cov(5;,s;,)  Var(s)) 5

BY
=Cst + %) = CVst + CO o Pe
g

where C? and C satisfy equation (7).

E2. Proof of Lemma B.2:

17

Proof. Define x = a2 + gz. First, we check Cl. By taking derivative of C! with respect to gz,
n y g P

w find that % < 01is equivalent to

1-—- 1-— 1-—-
F(x)=(p+ np)((p+Tp+x)2—¢2(p+Tp+2x)>O.

It is apparent that F(0) = (p + 1%)((() + 1%)2 — ¢?) > 0. Moreover, F'(x) = 2((p +

1%’)) (p+ 1%‘) + x) — ¢?) > 0. Therefore, F(x) > 0 for any x > 0. Next, we check C! :

dcl _dCl _ p((p+ ) —¢* %)

dg2 — dx  [(p+ TF 4 x)2 — ¢2)2

d|CL |
dc2

Therefore,

\/(p + 1%)2 —¢p* — ‘;—2 Finally, by calculation, C2 + C% € (0,1) and 4€ el > <0.

E.3. Proof of Proposition B.4 :

Proof. Step 1. We define new parameters which will be used in Steps 2-3.

1 —pk 96_y

18 Ci=——"—,K,=1— —i—(Tz, =—,
(18) T gt o2 Pk + Ok, Tk T,
_ Tk Kk, 2 _(-m)? m l-me e o
€k1—ak(nk+€k)z ekz—(—l_“k “k)(nkJer) €k3—1_“k(nk Cic)s
— Pk
Mko—(Pk+— a )(o—k +e_x2) — ¢*
Xk Nk

M = (px + ex1) (p—k + e—_r2) — ¢°, Mia = (px + €x2) (0—k + e_2) — ¢

Step 2. (More informed traders) We solve C},, C{, c} and .

> 0 if and only if x* < (p + 1%9)2 — ¢2, which is equivalent to ¢2 <

g
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For a more informed trader i € N}, since (6,1'(,5;'(, Pk, P—x) is jointly normal, we have
E(6kIsk, Pk P—k) = Cissk + Cip + k-
Define X = 9;'{, Y = (s;{, Pk, P—k)- By projection theorem,
E[X|Y] = E(X) + ZxyZy (Y — E(Y)),
where Yx y ( Xy y) is the covariance matrix between X and Y (between Y and Y).

dy+dy 1.4 10 Dy . 15 050 4 4171
Define 6 = 5i—0, &k = Dy + Dy, 70 = 5rigp = - By pr= Dy S¢ + Dpsy + diSL +

LEn

pr=Cel (st + (1= m)sY) + (st + (1 — )52 )]
Since we know the covariance of (Gli,s;'(, §]1<,§2,s‘1_ k,§(l i), then we calculate leyzily =( C,%s, C,%, c}()
as follows:

L (=) (1= pr) My — (ex1 — exa) Mio
(].9) Cks = Y 7
k3
ol Ye—Yadx 1_ Yo — Yk
T =G0 ) Vsl F T (11— 0kd i) Yislk

where Yiq = - (i + 62 — ex1) (e — 2 15%) — (07 + 63 (e — ex2) ), Yio = 02 (1= 225 (o4 +
ei2) =)+ 62 (o + 2 — I5) (o +e_g2) — (1— 25)¢?) and Yis = (¢ + 63 — 1) Mo —
(ex1 — ex2) M-

Define By = D’f"gkigl—ga’“’ Then, By = (1 — dxd_k) (k. Substituting this into (19),

Yio = Yo 1 Yia — Yiodk

20 Cl= L ch=
(20) k Yia B k Yisf—k

We solve for &:

acby B_imiby B _kcq
(21) 5k:ﬁ—k 1 k 0= 1 k= 1 :
apa, + (1 — ag)ay a Cre
Substituting ¢} of (20) into (21), we get & = Yy — Ykzék) Cl , which implies that
Y,
(22) Oy = #
Yio + & Vi3

Step 3. (Less informed traders) We solve C)_and C?.

For a less informed trader i € N9, since (9}'{,5;{, Px) is jointly normal, we have

E(0lsio i) = Cissic + Cpre
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Define X =6, Y = (si, pr). By projection theorem, we can solve
-1
E[X[Yo] = E(X) + Xx,y,Zy, y, (Yo — E(Y0)),

where Xx v, (Zy,y,)) is the covariance matrix between X and Y (between Yj and Y)).
_ —1
Therefore, (CY,,CY) = 2y, 2y, y,s where

1—7m 1—
o oo Yu ol (0% +60) (ox + Pride) — e+ (1+ 07 + ) g ™
ks H](g’ k nggk 4

1—7‘[k

where Yiy = (1— 5) (1 — pi) (px + €x3) + (e — ex3) + 1005 (0 +e—jo — %) +((2 -
ﬁ)(l — px) — exs) kO, and HY = (i — exs +63) (0x +exs) + (kx + ox +67) (era — exs) +
1707 (kx4 o+ 63) (0 -k + e_k2) — ¢?) + 29 (kx + 63 — ex3) kS

Step 4: We study the limit result if Vs — 0 and N — 4-oo.

It is clear that §; < 1;_; As Vg — 400, and N — 400, Y;; — 0, and hence 6, — 0.
Consequently, limc}( =0, limClls = Cgs =Cy, limcll = limC](g =1-C, lim)\% = lim/\g =0,
limall = limag =limB} = limBg = %’j Moreover, lim By =lim ;. = 1, lim 71y = ag..

Step 5: We solve the limits of C}, C}, cf, C,?S, C,(c) by ignoring the term o(V?2).
In the equilibrium, a} — 4 = o(V;) (which is verified in Step 8). Consequently,

(1 — o) (ap — ay)

T — QX = =o(Vs).
ko aa) + (1 — ag)ay (V%)
Therefore, by the definition of ey, ex; and ex3,we get
(24) ex1 = e = €3 = Gy + 0 (V7).

Substituting (24) into (19) and (23), we get (by ignoring o(V?))

. Yio — Yiad_k 1 Yi1 — Yiodk
(25) CL.=C}, Ci= , Cr = .
ks Tk TR T (1 = 50k Yis Gk T (1= 00_k) Yisl i
O - — 170k (Vi — Yiad) 0 (0F +63) (ox + pmide) — 67
S

0 r kT 0 ’
Kka Hkgk

where Yi1 = £r463, Yio = 02 (0 (0 -k + 62 ) — 9%) — 62 (1 —0) (0 k + 62 ), Yis = %k (0x + 63) (0 -k + 6% )
and H = xi (o + 63) + 1707 ((cx + o+ 63) (0 + 6% ) — %) + 29Kx17 0.
Step 6: We study |5/, |ci|, Cf, — CY, and C) — C} in the limit.

Since Cl, =C; +0(V2), Yj3 = (’;—}’%Ykz +O(V;) and 7y = ag + o(V;), then by (22),

Y o

Yio qy +
Tk

(26) ) +0(V5s).
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Ya _ Ko
Since y;; = k0 (Ok0—k—¢?) +o(Vs),
6t « K| ¢| Qg
(27) |§k|—§* + 0(V;), where 6} = —
of ’ “ meloko—k — 92) ay + Le
k

2
By pt =1+ O(Vs) and Y5 = $Yip + O(V%), we have cf = W% = k(L —5) +

0(¢?). By (18) and (27) and yx, = pxo—k — ¢* + 0(1),
6L o _Opolol 1
(28) cx|=cx— +o(Vs), where ¢; =
| kl k ( ) k ﬂk(pkp k_(PZ)

Since ng = KxPk + O(‘/s); then Cl%s C]?s 77k5k(Yk1 Yio0k) — Wkék(Ykl—Ykzék) + 0(‘/52). By (18)

KkHO K[%Pk

and (27), we have C}, — C). = Aks(a—lﬁ) +0(V?), where
k

1 - pr)¢9? (X
+ 0(V?), where Ay, = ( > 0.
7+ ol) 7 o~ ) (a1 B2

k

(29) Cl —CY = Aks(

)
N‘N =N

Since H](() =k (ox + gi) + 2¢O + 0(Vs), then

5.) — Kk 2 ‘|' P11k 1
CiHy Pk Br
1-Cf .
Hence, CY — C} = =08 (41— 5y) 4 o(Vs). Together with (18) and (27),
Qk (1— Pk)4’2 1
(30) CY — Cl = A2 + 0(V,), where A = _
kok of (V%) ok(ox0 -k — ?) ay + 10#
k

Step 7: We study a} — af, B — BY and |b}| in the limit.

It is clear that a} — a) = a5 5 +0(V?), B — B) = B> g’; + 0(Vs) and |b}|= bi 2 g" +o(V5),
where af = LA >0, B; = lAk >0, bf = 1cp > 0.
Step 8: We verify that a; — a? = o(V;).

af —a)=1(Cl = C)) +0(V2) = L0k (35)* + o(V2) = 0(Vs).

»mlx-m

F.4. Proof of Propositions C.1 and C.2:

Proof. By (12), we get C; >0, C > |C_| and C; + C + |C_|< 1. Since (1 — p)(n —2) > 02,
then Cs > ﬁ
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—1)Cs—(Cs+C+C_ 1-(Cs+CH+C_
By (13), A —a= (n 7)(n71()(1+w) ) > 7(1(171)(1“0)) >0and B—b= 1" +C+C > 0. More-

_ (n=1)C—(Cs+C—C-)  1—(Cs+C—C-)
over, A+a =" o) T
A > |a| and B > |b|.

By (13) , we get A = (n=2)G—CrwC. - (1=2)Cs 7y, due to C —wC_ > |C_|—wC_ > 0.

>

>0andB-|—b—CJrC — > 0. Inall,

7(n-1)(1-w?) r(n=1)(1-
By (13, weget B - {S25isces < (Crpile e ” Cncuepae il ¢ a
If ¢ >0, then C_ > 0. Consequently, g—g = (C#C)Czﬁ > 0 and % = % > 0.

Moreover, C_ > 0 also imply that A and a are increasing in w. As a result, B and b are

also increasing in w.
O

APPENDIX G. PROOFS OF THE RESULTS IN SECTIONS D AND E

G.1. Proof of Proposition D.1:

Proof. We know from the main model that

ul_(n—z)c;—cl Bl _ (Cl+cChal bl o Clal
e N s e SO RN (S SO (G )

_ 1_1
It is clear that 4} = a] = 1=2)C-C gince C! > |CL|, then
r(n=1)

1 al(Cl+Ch) _ al(Cl+Ch) al _g
T+ c2—(CcL2 T (I Ch2—(CcLy2 T cl+ct TR

Finally, since C° > C! and (C1)? > 0, we have
) a}|CL| _ at|CL| - al|cL| i
KT+ C)2—(CL)2 T (CL+C1)2—(CL)2 ™ (Cl+C)(Co+Co) Tk
Under full (one-sided) information spillover, the expected payoff of trader i in market

. A1\2 ,
k is (Csall - 7(6;’1)2> E (st — 5¢)?] and (Csﬁ}( — 7(0;") ) E [(s — 5)?], respectively. Since

ﬁi = a,%, then the welfare is the same under both cases.

4

G.2. Proof of Proposition D.2: First, we analyze C} and B;. We know

(1=CH)Wre —yadx)  (1—=C))yre —yrd 1) 1 1

1 = =
&b G = Yi3Pr yis(1—0k0_k)  Ck o ( )
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By J; < %, we get C,% is decreasing in J_. Since J; and (i are independent of a_ (see

Proposition D.3) and é_y is increasing in a_y, then C1 is decreasing in a_. Since A{ is

independent of a_ (see Proposition D.3), then B} = (1- Cl) is increasing in a_.

7+/\1

(1-CF) (5 (1-C;) (4

Vi3 Ui K 1y _ K \vs v
o(=5) =
Bk + (N2 ) 0k

0(%). Since {_j is decreasing in a_j and Jj is independent of a_ (see Proposition D.3),

Next, we analyze |c}| and |b}|. We know that ¢} =

then |c]1| is increasing in « _j. Since /\,1c is independent of a_j (see Proposition D.3), then

| ]1|= VJ:Al |c,1| is increasing in a_y.
k

G.3. Proof of Proposition D.3: First, we prove that J; is independent of a_.

1-Cr 1 1
(32) 5k _ ( )y 1 _ ykl* +0(m)/

C
(1 - CPyia + S et oYk

which is independent of x_.

Second, we prove that {i is independent of a_.

Ci = B _ Dékll]% +(1- ock)tlzg 1 _ zka,%S +(1-— txk)C]?S 1 N o(i),
1— 6,0k OCkBll + (1 — Oék)B](() 1—-0600_ ) 1-— txkcl% — (1 _ (Xk)cl(() 1— 60 g N2
1 0
— 1 “kcks + (1 )Cks 1
= a0k Cp + =60, +(1- )Cka+o(N2)
By (31) and (32),
Cl+(1—ay)C?
(1_C]>:)(3/k2 Ya 5 )+M .
Ok = Vi3 1yk3_ o ay + (1 — ag) 3k CY + O(NZ)
als ‘XkC;%S + (1 - Dék)Cl({)S C]%s Vo C 1
B - ) ta((1-C + (1 —a)3CP + 0
1—0kd_g X 7Tk) k(( k)yk3 k) ( k) CiCr (NZ)

Since gkc]%o = (1_Clt)(Pk(KkI;(gfkg)—O—lyk&kkkqb)
k
be related to 6_j is the first term. Since C). = CJ, + (%) and m = ap + 0( ), then

1 1— 0 1
G RO g 0(3). Therefore, the first term can be approximated by

X TTy
a G+ (1-a)C C_%S) _ ak(“kcl%s +(1-a)CY, C]%S) +of 1

1-— 5k5—k K 7Ty X 7Ty NZ)

is not related to 6_y, then the only term that could

which is independent of §_. In all, i is independent of _ (hence a_y).
Third, we study C},, C2. and C?. Since C, = C; + 0( »), then C}, is independent of

C; — (1=C) 20k (Y —Yx20k) —|—0(

0 _
a_y. Since Ci, = i)

») and (Sk is independent of «_y, then CY. is

(1 ("4 )

HY

independent of a_. We know that C = +o (NL) Since HY depends
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only on J, and J is independent of a_, then ng is independent of «_;. Together with
the fact that (i is independent of & _;, we have CO is independent of w_y.

Next, A; and A are independent of «_ if we ignore o( »). We know that Al = ((ny —
1)Bi) '+ 0(5 Nz) = A?. In order to prove that A{ and A are independent of a_ if we ignore
0(%) we only need to prove that both B} and B0 are independent of a_j if we ignore the
term o(3). Since  is independent of a_j, then C} = a _Cit)(y?{fﬁ;yklfl W y;g{ykz +o(5)
is independent of a_ if we ignore the term 0( ). Together with CY, and ” +1 7o are

1
T+AL

independent of «_j if we ignore 0( ), then B} and B are independent of a_ if we ignore
o(%)-

Next, a,l, ag and B,? are independent of a_j if we ignore 0(%). This holds since )t,l, /\2,

Ci,, C) and C? are independent of a_ if we ignore 0(%).

Finally, in the main model, we prove that W,} and W,? are independent of a_.

G.4. Proof of Proposition D.4: First, by definition, Ay, Ay, ¢ and 6; are increasing in |¢)|.
Second, we analyze CcY, C,l, c]%, Bg, B,l and b,l. In the main model,

KkC;ck 1

(33) CV=1-C(1— +o(=).
= (-G - ) o

BC _ 1 0 1 9]
Hence, 5 = 0. Since G = Gy — —i—o( )C|i:k] n—k—l— o(%), then a\¢|<0 nd 50 > 0.
Since /\,1 = ((ng — 1)Bk)_ +O(W) = ((nk — I)Tk) ( ), then +A1 = 7(1+((nk1—1)C7§)’1) +
o(4). Similarly, +A0 = 7(1+((nk1 e +o(%). By (BL,b}) = +A1( — C},ci) and BY =

_ O L Ay |
7+A0(1 ), thenwegeta|¢‘>0,aw)| >0a da\<p|_

acks

Third, we study CJ,, CY, W} and W). Since C}, = C* + 0( 5 ), then = 0. Since C}, =

ol ~
Cj — Aks + 0(5) and Ay is increasing in |¢), then & a| ¢| < 0. Since W} (W) is determined
by Cl, (c ), then 9% =0, 9% <0
Next we study )tl and AY. We know that /\,1( = ((nx —1)Br) 1+ O(NL) Since §|¢k\ >0
and 2 3|¢\ =0, then 2 8|4>\ < 0. By the same loglc, a|¢| < O
Finally, we study a} and 4. Since 2 a‘ <P| <0and 2 a| ¢| =0, then a] = o /\1 Cl, is increasing

in |¢|. From the main model, we obtain that

o_Gi 1(_ C: 1 aedy

1
64 4= Ty e Aks>)+o<N2>
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(1-pi)¢? (L
ok (ko —k—9?) aﬁ% C

where “’(‘:%k — N = - ;) is increasing in [¢|. Together with
k k /g% +
k k
0B
dap
> 0.
a|<}’>\

=0, we get o]

Wi %) 1%% ) 5

G.5. Proof of Proposition D.5: First, | nd |a;; | are increasing in |¢|, by

definition. Second, we analyze cY C,%, ck, Blg, Bk and bl By (33), a e is 1ndependent of

|¢|. Since C} = CO Ak ( ), then | el \— |8Ak| is 1ncrea51ng in |¢|. Since |Ck|— +o( ),

ack ‘

then |5k |= L | T \ is 1ncreasmg in |¢|. We know that =Tr+o(§)= where I'y =

T+ /\0’

1
(4 ((ne=1)C)~

in |¢|. Moreover, | aa" |= Fk| azx |—i—0( ) is independent of |¢|.
Third, we study C},, C)., W} and W). Since CL=Ci+o ( 5), then aC is independent

of |¢|. Since CY. = C}, — A"S + 0( 5 ), then | a aA"S

Ty Therefore, | a Fk| a |—|—0( ) and ] a Fk|ac" |+0() are increasing

is increasing in |¢|. Since W1 (WO)
g

is determined by C, (C} ) then — & W is independent of |¢| and ] - Wy | is 1ncreas1ng in \4>|
Next, we study ('y + )\]1) and (’y +AY) 71 Since A} = ((nx —1)By) !, then (y + A}) !

By
Bk+ ’y

’ 8('y+/\

1y-1
. Since \%\ is increasing in |¢|, then \W! is increasing in |¢|. Similarly,

| is increasing in |¢|.

1 -1
Flnally, we study ak and 4. We know that a} = (’y +A})~ICl. Since |—a K | is

increasing in |¢| and ° "5 is independent of |¢|, then |5 ; | is increasing in |¢|. By (34), ]aa" |
is increasing in |¢|.
G.6. Proof of Lemma E.1: Define r| = r(6k, px) and ry = r(ek, px)-
. . -1
o , V. i C P
(CCY) = (Cov(®l, ), Cov(l,p)) | k) Covlsiop)
Cov(pksp)  Var(pk)
Cov (6,5t )Var(py) — Cov (6., pr)Cov (s, px) 1 — 13 — 1107
Cks — i 2 = 2 _ 2. \2°
Var (s ) Var(px) — Cov(st, px) 1+op — (11 +0ogr2)
Therefore, by the fact that r, =0+ 0(1) and 73 = p; + 0(1), we get
ks _ —21% rzag( of 2(1'1 120%)%) _ ;1(7,{ — to(1) <.
orq (140 = (r1 + 0frp)?)? (1405 —17)?
oCY. _ 202(r1 4 02r2) — 110 (1 + o) — 1102 (r1 + 0212)? _ 2r102(1 — 0 — pg) o))
5 :

ory (1 + (7,3 — (r1 + 0']%1’2)2)2 (1+ 0',% —17)?

Therefore, C}. i Pk 1.

k
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Next, we prove 5 d” > 0. Since py = {k(5k + k5_k), then Cov(@,i{,pk) Tk (px +1 pk +
77k5k(P)(79k and Var(pk) gk [Var (5y) + 62Var(5_x) +26,Cov (5x,5_¢)]. We know that Cov(sk,s_k) =
¢09,06_,, Var () = (px + ;5 )0y and Var(5_¢) = (o + ;=5)og_, then Var(py) = G3op (ox +
e (k575 (1k0k)* + 2<P17k5k) Define & = 170y, we get

. 1-
r% _ COV(@Il{,pk)Z _ (o + pk + 0 4))
op Var(pe) ok + i+ (0« + ) (65)% + 2957

a7 20+ 5+ 50) (5 = (o + ) (o +12) — 92)8)
doy (ox + 3 + (o + 72 (67)2 + 2957 )2

>0,

) ok + ) — ¢2)(5,1‘=17kykz("’< Y _ 5y 4 0(4) > 0, which holds

Kk Yk
1 ykl
ST + 0( ). Since 6} = 1y is increasing in &y, then rq is
k

%

2
since U,’;—f — ((px

since & < 1 and 5k

increasing in «.
' -1
. 2 _ COV(Sk pk) _ 2. -2 Kk K_k *\2 * ¥ s s .
Since 5 = W =0em (o + o + (o_x + ﬂ) (05)" +2¢06; ) and g} isincreasing
in oy, then r, is decreasing in ay.

G.7. Proof of Proposition E.2.

1 0 1 0
. apa;+(1—ay)a apal B By
Proof. Define By = (1 =eg)a, = ——k o TI = #0 and x = -k, Since

aB}+(1—ay)BY’ agap+(1—ay)ay B} +(1—ay)BY B1

Il = txk—l—(i(—k—zxk)x’ we need to prove that x is the root of a cubic polynomial. In the existence

result, x is the root of G(x) =0, which is equivalent to

x(E —x)
(35) A-Ccl-1-chH(1—-x)— 22— =0.
k k ( k)( ) f(x)
~1
where E = -— gl, f(x) = [mgarE + ((1 — ag)ng — 1) x][(ngax — 1)E 4 (1 — ag ) mgx].
Next, we solve E and f(x). By the definition of C,% and C,l, By and IT; = Ow(i‘—’i“k)x,

1-Cl Br— (1= C)(1—ddg)32

(36) E= 1-¢} B By — A-CHyre—ymdx) Fo+Ew,
k Y3

where

o Y0k Vi o Y0k Yk, T 1 — g
Eqg=1+06_3(1—-Ci) (== — == ,E1=6_4(1—-C)(—/— — =—)— .
’ t 2 Yi3 yk3)C 1=l 2 Yi3 yk3)C,ls &k

Substituting (36) into the definition of f(x) (see (35)), we get

(37) f(x) = f2x2 + f1x + fo,
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f2=((1— ag)ng + magEy — 1) (1 — )y + (mgay — 1)Eq),
f1 = ((1 — ock)nk + npo E1 — 1)(nkock — 1)E0 + nkOékE()((l — zxk)nk + (le[)(k — 1)E1),
fo = ngay(ngay — 1)E.

Substituting (36), (37) and the definition of Cg and C,l into (35), we get x as the root of the
following cubic polynomial (38):

(38) Asx® + Apx? + Ajx + Ay =0.
where

Cl
+ 5V f, + ¢1(1 — Ey),

Ttk

Cl D(1—wa) C}
D — ) + ?k:)fl + g0(1 — E1) — g1Eo,

_ Clls D (1 - ‘Xk) Cl%s _ Cl%s
Ar=( . )f1+(—(xk +—7Tk )fo — goEo, Ao=( T ) fo,
o Ve Yk 1—a oY Yk Ci
(- _Yas (T8 oy Yk oy Sk
g1=( k)(yk3 Vis k) o g0 = ( k)(ykS Ve k) o
= (1= Co) okl — exs) + i) (1 — Gd—) 1—cye _Yas
K k3 Yk3

Notice that A3, Ay, A1 and Ay are coefficients that depend on 7.
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