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Appendices to “Innovation-Led Transitions in Energy
Supply”

Appendix A details the calibration and solution method. Appendix B reports further ro-
bustness checks. Appendix C contains a numerical example of the main analytic results.
Appendix D considers the stability of each period’s equilibrium. Appendix E contains proofs
and derivations.

A Calibration, Climate Change Modeling, and Solu-
tion Method

Let resources 1, 2, and 3 represent coal, natural gas, and renewables, respectively. I use a
10-year timestep and a policy horizon of 400 years.

Begin by considering the supply of each type of resource. Marten et al. (2019) follow,
among others, Haggerty et al. (2015) in using a long-run supply elasticity of 2.4 for coal.
Marten et al. (2019) follow Arora (2014) in using a long-run supply elasticity of 0.5 for natural
gas. Based on these, I use ¥ = 2.4 and ¥, = 0.5. Drawing in part on the work of others,
Johnson et al. (2017) describe the supply of power from solar photovoltaics, concentrating
solar power, onshore wind, and offshore wind available by region of the world and by resource
quality. Costs are reported in dollars per unit power and resource potential is reported
in units of energy. The desired parameter is the elasticity of the resource and not of its
electricity. So I must convert dollars per units of delivered electric power to dollars per unit
of energy in the resource (with my calibrated technology parameters including the conversion
of energy to power). I convert costs to dollars per unit electrical energy by using the capacity
factor reported for each resource quality bin in each region. This capacity factor adjusts for
the fact that the power producible from renewable resources is not available throughout the
day or throughout the year. In my setting, capacity factors are reflected in the technology
and share parameters, and the elasticity of substitution ¢ can be interpreted as imposing a
larger capacity factor penalty at higher penetrations. Finally, I convert dollars per unit of
electrical energy to dollars per units of energy in the resource by using the efficiency of each
type of generator. From the Energy Information Administration’s Annual Energy Review
2011, the efficiencies are 12% for solar photovoltaics, 21% for solar thermal, and 26% for
wind. Aggregating across resource types and regions, I estimate 13 = 3.00.

Next consider the elasticities of substitution in the final-good and intermediate-good pro-
duction functions. Papageorgiou et al. (2017) estimate an elasticity of substitution between
clean and dirty energy capacity of around 1.8, and Stern (2012) estimates an elasticity of
substitution between coal and gas of 1.426, with a standard error of 0.387. Version 6 of the
EPPA model uses an elasticity of substitution of 1.5 (Chen et al., 2016), and the ADAGE
model uses an elasticity of substitution of 1.25 (Ross, 2009). In line with these, I fix e = 1.8.
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Much literature has estimated the elasticity of substitution between energy and other
inputs, but there is not much literature on the elasticity of substitution between resources and
other inputs in the production of energy. I fix 0 = 0.4 based on several lines of evidence. The
most directly relevant calibration is the calibration of the energy supply sector’s production
function in Lemoine (2020). This calibration assigns an elasticity of substitution of 0.42 to
the energy supply sector, based on estimates in Koesler and Schymura (2015) implemented
by Marten and Garbaccio (2018). Two other lines of evidence provide support from other
industries. Okagawa and Ban (2008) estimate the elasticity of substitution between capital-
labor and energy inputs as being around 0.5, and Atalay (2017, Appendix B) estimates an
elasticity of substitution between a capital-labor composite and intermediates (potentially
including energy) of 0.4-0.8. Some computable general equilibrium models of energy use
assign an elasticity of substitution of 0.3 to nearly all sectors (see Turner, 2009), version 6
of the EPPA model uses an elasticity of substitution of 0.1 between resources and a capital-
labor composite in electricity production (Chen et al., 2016), and ADAGE uses an elasticity
of substitution of 0.6 between resources and a materials-value-added composite (Ross, 2009).

I fix two less important parameters, x and «, at 0.5. The theory showed that the critical
share parameters were the v;, not «, and sensitivity tests support this conclusion.*

The remaining parameters are each A;q, each ¥, each v;, n, v, and Ay. I describe n and
v below. For given values of these two parameters, I calibrate the other ten parameters so
that the first period’s equilibrium Y3, R;1, s;1, and p;; match data (see Table A-2). World
Bank data for global output from 2011-2015 imply that the value of the final good produced
over the first ten-year timestep is 765 trillion year 2014 dollars. Initial resource consumption
comes from summing consumption from 2011-2015, as reported in the BP Statistical Review
of World Energy.3® The International Energy Agency’s World Energy Investment 2017 gives
R&D spending on clean energy, on thermal generation, on coal production, and on oil and
gas production. I divide thermal expenditures equally between coal and gas and attribute all
oil and gas spending to gas. The first period must therefore have 12% of scientists working
on coal, 65% of them working on gas, and 23% of them working on renewables. I calibrate
each pj; to be consistent with levelized costs from IEA (2015). Using the market discount
rate of 7%, the median cost for coal is around 80 $/MWh, for natural gas combined cycle
plants is around 100 $/MWh, and for solar photovoltaics is around 150 $/MWh.37

These initial conditions and guesses for the A, and ¥; combine to yield the Yj;. I then

350ne might consider fixing x = 0.04 based on Golosov et al. (2014). However, their parameter corresponds
to the factor share of energy in Cobb-Douglas final good production, whereas here the relevant production
function is for energy and is not Cobb-Douglas.

36Natural gas and coal are used for electricity generation, heating, and industrial processes. I here ab-
stract from these differences. To obtain the energetic content of renewables from the reported tonnes of oil
equivalent, use BP’s assumed thermal efficiency of 38% to obtain the equivalent electrical energy and then
use a 20% generator efficiency to convert electrical energy to energy in the renewable resource.

37These costs have changed over time and can be affected by pollution regulations. Experiments suggest
that results are not highly sensitive to these choices.
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use the ratio of the final-good firms’ first-order conditions and the adding-up constraint on
the share parameters to solve for the v;:

1
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Now consider Ay. The climate-economy integrated assessment literature typically models
climate change as reducing total production. Letting T; be surface temperature relative to
1900, we have, following Nordhaus (2017),

Ay = [1—dT}] Ay

with d = 0.00236. The robustness check with higher damages increases d to 0.0228, from
the mean of the calibration to Pindyck (2019) in Appendix C.1 of Lemoine (2021), and
caps damages at 85%. In a change of notation, Ay, evolves over time in the numerical
application. Ay, is total factor productivity, which follows DICE-2016R (Nordhaus, 2017) in
growing initially at 1.48% annually, with the growth rate declining at a rate of 0.5% annually:

9
Ay (1) = Ay H [1 4 (0.0148)e~0-005+(10=(t=1)4)]

s=0

For the initial conditions and any given guesses for the A;o and ¥}, I set Ay to ensure that
initial final good production matches Y.

We now have the v;, /~ly1 (and thus Ayy), the initial conditions, and the guesses for the
Ajo and the U;. The levels of the intermediate goods’ prices then follow from the final-good
firms’ first-order conditions. We now require six conditions to pin down the A;, and the ;.
The zero-profit conditions for intermediate-good firms provide three conditions. The condi-
tions on the initial research allocation provide two more conditions, as II; ;/IIo; = 1 and
IT; 1 /113, = 1. These two conditions can be thought of as defining A, and A; as functions
of Ay and the ¥;. Final-good firms’ zero-profit condition provides the remaining condi-
tion, which can be thought of as pinning down the level of the final-good firms’ first-order
conditions. I begin solving any given system by minimizing the sum of squared percentage
deviations under constraints on the share parameters (as with Matlab fmincon) and then

using that result to obtain a more precise solution by solving the system of equations exactly
(as with Matlab fsolve).

A-3



Lemoine Energy Transitions September 2020

Now consider the innovation function. Only the product of n and 7 is important for
improvements in technology over time. I therefore fix 77 at 1 and explore several values for -,
as described in the main text. Changes in v do not affect the realized first-period technology
as the calibration of the A;, adjusts to offset . Instead, changes in vy affect how rapidly
technology evolves after the first period. Different values of v can be interpreted as different
step sizes for research advances, as different probabilities of research successes, and/or as
different sizes for the population of researchers.

Resource use generates carbon dioxide emissions that eventually cause warming. Time ¢
emissions are

3
Et =ec+ Z ejRjt.
j=1

I calculate the emission intensities of coal and gas by dividing emissions for each resource from
2010-2014 (from the Carbon Dioxide Information Analysis Center) by resource consumption
over the initial timestep. Other emissions € come from summing emissions from all other
reported categories, which includes emissions from 0il.*® The renewable resource does not
generate emissions (e3 = 0). The evolution of carbon and temperature over time follow
DICE-2016R (Nordhaus, 2017). Stacking the time ¢ atmospheric, upper ocean, and deep
ocean stocks of carbon in a column vector M;, the dynamics of the carbon stocks are

E;
M, =AM, + |0 |,
0

where A is a 3 x 3 matrix with positive entries that sum to 1 within each column and squaring
it adjusts for using a 10-year timestep. Surface temperature evolves as:

T =T+ Cy [ SR /M) 1(2) = 1734 031 - 1))

where M7 is the atmospheric stock of carbon (i.e., the first entry of Myy1), M. is the
pre-industrial stock of atmospheric carbon, and 7y is time ¢ ocean temperature. That ocean
temperature in turn evolves as:

TP, = CuTh + (1 — C)T?.

I adjust C4 and C for a 10-year timestep.
In contrast to the DICE climate-economy model, abatement cost emerges endogenously
within a period from the tradeoffs between fuels and evolves endogenously as technologies

381f there were no emissions from coal or gas, the (mostly oil) emissions € would raise global temperature
by 1.4°C in 100 years and by 3.5°C in 400 years. Future analysis could allow € to vary over time. This
extension is unlikely to affect the qualitative conclusions.
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and resource depletion change over time. Using v = 1 (7 = 6) and the initial period, a tax
of 1 $§/tCO4 reduces emissions by 13% (10%), a tax of 10 $/tCO4 reduces emissions by 17%
(15%), a tax of 50 $/tCO4 reduces emissions by 18% (18%), and a tax of 100 $/tCO; reduces
emissions by 20% (19%). There is no one agreed-upon estimate for emission reductions from
current taxes. The emission reductions from the smaller taxes are a bit larger than for
industrial emissions in DICE-2016R, and the emission reductions from the larger taxes are a
bit smaller than in DICE-2016R. The tax required to obtain a 5% reduction in emissions is
very close to the estimate for the U.S. in Morris et al. (2012), which is encouraging because
these emission reductions are close to the region of interest for optimal policy.

The base specification’s preferences follow DICE-2016R. Per-period utility takes the fa-
miliar power form in per-capita consumption, with elasticity of intertemporal substitution
EIS. The annual utility discount rate is p, set to 1.5%. Population L; evolves as in DICE-

2016R: )
L e~ 9L t—1
Ly = Ly (i) :

where I convert the DICE-2016R equation into a differential equation (with time in decades)
and solve it. The policymaker seeks to maximize utilitarian welfare W:

1-1/EIS
W= Z Lth(t—l) /L) :
— (14 p) 1-1/EIS

Table A-1 reports parameter values that are fixed across all specifications. Table A-2
reports market data used to calculate remaining parameters.

In the no-policy simulations, I solve each period’s equilibrium by solving for the research
allocation that maximizes scientists’ expected profits within a search for the extraction allo-
cation that clears the market for resources. For any given extraction allocation, I first check
whether a case with all scientists in the renewable sector generates greater expected profits
in that sector than in any other. If it does, the corner allocation is an equilibrium, but if it
does not, I solve for the research allocation between the coal and gas sectors conditional on
no scientists working in the renewable sector. If this allocation is also not an equilibrium,
I solve for the equilibrium allocation between coal and gas conditional on any number of
scientists in renewables and search for the number of scientists in working in renewables that
equalizes that sector’s expected profit to the expected profit from the other sectors that have
nonzero scientists.

To optimize policy, I search for the policy and extraction trajectories that maximize
welfare while clearing the market. This is a mathematical program with equilibrium con-
straints, which can be quite difficult to solve. I solve it by allowing the policymaker to control
not only each period’s tax and/or research subsidy but also each period’s three extraction
variables, three technology variables, and five climate variables, subject to the transition
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equations holding at every period and to the resource markets clearing in every period.?”
For each guess of controls, 1 solve for each period’s equilibrium allocation of scientists using
the rootfinding method described above. This problem is still a difficult bilevel programming
problem, with the lower level programming problem often finding corner solutions (i.e., it
is often true that some sector has no scientists). The key is that this form of the problem
allows for the provision of analytic gradients for the objective and constraints.*® Within
those analytic gradients, I obtain the derivatives of equilibrium scientists by applying the
implicit function theorem to the system of equations defined by equalized expected profits
(for those sectors for which scientists are interior) and by the constraint on total scientists. I
solve the model using the Knitro solver for Matlab (Byrd et al., 2006), trying several different
algorithms and retaining the best of the solutions.

39Tn the cases with the research control, I model the policymaker as choosing the number of clean scientists
directly, with the other two types of scientists clearing their markets conditional on this choice and with
the level of the subsidy implied by the resulting research allocation. This works better than having the
policymaker choose the subsidy directly.

40We essentially have a series of static problems once we condition on the expanded set of controls.
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Table A-1: Parameters fixed across specifications.

Parameter Value Description
Market parameters
€ 1.8 Elasticity of substitution in final-good production
o 0.4 Elasticity of substitution in intermediate-good production
K 0.5 Share parameter in intermediate-good production
o 0.5 Share parameter in machine service production
1, U9, U3 2.4,0.5,3 Resource supply elasticities
n 1 Probability of research success
Welfare parameters
p 0.015 Annual utility discount rate
EIS 1/1.45 Elasticity of intertemporal substitution
Ly 7403 Year 2015 population (millions)
Lo 11500 Asymptotic population (millions)
) 0.7 Rate of approach to asymptotic population level
Climate parameters
d 0.00236 Damage parameter
e1,€2,€3 0.0250, 0.0139, 0 Emission intensity of resources (Gt C per EJ)
e 37.7 Exogenous emissions per timestep (Gt C per decade)
Mpre 588 Pre-industrial atmospheric CO5 (Gt C)
A 0.88 Carbon transfer coefficient for atmosphere to atmosphere
A1o 0.196 Carbon transfer coefficient for upper ocean to atmosphere
Ais 0 Carbon transfer coefficient for deep ocean to atmosphere
Aoy 0.12 Carbon transfer coefficient for atmosphere to upper ocean
Aoo 0.797 Carbon transfer coefficient for upper ocean to upper ocean
Aos 0.0015 Carbon transfer coefficient for lower ocean to upper ocean
Asy 0 Carbon transfer coefficient for atmosphere to lower ocean
Asz 0.007 Carbon transfer coefficient for upper ocean to lower ocean
Ass 0.9985 Carbon transfer coefficient for lower ocean to lower ocean
Ch 0.2010 Warming delay parameter
Cs 0.088 Parameter governing transfer of heat from ocean to surface
Cy 0.05 Parameter governing transfer of heat from surface to ocean
f 3.6813 Forcing from doubling of CO2 (W/m?)
s 3.1 Equilibrium temperature change from doubling CO4 (°Celsius)
Mgtm 861 Year 2015 atmospheric COy (Gt C)
M® 460 Year 2015 biosphere and upper ocean COy (Gt C)
Mie 1740 Year 2015 lower ocean CO5 (Gt C)
Ty 0.85 Year 2015 atmospheric temperature (°Celsius from 1900)
Ty 0.0068 Year 2015 ocean temperature (°Celsius from 1900)
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Table A-2: Market data matched by the first period’s equilibrium (2011-2020). Resources
are ordered as coal, gas, renewable.

Endogenous Outcome Target Description
Y1 765 Global output in trillion year 2014 dollars
{R11,R21,R31} {1617,1278,224} Resource consumption in EJ
{p1,1,p2,1,p31} {80,100, 150} Energy prices in $/MWh
{s11,82,1,831} {0.12,0.65,0.23}  Shares of research
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B Additional Robustness Results

Tables A-3 and A-4 provide the analogues to the top four panels of Table 1 for the robustness
checks presented in Section 5.3 of the main text. Table A-5 reports robustness of the relative
value of policy to alternate calibrations. In all cases, the model is calibrated to match market
equilibrium as described in Appendix A.%!

The first rows in each panel of Table A-5 repeat results familiar from the main text.

The second rows increase o from 0.4 to 0.7, near the upper end of values consistent with
the literature (see Appendix A).*? Bringing o this close to 1 generates qualitatively different
laissez-faire dynamics. In particular, coal now increases its share of resource use and research
over time. In the case of small advances, this greater role for coal is largely at the expense of
gas. Renewables actually do slowly increase their share of research over the next century but
never claim much more than 60% of research before declining again. Their share of supply
never exceeds 24%. In the case of large advances, renewables never surpass a 47% share of
research or a 24% share of supply within 400 years. These dynamics are quite different from
the main text’s base case. As in that calibration, coal’s initial technology is of higher quality
than the technology used with either gas or renewables. With this larger value for o, the
supply expansion effect is too weak to drive a stark transition to either resource within the
400 year horizon. This case does not demonstrate the corner solutions typical of prior work
on climate and directed technical change that implicitly fix ¢ = 1, but its high-coal, low-gas
laissez-faire trajectories seem less realistic than the base specification.

Even though emission-intensive coal dominates the resource mix, the smaller scale of
fossil resource use leads to slightly lower temperatures than in the base case. As a result of
coal’s greater entrenched advantage and of these lower temperatures, the policymaker now
declines to use much policy, declining to shift all researchers to the clean sector when using a
clean research subsidy and waiting at least 50 years to implement a nonnegligible standalone
emission tax. In previous work with a slightly larger elasticity of substitution (e.g., the
implementation of Acemoglu et al. (2012) in Greaker et al. (2018)), the extreme nature of
lock-in allowed the policymaker to phase out an emission tax over time once technology
advanced to the point where lock-in worked in favor of renewables. However, here the
emission tax increases to high levels even after an early research subsidy helps renewables
to dominate supply.

The third row in the top panel increases e from 1.8 to 3.*® Laissez-faire dynamics are
qualitatively similar to the base case, except with a transition to renewables now not begin-

41T experimented with a value for o of 0.1, but trajectories explode to over 35°C, well past the point at
which losses from warming reach 100%.

42This value for ¢ is around the upper edge of values that can be successfully calibrated to market data.
Even here the fit to market data is not perfect for the case of large advances. Coal starts out with a slightly
greater share of research and resource supply than targeted, largely at the expense of renewables.

43Gtill-larger values lead to negative consumption per capita in laissez-faire in the case of small advances,
and even a value of 3 does so in the case of large advances (which is why this case is omitted from the table).
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Table A-3: Additional results for robustness to policymaking environment, for small advances
(vy=1.

Policy Scenario

Model Version No policy Emission tax Research subsidy Both instruments

Emission Tax in 2015 ($ per tCOy)

Base - 2.5 - 7.3
50-Year Delay - 0.0 - 0.0
Less Discounting® - 863.3 - 20.5
Higher Damages** - 463.6 - 83.1
Renewables’ Share of Resources in 2015 (%)
Base 7.2 10.7 9.2 13.7
50-Year Delay 7.2 7.2 7.2 7.2
Less Discounting* 7.2 16.6 9.2 14.1
Higher Damages** 7.2 14.4 9.2 13.3
Renewables’ Share of Scientists in 2015 (%)
Base 23.3 241 100 100
50-Year Delay 23.3 23.3 23.3 23.3
Less Discounting® 23.3 64.6 100 100
Higher Damages** 23.3 49.0 100 60.7
Temperature in 2115 (°C, relative to 1900)
Base 5.5 4.8 5.0 4.7
50-Year Delay 5.5 5.0 5.2 4.9
Less Discounting® 5.5 4.4 5.0 4.6
Higher Damages** 4.8 3.6 4.4 3.7

* Pure rate of time preference reduced from 1.5% to 0.01% per year, as in Stern (2007).
** Damages increased to calibration of Lemoine (2021), from survey evidence in Pindyck (2019).
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Table A-4: Additional results for robustness to policymaking environment, for large advances

(v =6).

Policy Scenario

Model Version No policy Emission tax Research subsidy Both instruments

Emission Tax in 2015 ($ per tCOy)

Base - 4.8 - 5.1
50-Year Delay - 0.0 - 0.0
Less Discounting® - 751.3 - 10.5
Higher Damages** - A77.2 - 106.1
Renewables’ Share of Resources in 2015 (%)
Base 7.2 10.5 12.5 16.7
50-Year Delay 7.2 7.2 7.2 7.2
Less Discounting* 7.2 16.1 12.8 17.4
Higher Damages** 7.2 14.5 12.8 17.6
Renewables’ Share of Scientists in 2015 (%)
Base 23.3 23.8 96.7 95.7
50-Year Delay 23.3 23.3 23.3 23.3
Less Discounting® 23.3 37.3 100 100
Higher Damages** 23.3 33.3 100 89.8
Temperature in 2115 (°C, relative to 1900)
Base 7.7 7.0 5.7 5.5
50-Year Delay 7.7 7.0 7.2 7.2
Less Discounting® 7.7 5.0 5.7 5.4
Higher Damages** 6.5 4.1 4.9 4.1

* Pure rate of time preference reduced from 1.5% to 0.01% per year, as in Stern (2007).
** Damages increased to calibration of Lemoine (2021), from survey evidence in Pindyck (2019).
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Table A-5: Balanced growth equivalent gain under alternate specifications.

Policy Scenario

Specification Emission tax Research subsidy Both instruments

Small Advances

Base 1.6 2.6 3.1
Larger o* 0.1 0.1 0.2
Larger ¢** 1.5 0.2 5.2
Optimal Machine Subsidy 2.0 2.9 3.6
Large Advances

Base 4.8 12.3 14.4
Larger o* 0.3 0.1 0.4
Optimal Machine Subsidy 7.1 12.9 15.2

* o increased from 0.4 to 0.7.

** € increased from 1.8 to 3.

ning within 400 years. The main policy difference is that the policymaker declines to shift
most scientists to the clean sector for around 200 years when using a standalone research
subsidy. The standalone research subsidy therefore creates little value. The reason for the
weak research subsidy is that a larger subsidy eventually drives consumption to extremely
low (and even negative) levels by exacerbating long-run warming. In contrast, the policy-
maker does choose to immediately shift all scientists to the clean sector when using both a
tax and a research subsidy. The emission tax controls long-run warming and the research
subsidy quickly ignites a transition, as in the main text. The combined policy again generates
substantially more value than does either standalone policy.

The final rows in each panel subsidize machine production to overcome distortions in-
duced by monopolists” pricing. This subsidy reduces the consumer price p;,; of machines
from a to o?. This subsidy is present in “laissez-faire” as well as in the models with climate
policy. In order to preserve comparability with other specifications, the model is recali-
brated to match market equilibrium even with this subsidy. Results are similar to the base
specification.

C Numerical Example

A numerical example will make the analytic results more concrete. Let there be three types
of energy (N = 3), which differ only in their quality v and in their initial technology. Let
the first type of energy represent coal, the second represent oil, and the third represent gas.
Looking back two hundred years, technologies for using coal were far more advanced than
technologies for using oil, which in turn were more developed than technologies for using
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Figure A-1: Top: An example of an innovation-led transition, with ¢ = 0.5. Bottom left:
An example of lock-in, with ¢ = 1.5. Resources 2 and 3 have nearly identical extraction
shares. Bottom right: Shares of global fossil energy supply, from Smil (2010).
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gas. I therefore fix the initial average quality of technology at 0.05 for coal, at 1% of this
value for oil, and at 0.1% of this value for gas. We can think of the quality of fossil fuel
resources as largely determined by the ratio of carbon to hydrogen bonds.** Energy derives
from breaking hydrogen bonds. Fuels with a lot of carbon and little hydrogen are considered
to be of lower quality because they are bulkier and more polluting. Coal is mostly carbon,
oil has more hydrogen bonds per unit carbon, and natural gas has the most hydrogen bonds
per unit carbon. I therefore set v, = 0.27 (for coal), v5 = 0.34 (for oil), and v3 = 0.40 (for
gas). 1

The top panels of Figure A-1 plot a case with ¢ = 0.5, and the lower left panel plots a case
with o = 1.5. The “coal” sector 1 begins with the majority of extraction and research activity.
In the case of resource-saving technologies (bottom left), research activity and extraction are
locked-in to the “coal” sector 1, which attracts all research effort in all periods and increases
its share of resource extraction over time. In the case of resource-using technologies, we
see innovation-led transitions. Research begins transitioning immediately towards the “oil”
sector 2 (top left panel), and extraction eventually follows (top right panel). The “gas”
sector 3 does not attract any research effort for a while and maintains a very small share of
extraction even as oil displaces coal. However, after 20 periods, research effort shifts strongly
towards the gas sector, and extraction shifts towards the gas sector after 60 periods. In the
long run, all sectors attract identical shares of research effort and maintain stable shares of
extraction, with their ordering determined by the quality v of each resource.

The endogenous dynamics of our setting with resource-using machines are qualitatively
similar to historical patterns. The bottom right panel of Figure A-1 plots resource shares
since 1800. The historical patterns in these shares are similar to the patterns that emerge
from our numerical simulations with resource-using machines: resource shares change rapidly
as a transition occurs, and transitions do not drive formerly dominant resources out of the
market. In fact, resource shares have been fairly stable since 1970. The historical patterns are
nothing like the patterns that emerge from our simulations with resource-saving machines.

D Tatonnement Stability

One may be concerned that interior equilibria are not “natural” equilibria in the presence of
positive feedbacks from resource extraction to innovation and of potential complementarities.
Indeed, Acemoglu (2002) and Hart (2012) have emphasized the role of knowledge spillovers

448mil (2017, 245) describes how oil is of higher quality than coal because it has higher energy density, is
cleaner, and is more transportable and storable. On page 270, he writes: “There has been a clear secular
shift toward higher-quality fuels, that is, from coals to crude oil and natural gas, a process that has resulted
in relative decarbonization (a rising H:C ratio) of global fossil fuel extraction...”

45The remaining parameters are Ay =1, e =3, =05, k=059 =3, ¥, =V, =03 =1, =1, and
~v = 0.5. The qualitative results are not sensitive to the choice of these parameters.
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in allowing interior research allocations to be stable in the long run. This appendix shows
that interior equilibria are in fact “natural” equilibria in the present setting.

Assume N = 2 and label the two sectors j and k. Rearranging equation (10) and using
sjt + sk = 1, we obtain sj; as an explicit function of A;;_1)/Aru—1) and of R;;/Ry at an
interior allocation.*® Substituting into equations (12) and (13) then gives us two equations
in two unknowns. This system defines the equilibrium R;; and Ry that clear the markets
for each resource.

Define the tatonnement adjustment process and stability as follows:

Definition A-1. A tatonnement adjustment process increases Rj; if equation (12) is not
satisfied and its right-hand side is greater, decreases R, if equation (12) is not satisfied and
its left-hand side is greater, and obeys analogous rules for Ry using equation (13). I say that
an equilibrium (R, Ry,) is tatonnement-stable if and only if the tatonnement adjustment
process leads to (R}, Ry,) from (Rji, Rit) sufficiently close to (R}, Ry,).

The tatonnement process changes R, and Ry, so as to eliminate excess supply or demand,
and tatonnement stability requires that this adjustment process converge to an equilibrium
point from values close to the equilibrium. This process is the same as that in Samuelson
(1941) and Arrow and Hurwicz (1958), except expressed in quantities rather than prices.

The following proposition shows that our equilibrium is tatonnement-stable:
Proposition A-1. The equilibrium is tatonnement-stable.
Proof. See Appendix E.2. O]

Now use equations (12) and (13) to define Rj; and Ry, as functions of sj,*" and then
restate equation (10) as a function only of s;;:

—1 1+o/v —a/Y
e Aje- ( Aja—1) + nrsiAje-1 )”‘““” (Rj (%‘t))"*““"’ [‘I’y} 7rai=o)

Iy Akt \Arg—1) +17(1 = 850) Agar) Ryi(55t) Ty
(A-1)
The following corollary gives us the total derivative of II;,/Il;, with respect to sj;:
Corollary A-2. The right-hand side of equation (A-1) strictly decreases in S;;.
Proof. See Appendix E.3 O

46Technically, this function should be written to allow for corner solutions in the research allocation. The
proof of stability will account for corner solutions.

4TRearrange equations (12) and (13) to put all terms on the right-hand side. For given sj;, the Jacobian
of this system in R;; and Ry is negative definite.

A-15



Lemoine Energy Transitions September 2020

The supply expansion effect makes the relative incentive to research in sector j decline in
the number of scientists working in sector j. However, when sector j’s share of resource
extraction increases in the relative quality of its technology, a positive feedback between
research and extraction maintains sector j’s research incentives even as more scientists move
to sector j. The proof shows, as is intuitive, that whether the relative incentive to research
in sector j declines in the number of scientists working in sector j is identical to whether
the equilibrium is tatonnement-stable: tatonnement-stability is not consistent with positive
feedbacks that are strong enough to overwhelm the supply expansion effect. And we have
already seen that interior equilibria are in fact tatonnement-stable.

E Proofs and Derivations

This appendix derives useful intermediate results before providing proofs and derivations
omitted from the main text.

E.1 Useful Lemmas
First, note that equations (8) and (9) imply

1— & siara [R,, |70 aa
thZ{ o ijt] [A—J] Ajt- (A‘Q)

gt

Rearranging equation (10) and using s;; + s = 1, we obtain sj; as an explicit function
of Aji—1y/Aki-1) and of Rj;/ Ry at an interior allocation:

A1y —(1-o)(1 a)& [[R.t/\p.]l/’/)] _
(RJt Ajii- 1)) (1+m7) (Ai(pl)) th [Rlit/\yi]l/w 1 (A-3)

Ry Ak—1 N 1)) “ﬂﬂ(l_wﬁ [[Rjz/\lfj]l/wr

ny +ny (Ak(t D Ryt | [Re/W3]M¥

Let X, , represent the elasticity of x with respect to y, and let X, ,. represent the
elasticity of x with respect to y holding z constant. The following lemma establishes signs
and bounds for elasticities that will prove useful:

Lemma A-3. The following hold, with analogous results for sector k:
1. Zyt7yjt, EYt,th € [O, 1] and ZYijt + ZYhth =1.
2. Eth,R]ﬂX

jt?

Eijth € [O, 1] and Zth,Rjt|th + Eyjt’th =1.

3. If o <1, then Xy, x,, — 0 as Aj;—1) — 00 and Yy, x,, — 0 as A1) — 00.
4' Eth,Ajt :% € (071)
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9. XX, Ry = oc(kfiqcpu;?a € (0,1]

6. Sy = 723 € [0,1)

7. S, = BEEDZ, >0, where Z € [0, 1] Sn, = S

8 VA, = —(1;";()t(j;a) (2;;77) Zy, which is < 0 if and only if o < 1. Z; is as above.
Visjt Aoty = " VsjrAse_1)-

9. X500 = —Skt/5jt <0

Proof. Most of the results follow by differentiation and the definition of an elasticity. #1
follows from differentiating the final-good production function Y;(Yj, Yi); #2 follows from
differentiating the intermediate-good production function Yj,(Rj, Xj;); #4 follows from dif-
ferentiating equation (A-2); #5 follows from differentiating equation (A-2) after using equa-
tion (2) to substitute for p;p, and using ¢ > a/(1 — «); #6 follows from differentiating
equation (5); #7 and #8 follow from differentiating equation (A-3); and #9 follows from the
research constraint.
To derive #3, note that

(1 - K’>thT

Eth,th =

o1 e
kR + (1— /i)th"
From (7), (8), and (2), we have:

[e3

1—x [Ru 1Y _ e
Xj =Aj <—/€ {X—Jt} \z 1/wRJl-t/w)

J

1 — K 71/1& L_;'_l G(lfg)+a
_ Y o
_Ajt( Ry, .

Xjs — 00 as Ajy—1) — oo, which implies with o < 1 that Yy, x,, — 0 as Aj;_1) — oc.
Analogous results hold for sector k.

To derive #7 and #8, define

Aj-1) _(1_0)(1_6“)& [Rye/ w510
Ap—1) Ryt | [Rge/ U]/ ¥

2

1+ <Aj(t_1)>(1g)(1a) Ryt [[Rjt/\pj]l/w :| g
Apt—1) Ryt | [Rie/ V]V

and recognize that s;; € (0,1) implies

(Aj(tn)_(l_a)(l_a) B {[Rjt/‘lfj]l/w]o c <—1 1+ m)
Api-1) Ryt [ [Rpe/W3]V/¥ L4y’

Z &
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from equation (10).
0

Note that Y x 4 and Xx r are the same in each sector. I therefore often omit the sector
subscripts on these terms.

Using s;; (g—g, %), the equilibrium is defined by equations (12) and (13), which are

functions only of Rj, and Ry;. Rewrite these equations as (suppressing the predetermined
technology arguments in s;;):

| = ki Ay {Yt (Rjt, Rt 55t (Rjt/Rkt))] e [th (Rjt, 55t (Rjt/Rkt))] e {ﬂ o 2G;(Rji, Ri),
Yie (Rjt, sje (Rje/ Rie)) R; v;

1=r(1- uj)A;Zl {Yt (Rt By s (Rjt/Rkt))} Ve {th (Rt 85t (Rjt/Rkt))} e {@] o
Yt (Rkta St (Rjt/Rkt)) Ry W

éCTyk(Rjta Rkt) .

We have:
Lemma A-4. an (Rjt, Rkt)/aRjt <0 and 8Gk(Rjt, Rkt)/ﬁRkt < 0.
Proof. Differentiating yields:
6R]t '@ZJ o RJ o € th aR]t 88]‘,5 8Rjt
4 li 8Yt 8Y]t 1 a}/;g 8Y]t aSjt 4 8Yt 8th aSkt 38]-,5
€ )/t 8Y}t 8Rjt 8th 8Sjt 8Rjt 8th aSkt 8sjt aRjt
G, 1 1
==ty — |- Ethszthjt - Eanth Zthijt + Eth,AﬁzAﬁ,sﬁzsﬁ,Rjt
Rjt @D o
1
€

{(1 - ZYt’th) <2th7Rjt|th + Eth:thszt’Rjt + Eth:thEXJ't’AﬁEAﬁ’sthSﬁ’Rjt>

- EY;hth Zth,sz Eth,Akt EAkt,Skt Zskusjt Esjt7Rjt:| } .

If the economy is at a corner in sj;, then ¥, g, = 0 and, using Lemma A-3, the above
expression is clearly negative. So consider a case with interior s;;. The final two lines are
negative. So the overall expression is negative if the third-to-last line is negative, which is
the case if and only if

1 1
0>— E + p [ -1+ Ethijt\th + Zthvth (Ethijt + EthvAjtZAjtvsthSjthjz)]

S DR O (it a7
R Yje, Rjt| Xje Yje, Xt ¥ o(l—a)+a
11 U+¢a+a(1—a)1i;;7;tzt
= — — 4+ —Eyvt’th — 14+ s (A_4>
¢ g Fit 1/} 0'(1 — Oz) + «
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where I use results from Lemma A-3. Note that li;fy?z'tzt < 3/4, which implies that
J
ato(l—a) 1i:1_'72jt VA
Eth,th oc(l—a)+a

Lol Using this, inequality (A-4) holds if and only if

2410y
a+to(l—a) 1+77'75jt Zt

a+o(l—a)
ato(l—a) 2107, ° (A_5)

14+nvsj ¢
1 Eanth ato(l—a)

1+

g
E ZEYJMXJT

ato(l—a) 217

lij;izzjt Z; < 3/4 implies that - +U(11i27)5j L < 1, which implies that the right-hand side of

inequality (A-5) is negative. Thus, inequality (A-5) always holds and 0G; (R, Ry:)/OR;: <
0.

The analysis of 0G},(R;i, Rit)/ORy: is virtually identical.

Now define the matrix G-

0G;(Rjt,Rit)  0G;(Rjt, Rit)

G FAY 6R]'t ORy¢
| 0Gk(Rjt,Ret)  OGk(Rjt,Rist)
OR;; ORn

We have:

Lemma A-5. The determinant of G is positive.
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Proof. Analyze det(G):

1 1
- =+ (_ - _> |:2th7Rktht + Zth,th (Zkasz + Zth,AktZAkt,SktESkquzZS]'uRkt):| }

o €

1 1
+ <_ - E) {Eth»Rthjt + EYJ'ijt <2th:Rjt + Eth:AjtEAjtvsthSjthjt)] }
1
o

1 1 1 1
+ { - E 5 + (g - E) [Eyjththjt + Zanth <2thijt + Eth,A]-tEA]-t,sthsjt,Rjt>

- EYthktEthAktZAkhSktZSktasjtEsjtaRjt:| }
1
E EYt,th Zth,Rkt\Xu + ZYkaktZkaRm + ZquthZkaAmEAkuSktESkt,Sjtzsjt,Rkt

+ ZYt,thEth,thZth,AthAjt,SjtZsjt,Rkt:| }

1 1 1 1
+ { - E — =t <_ - E) |:2th7Rkt|th + Eth,th <2thyRkt + Zth7Akt2Akt7SktEskt,sjtzsjt,Rkt>

o o

- Eth,th EijAjz ZAjtasjtZSjtaRkt:| }

1
{E EYtht Zth,RjHth + E}/jtaxthXjMRjt + EYqujtZth,AjtZAjt,SthSjt,Rj

+ ZYz,th Equth EthAkt ZAktaSkt Eskt,sjt Esjt,Rjt:| }

1 1

2
- (; - E) Eth,thEth:AjtEAjtvsjtEsjthktEYthktEthvAktEAkt:SktESkt»sjtzsjthjt7

where I factored G;Gy/Rji Ry Use Xy, yjt + Xy, y,, = 1 from Lemma A-3 and cancel terms
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with 1/€% to obtain:

1 1
det(G) OC{ - E - ; |:1 - EijRjt\th - Ethth (Zij,Rjt + ZthAjtZAjtijtZsjtaRjt):| }

1 1
{ - E - ; {1 - Zth,Rkt\Xu - ZYIkat (ZxktaRkt + EXkuAktEAkmSktEskt,sg‘tzsg‘tﬁkt):| }

1 1
- (; - E (EYquj EthijtEAjt:SthSjt:Rkt) (Eth:thZth:AktEAktzsktZsktvsjtzsjt’Rjt)

1
ag
1 111
+{—@—; R
[ - (EYkanthkt + Eth»thEth»Rkt + Zth,thExkt,AktzAkt,sktzskmSjtEsijkt)

+ Zth,th ZthAjt EAjtaSjt ESjtaRkt:|

1 1)1
v o€
{ N (Zth,Rjthjt + Xy, 5,0, Rye T EijthEthvAjtzAﬁ’sjtEsjt’Rﬁ)

+ ZYkz»thEth»AktZAkmSktE by Rjt:|

SktySjt T Sjt,

11
+ co Zyjt,Rjt|th + Eth,th Zth,Rjt + ZXjuAjtZAjt»sjtZSﬁ’Rjt

{ZquszlXu + EYIkat <2th7Rkt + EthvAktEAktvskt Eskt73jt23jt7Rkt>:| : (A'6>

All lines after the first three are positive by results from Lemma A-3. Expanding the products
in those first three lines and rearranging, those first three lines become:

1
2
1
+ o2 1 —Yxr Zth,thEth,th 1 —Yxr— Eth,AktZAkz,SkzZSkmsjtEsjuRkt - Eth:AjtzAjtysthSjthj

11
+ E;Ethkaz - EX,R - EkaAktZAm,SmESkt,SjtEsjt,sz

11
T oYX | b EXR T B0 E s sy
11
+ ;E (EyjthjtEthAjtZAjtysjtZSjtyRkt) (EYkaktEthyAktZAkhSktZSktijtEsjthjt) ) (A_7)
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where I write ¥y p because this elasticity is the same in each sector. At corner allocations
of research, ¥, r, = ¥s,, r,, = 0. In this case, (A-T7) is clearly positive. Now assume an
interior allocation of research, so that II;; = II;;. Note that

- ZX7R - EthAktZAktaSktEsktysjtzsjthkt - EthijtZAjtysthSjtijt

1 o (2+ny)? }
= l—a—a—-(1—-a)lo+ Ly ¢ A-8
@Z)a(l—a)+a{¢[ ] ( ) ¢](1+msﬁ)(1+mskt) t (A8)
Substituting for Z; and using equation (10) at IL;;/II;; = 1, we have
Zy 1

(L mysie)(L+nvse)  [2+m])
Equation (A-8) then becomes

g
I EX,R - EthaAktEAkhsktESkt:SjtZsjt:Rkt - ZthaAjtZAjhsjtZSjt,Rj - E
Substituting into (A-7), the first three lines of (A-6) are equal to
1
2
11
- E; - ZX,R Zth,thEYthkt
11
+ E;EYkau 1-— EX,R - ZthvAktEAkt:SktESkt»Sjtzsjt»Rkt
11
+ @;EY}'t,Xﬁ 1 - ZX,R - Eth,AthAjt,SthSjt,Rj
11
+ g; (EijthEth,AjtEAjmsthSijkt) (EYanktZanAktEAkt,SktESkt78thSjt7Rjt) : (A—9)

The final line is positive. Factoring 1/1), the first four lines are jointly positive if and only if:

1 1
0 SE + g [(1 - EX,R) (Esz,th + ZYJkat - Eth,thEth,th)

thZth,Ajt ZAjz,SthSijjt - Zth,sz Eth,Akt EAkt,Skt Zskusjt Esjt7Rkt:|

- Ey}'tv
1 1
:E + ; (Eijth + Eth,th - EthvXﬁEth’X’“)
1o+ 1

o w 0(1 — Oé) + o |:Oé (Zth,th + ZYkakt - Eyjt,thZquth)

1
+ 0(1 - Oé) (Eth:th(l + TI’YSkt) + Eth,th(l + 77753'1?)) 2+ 7]7:| )

(A-10)
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where we use ¢ Z Note that Xy, x;, +2v;,, X0 =50, X0 2V, Xy, INCTEASES

_ 1

) Tnysje) (I4nyske) — [24m]? J

in Xy, x., and thus reaches a maximum at Xy, x.. = 1. Therefore,
Jts<rgt Jts<r gt

2y X5 T DV X = 250X 2 X < L Xy, xp — Bvix, = L
Also note that Yy, x,, (1 +1v5k:) + Xy, x,,. (1 +17s5:) increases in each elasticity, and each
elasticity is < 1. Thus,
2550 (L 1078ke) + B, (L4 07850) < (L mysm) + (L4 0785¢) = 24717,
which implies

1
<1

Eth,th(l + 7775kt> + EYkakt(l + nfysﬁ)) 24ny

These results together imply that

a+o(l—a)
1
2+ 0y

> (Eijth + Eth,th - ZYJ‘ijtEthvth) + 0(1 - Oz) <2th7th(1 + 77'75kt) + Zquth(l + nlysjt))
(A-11)

Using this, we have that inequality (A-10) holds if and only if

o 1
E 2{ _ (Eijth + Xy, Xy — EijthEth:th) + 0(1 — a) Ta {04 (Zyjt,th + XX — ijt,thEth,th)
1
+ 0'(1 — a) (Eyjt,th(l + 77’75kt) + EYkakt(l + T]’YSjt)) 2+ nry:| }
1
{1 o m @ (Zyjt,th + XV X — EthvthEth’X“)

1 -1
+ U(l - Oé) (Eyjt,th(l + 7775k:t) + Ethvth(l + n/ysjt)) 24 77")/:| } ‘

(A-12)

The denominator on the right-hand side is positive via inequality (A-11). The numerator on
the right-hand side is equal to:

(Zv,x;0  Svie X — S50 SYer, Xae)

. (Zth,Xﬂ(l + 0vSkt) + Dy x, (1 + TWSjt))
1+ ———|a+o(l—a)

(2 + 777) (Eth,th + Eth,th - Eth7thEth7th)

(A-13)
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Consider the fraction in brackets. If that fraction is < 1, then the whole expression is
negative and we are done. I will now prove that the fraction cannot be > 1. Assume that
the fraction is > 1. Then:

(Zyjt,th(l + 77781615) + Eth,th<1 + 7778ﬁ)) > (2 + nry> (Eijth + Eth,th - Eth,thEth,th)

SNV EY,0x, + 1515 X0 = (L+17) (Bvy0x, + Sveexee) — 2+ 17) Sy, Bvie X

Assume without loss of generality that ¥y, x, > Xy,, x,,- Then the left-hand side of the
last line attains its largest possible value when s;; = 1. The inequality on the last line is
then satisfied only if

0> Ethth + (1 + nV)Zquth - (2 + UV)Zth,thEYm,th' (A_14)

The right-hand side is monotonic in Xy, x,. At Xy, x, = 1, the right-hand side is
1+ (1 + 777)2th,th - (2 + n’y)Eth,th =1- Ethant > 0.

But this contradicts inequality (A-14). Now consider the other extremum: Xy, x;, = 0. The
right-hand side of inequality (A-14) becomes:

(14+n7)2y,,.x,., >0,

which again contradicts inequality (A-14). Because the right-hand side of inequality (A-14)
was monotonic in Yy, x, and was not satisfied for either the greatest or smallest possible
values for Xy, x,, the inequality is not satisfied for any values of ¥y, x,,. Thus, the fraction
in brackets in (A-13) is < 1, which means that the right-hand side of inequality (A-12) is
< 0 and inequality (A-12) is satisfied. As a result, the first three lines of (A-6) are positive,
which means that det(G) > 0.

O

The next two lemmas establish how relative extraction and relative profit change with
the average quality of technology in sector j:

Lemma A-6. Deﬁne R(AjtaAkt) £ [R]t(AjtaAkt)/Rkt(A]taAkt)] Then (Z) 8R/6Ajt > 0
and (ii) OR/OAj; — 0 as Ay — 0.

Proof. 1 begin by using the implicit function theorem on the two-dimensional system ob-
tained from equations (12) and (13). Rewriting previous expressions for G; and Gy, to hold
s; fixed at some value s, the two-dimensional system becomes:

=1 [V, (Rjs, R, 550 = 5) Ve ry (Rit, 851 = 5) 1/o R;, -1/9 R

1= CAf Jty ) J gty =g J SEHA(R:. Rit: 5. =
mriy [ Y; (Rjt,sjt:s) R; v, ]< g Tk St )
el {Yt (Rjt, Rit, st = 8)} e [th (R, st = S)} e [Rkt

-1/9
1=r(1—v,)A — E2H.(Ri, R, s = ).
H( Vj) Y th(RktaSjtZS) Ry ‘I’k} k( dtr Skt St S)
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Fixing s;; = s makes A;; a parameter. I analyze the following:

OR(Aj, A) Ry {aRﬁ 1 ORy 1 }

O0Aj; R \0Aj Ry 0Aj Ry
_ OH; 9H, O0H; 9H, __ 9H,, 0H, O0H), OH;
_Rj [ 1 Toa,0Ry T 0Rw 04, 1 T 04, 0R; T 9, 04,
Rkt Rjt det(H) Rkt d@t(H)

Ry 1 {_aHj {L(‘)ijLL@Hk} OHy, [LaHjJFLaHjH
_Rkt det(H) 8Ajt Rjt 8Rkt Rkt 8Rjt 8Ajt Rjt 8Rkt Rkt 8Rjt .
(A-15)

Differentiation and algebraic manipulations (including applying relationships from Lemma A-
3) yield:

0H; 1 1 1
- =—Hj{——-X Yy X L X A ——
aAjt ]{0_ c YhYIct} Y5, X ¢ th,A]tAjt,
OHj, 1 1
:H —Z t ,tZ it 'tz it Ajt 4
8Ajt ke Yo Yie =Y50, X530 = X1, 4; Ajt
1 0H, 1 OHy H, 1 1
I il _ _1_ 1y 1_¥
Rjt (9Rkt + Rkt 8Rjt Rthkt 2/} o Y5, Xt X,R

1
+ EEYt,th |iEX,R - 1:| |:2th,th - EYthkt‘| }’

_|_ -
RjiORi R OR;; RjRi

1 0H; 1 0H; H; 1 1
. 8 7 J J { _ E _ _Eth,th [1 _ EX,R:|
o

1
+ EZYt,Ym {Ex,R - 1} {Em,xkt — Eth,Xﬁ} }

Using these in equation (A-15), we obtain:

OR(Aj;, Aw) 1 1 Ry H;H, 11 11
I TR il Sxal === )Syv,x. (= +=% 1—Sxnrl ).
DA, A, det(H) By BBy S \o ¢ )75\ 5 75 tia X1 = el
(A-16)

Now consider det(H). It follows from our analysis of det(G) with ¥4z = 0. Make this
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change in equation (A-6):
H;H,, 1 1
det(H —— — 2|1 =%y, kux, — Svex Sxn,
i = Rji Ry { v oo [ YieRe X Yie-Xje th:Ryt} }

1 1
{ — E — ; |:1 — EthaRkthkt - Eth,thZth:Rkt:| }

1 111

+ { - E - ;}EEY},th { - (EthaRkt|th + Zykt,thEth,Rkt>:|
1 111

+9 = v o EEYt,YM — | 2vjrux5 T 250, X0 25X, Ry

11

_; |:2th7Rthjt + Zyjt,thEthijt:| |:2th:Rkt|th + EthantZthaRkt:| ) .

Now analyze, using relations in Lemma A-3:

e\ o+ 0% [ ] P+ o 1 -9
det(H ZF Ty, |1- 5 S S VN I S
(H) = JtRkt( ¢ Vi, X; X,R vt Yie, X, X,R
1
{E —} 2y, <EYM Rie| Xie T %3, X3 20X, R)
1
{E —} XY Vit (Eyt RylX;e + EYﬂ,XﬂEXR>
11
+ - Eyyt Rjt| Xt + ZyjtantEX,R Zth,Rkt\th + Eth,thEX,R
HH ((1 1 11
= —R;Rkt {E + EEthXﬁ |:1 — ZX,R:| }{E + EEthant |:]_ — 2X,R:| }
111
+ = _ZYijt 1- Ethant(l - 2X,R)
o €
111
|1 - Yy x; (1 —=YxR)

+ {1 = yx (1 — EX,R)} {1 — Yy (1 — EX,R)} > :

From Lemma A-3, 1 — YXxpr =

%Jg:gﬁz Substituting det(H) into equation (A-16)

A-26



Lemoine Energy Transitions September 2020

have:

OR(Aj, A) 1 Ry 11 11
IR0 Akt) _ 2 Tyt (2 2wy o (=429 1—¥
aAjt A]t Rkt X,A o € Y, X5t ¢ + o thant[ X,R]

1 1 1 1

<{E + ;Zsz,Xﬁ |:1 - ZX,R:| }{J + ;Zquth |:1 - ZX,R:| }
1 1)1

+ {E + ;}EZYt,th |:1 = Yy (1= EX7R>:|

111
— 4+ — - 1—-v. v.(1=-X%
+ {w + U}e Yi Vi [ Ve X0 X,R)]

411 {1 (1 zX,R>] {1 Sl zm} ) U e

€0

>0.

We have established the first part of the lemma. To establish the second part, use Lemma A-3
in equation (A-17).
O

Lemma A-7. Fiz sj; = s. If 0 > 1 or o is not too much smaller than 1, then IL; /Iy,
increases i Ajq—1y. As Aju—1y — 00, 1L/l decreases in Ajp—1y for all o < 1.

Proof. To a first-order approximation, we have, with sj; fixed at s,
d h’l[H]t/Hkt]
dAje-1)

1 L+o/y  0A; O[Rji/ R Rie

1
= 1— +
Aj(tfl) |: o+ O{(l :| o+ O{ 1 — 0') 8A (t—1) 0/1]-,5 Rjt
1 1 WP —|— o O[Rji/Rit] Ryt
Aj(tfl) |: o+ O{(l — 0' :| w o+ Oé ) ( 77'75) 8Ajt Rjt
1 1— —1) 1 ;
Aj(tfl) o+ O!(l — 0') 'QD o+ CY( ) OAjt Rjt

The first term is positive if and only if ¢ > 1 and, using Lemma A-6, the second term is
positive. Therefore the whole expression is positive if ¢ > 1. The first term becomes small
for o close to 1. Therefore the second term dominates (and the whole expression is positive)
for ¢ not too much smaller than 1. Finally, Lemma A-6 shows that the second term goes
to 0 as Aj¢—1) — 00 if o < 1. Therefore the whole expression is negative if o < 1 and
Aj(t—l) — OQ.

O
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Finally, consider the evolution of relative extraction and thus of market size effects. From
equation (14), R;;/ Ry increases in sj. Define 5,1 as the unique value of s;41) such that
sector j’s share of resource extraction increases from time ¢ to t+1 if and only if s;41) > 5;41.
Lemma A-6 implies that .41 € (0, 1).

Lemma A-8. Ifo <1, then 5,41 > 0.5 if and only if Aju—1)/Arg-1) > [\Ifj/\llk]l/[(l_o‘)(prw.
If o > 1, then 5,41 > 0.5 if and only if Aje—1)/Are-1) < [\Dj/\llk]l/[(lfa)(lw)].

Proof. The change in Rj;/ Ry from time ¢ to t + 1 is

Riery  Ri  (Rjgsy — Rjt) R — (Ri+r) — Ri) Ry

Ris1y Rt Ri(t11) Ryt
O(Rj(t+1) — Ryt Rigyr) — Bie
R; Ry ’

where the first equality adds and subtracts R;; Ry in the numerator and the second line
factors R/ Ri41). To a first-order approximation, this is proportional to

dRj 1 (dRy d Ry

1 (dR,
B, (m [Ajern) — Aje] + A, [Aker1) — Akt}) o (m [Ajesr) — Aje] + A, [Aker1) — Akt}) ;

with the derivatives evaluated at the time ¢ allocation. Note that sj; is included in A;; when
differentiating with respect to A;;, which reflects that we will seek the allocation of scientists
that holds R;;/Ry constant. Defining H;(Rj;, Rit; s;¢ = s) and Hy(Rji, Rit; 80 = s) as in
the proof of Lemma A-6 and using the implicit function theorem, the previous expression
becomes:

1 _ OH; oHy OH; 9Hy _ OH; 9Hy OH; 9H,
0Ajt ORky ORy 0Aj¢ 0Akt OR ORyy OA
- J it A — A, kt Oy kt 98kt [ A — A
1 _6Hk 8H]' OHy, 6Hj _aHk aHj OHy aI{j
0A;t OR; OR;t 0A; 0Agts OR; OR;i 0A
o Jt gt gt gt A o A kt gt gt kt A - A
OH, OH, 1 9H, 1 0H,
e PN P A /T B L
X [ DA, Sj(t+1)Ajt oA, Sk(t+1) kt:| [Rjt DRy + Rt OR,,
OH}, OH}, ] { 1 0OH; 1 0H;
+ | =5 Aje + s At | ===+ ——=2 1, A-18
[aAﬁ DT g A, MV Ry ORy T Ry ORy, (A-18)

where the second expression factors n7y/det(H), which is readily seen to be positive by
altering the proof of Lemma A-5 to set the X, p terms to zero. Differentiation and algebraic
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manipulations (including applying relationships from Lemma A-3) yield:

_314]‘]15 Sj(H_l)Ajt B ﬁSk(t—H)Akt - Hj{; B EZYt,th}EYqujthjt,AjtSj(Hl)
1
o HjEEththEth,thZth,Akt(1 - 5j(t+1)>a
O OHj, 1 1
A, Sj+1)Ajt + 8Akt8k(t+1)z4kt :Hk{; — EZYtht}zykt,thEth,Akt(l — 5j(t+1))
1

+ HkEZYt,thZth,XﬂZXﬁ,AﬁSj@H)-

Substitute these and expressions derived in the proof of Lemma A-6 into (A-18) and factor
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EX,AHij/[Rthkt]:

1 1 1
{ - 5j(t+1){; — EEYt,m}ZYﬁ,Xﬁ —(1- 8j(t+1))gEYt,YmEYm,th}

1 1
{ — E — ;EYM,XM {1 — EX,R:| }

1 1 1
+ {(1 - Sj(t+1)){g - EEYt,th}ZYu,XM + Sj(t+1)zzn,mzyjt,xjt}

1 1
—_— v . v. 11 =3
{ b o YJ“XN( X’R>}
1 1

1 1
{ — Sj(t+1) [; - EEYt,YM} Yy Sy, — (1= Sj(t+1)){; - ;En,nt}xm,nﬁm,xkt}
1

T VY Y {1 - Zx,R] {Zm,xm - Ethvth:| {(1 — 8j(+1)) By Xee T 3j(t+1)Eth,th}

111 1 1
:Sj(tﬂ)EYmXﬁ{— {— e EEYt,th]

Vlo
1 1 1 1
1= Zxr ) | - 8viX — 22N D Xe — 2%y Y
111 1 1
- (1= Sj(t+1))Zth,th{E {; — Oy - EEYt,th]
1 1 1 1
+ ; 1— 2X7R EEth:th o EEYt’thEth:th - EEYE,YMEYM,XM
1
+ E |:1 - ZX,R:| |:2th,th - Eth,th:|
1 1 1 1
TS | o T Ve [ VY5 2 X (1= sj(41) — = vy Dy Bvie

1
- EEYt,thEn,Ym {(1 — Sj(t+1)) D, X T 3j<t+1)Eth7th} }
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11 1 1 1 1
:Sj(tH)Eijth{E {; - g] +- (1 - ZX,R) {; - EEYt,Ym} ZYM,XM}

111 1 1 1 1
— (1 —s; b — - = - —(1-=-X — — vy, | 2y, x.
( 8](t+1)) Ykmxkt{w |:O' €:| + O’( X,R) |:O’ c Yt,Ygt:| Ygt,XJt}

11 11
- 5j(t+1);g {1 - ZX,R:| vayjtzyjt,thZth,th + (1 - 3j(t+1))gg |:1 - EX,R} EYt,thZth,thEijth

111 1
=% {g - g] [Sa’(tﬂ)zyﬁ,xﬁ - (1= 5j(t+1>)2ykt,xkt}
1 11
(1= 2xm ) Svxi x| 28504 — 1) = — =\ L= 2xor |2y, X0 20y x| 285040 — 1
111 1 1/1 1
:E |:E — E} {Sj(t—kl)Zth,th - (1 - Sj(t—i—l))Zth,Xm} + pu (; - g) (1 - EX,R> EYM,XMZthijt <28j(t+1) o 1)

Substituting for X x r and rearranging, we obtain

1/1 1 Y[l — o] —«
S ; Yv. x| 1+ —F——7F——X
Y (U e) lS](tH) YooKt ( o(l—a)+a thx“)

Y|l —a] —«a
— (1 = 85(t41)) Evie X (1 + mzmxﬁ)] - (A-19)

This expression is positive if and only if the term in brackets is positive. Define s;,; as the
8j(t+1) such that Rj;/Riy = Rj+1)/Ri@+1). Then 5.4 is the root of the term in brackets.
Solving for that root, we have:

Zth Xkt Cjt
)
2y, x5Okt + 2y x, Ot

(A-20)

St4+1 =

where X, . is the elasticity of w with respect to z and where

11—« o
— Yvi. x., >0
(1—a)+a {7# l—a] YooKt ’

1—a a
th él + |:77/J — :| Zth,th > 0.
g o

Cj 21+
o

Thus,

R 1
{St+1 > 5} <~ {Zthant > Eth»th} )
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where the right-hand side is evaluated at S;;.
ticities, for intermediate-good production, and for
have:

zthkat zngt Xt

Using the explicit expressions for the elas-
X;: and Xy, (see equation (A-2)), we

o—1 o—1
1—k X Y 1-r)X, Y,
@0_( ) ] ( 1 )X Y (A-21)
Y Y 7
o—1 o—1 ]o 1
<0 <X Y; - X th"
-1  o-1 o-1  o-1 o-1  o-1 o-1 o1
ao g—1
e - g
{l—f ()] L
1< ;
1/ o(l—a)+a a)+a ] o= a)+a
i () BT
- o(—a—a/v) 202 o
N 1 < ( .)a(l a)+o¢ < ) To(l-—a)ta <Akt)o(1 a)ta
Rkt A]t

1+ nys
L+ nyske

\I/ X¢[a+0'(1 a)l
7 A e

> —xylato(l- a)](

Aje-1)
Ape-1) o)
-22

where the final line substitutes for Rj;/ Ry from equation (10) (which must hold for §;y

interior) and where
o—1

o(1 —a) + ][l + o /Y]

AL

X <

0iff o < 1.

The right-hand side of inequality (A-22) is increasing in s;; if and only if ¢ < 1. Therefore,
if 0 < 1, then 5,1 > 0.5 if and only if the strict version of the inequality does not hold at
sjt = 0.5, and if ¢ > 1, then 3,41 > 0.5 if and only if the inequality holds at s;; = 0.5. If

o < 1, then 3,1 > 0.5 if and only if

Aj-1)
Ak(i-1)

I

0
<Y
_\I/k 9

A-32

> | Y
= |7,
and if o > 1, then 5,1 > 0.5 if and only if

Aj-1)

Ak(i-1)

) x(1=a)[(1-0)(1—a—a/¢)—(1+0/1)]
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where 1[ ( )
——la+o0(l —« 1
0 £ L = > 0.

1=l -0)d-a—a/Y)=(A+o/P)]  (1-a)l+)

E.2 Proof of Proposition A-1

The tatonnement adjustment process generates, to constants of proportionality, the following
system for finding the equilibrium within period t:

Rjt —h(Gj(Rjt7 Rkt) - 1>7
Ry =h (Gk(Rjta Ry) — 1);

where dots indicate time derivatives (with the fictional time for finding an equilibrium here
flowing within a period t), h(0) = 0, and A'(-) > 0. The system’s steady state occurs at the
equilibrium values, which I denote with stars. Linearizing around the steady state, we have

5 an(Rjthkt) an(Rjthkt)

{Rjt o R;ft Rj - R;tl

RN
o Gy (Rje.Rir)  9Ck(RyeRin) | | R, — th] =n0)G |:Rkt _ R,

OR;, ORxt

where G is the 2x2 matrix of derivatives, each evaluated at (R}, Rj,). Lemma A-4 implies
that the trace of GG is strictly negative, in which case at least one of the two eigenvalues
must be strictly negative. Lemma A-5 shows that det(G) > 0, which means that both
eigenvalues must have the same sign. Therefore both eigenvalues are strictly negative. The
linearized system is therefore globally asymptotically stable, and, by Lyapunov’s Theorem
of the First Approximation, the full nonlinear system is locally asymptotically stable around

the equilibrium.

E.3 Proof of Corollary A-2

Now treat equations (12) and (13) as functions of Rj;, Ry, and s;; (recognizing that sy =
1-— Sjt):

1= /-@V-Aezl [Yt(Rﬁ’Rk‘t?Sﬁ)} Ve {Y}t(Rjta Sjt)] He |:Rjt:| —1/4
1Y Y} (Rjt7 Sjt) Rj \I’J
= {Y;(RjtaRkt?Sjt)} Ve {th(Rktasjt):| /e [Rkt

—1/4
1=r(1—v;)Ay — 2G(Rje, Ri; 51t)-
KO N B ) Ry \Pk} B B o)

ééj(Rjta Ryy; 3jt)7
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This system of equations implicitly defines R;; and Ry as functions of the parameter s;;.
Define the matrix GG analogously to the matrix G. Using the implicit function theorem, we
have

0G5 oG 0G; oG 9Gy 0G; | 9G, 9G;
OR;y :_asj]tﬂ,ft Dy D50 and OB _ 05y DRy T OR,; 9syr
Dsjt det(G) dsjt det(G)
Interpreting equation (10) as implicitly defining s;; as a function of Rj and Ry, we have:
Ol /M) O[T ¢ /Tge]
aSjt _ 5Rjt and asjt _ #
OR O ;¢ /Tgy] ORy O 52 /Mpe]
J 0sjt Osj¢

and thus
O/ Mke] _  OlMje/Tya] O35 o OlLie/Thke] _ OlTLye/Thi] Osje
OR;y Osjy  ORj ORy: 0sjy  ORp
Using these expressions, consider how the right-hand side of equation (A-1) changes in sj:
AT/ Me] _ OMLje/Tke] | OLje/Mie] O  OLje/Mie] ORe

det aSjt aRjt aSjt 8Rkt aSjt
O[IL,,/1L)
aSjt
3Gj oG 8éj oG oG 8éj oG 3Gj
Ol /Ty Dsje ~ sy 08 + R o5y OMLie/Tke] Osje ~ oy, oy + oRyi 050
Osje  ORy det(G) Osjt ORp det(G)

o 0G; 0G),  0G; 9G,
OR;1 ORiy  ORy ORjy
 9s; 0G; Gy L 95 0G; 0Gy,  9s; 0G), 9G, L Osie Gy G,
ORj; 0sjs ORyy  ORj1 ORyy Osjy ORp 0sje ORjy  ORyy ORjy Osjy
_ [0G; 0G),  9G; 9sy 0Gy  OG; 9G), Dsyy
T (aRﬁ ORy  Osj; OR; ORy = ORj; sy 8Rkt>
dG; aG), N dG; dsj; OG), N dG; Gy, s,
ORw OR;y  0sju ORk ORjy  ORyy Osjy ORjy
= — det(G).
The third expression factored det(@), which is positive by the proof of Proposition A-1
for a corner solution in s;, and it also factored O[I1;;/Ily;]/0sj;, which is negative. The
final equality recognizes that the only difference between the equations with a hat and the
equations without a hat are that the equations without a hat allow s; to vary with R

and Ry;. Lemma A-5 showed that det(G) > 0. Thus the right-hand side of equation (A-1)
strictly decreases in s;;.
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E.4 Proof of Lemma 1

Under the given assumption that v = 0.5 and ¥; = ¥;, we have Rj; = Rj; when Aj,_) =
Api-1y and sj; = 0.5. Therefore, it is easy to see that Il;/Ily; = 1 at sj; = 0.5 when
Ajit-1) = A1) By Lemma A-7, increasing Aj;_;) increases I1;; /11y, if either o > 1 or o
is not too much smaller than 1. In those cases, Corollary A-2 gives us that Aj;_1) > A1)
implies si > 0.5. The lemma follows from observing that Aj;;_1) > Age—1) and ¥; = U,

imply that Ajq_1)/Arg-1) > (V;/Ty) /(10

E.5 Proof of Proposition 2

To start, let Assumption 1 hold. From Lemma A-8, 5,41 < 0.5. Therefore sj, > 5:41.
Assume that s 1) < Sj1,- From equation (10), ILj¢41)/Tk+1) increases in Ajy, /Agy, for
any given s;(o4+1) if o > 1. Therefore, for the equilibrium to have s;(,41) < sji,, it must be
true that Rj.,/Ri, > Rjto+1)/ Ri(to+1) and thus sji41) < 441. From Corollary A-2 and
Sjty > Stg+1, it must be true that I1;, /Il > 1 when evaluated at $;,41. Because Rjy, /Ry, =
Rjo+1)/ Bito+1) I 8j0+1) = Sto1 and Ajug /Arey > Ajtg—1)/Arito-1) by 8ji, > 0.5, it therefore
must be true that Hj(t0+1)/Hk(t0+1) > 1 when evaluated at $;41. By Corollary A-2, it
then must be true that s;y,41) > 5,,41. We have a contradiction. It must be true that
Sj(to+1) = Sjto-

Because Sjiy+1) > Sjt, > 0.5 > 8441, it follows that Ry /Riy, < Rjto+1)/ Reo+1) and
Ajto [ Akty > Ajto—1)/Ak(to—1). Therefore Assumption 1 still holds at time ¢y + 1. Proceeding
by induction, sector j’s shares of research and extraction increase forever: resource j is
locked-in from time tq if 0 > 1 and Assumption 1 holds at time t,. We have established the
first part of the proposition.

Now consider the remaining parts of the proposition, no longer imposing Assumption 1.
We know that II7,/TI;, = 1 when s7, € (0,1). Assume that s}, € (0.5,1). By Lemma A-
7, Wj¢t11)/Hpe1) > 1 when evaluated at s7,. Therefore, by Corollary A-2, Si+1) > Sjt-
Analogous arguments apply when s%, € (0,0.5). We have established the second part of the
proposition.

By the foregoing, the only possible steady states are at s3, = 0.5, sj, = 0, and s}, = 1.
We just saw that a steady state at s7, = 0.5 cannot be stable (should it even exist). When
s3, = 1, only Aj;_1) changes over time, increasing by nvA;;—1) at each time . By Lemma A-
7, Hj(t0+1)/Hk(t0+1) > Hjto/Hktg if Sj(to+1) = Sjto- If Sjty = 1, then Hjto > Ilj,, in which case
Wjto+1) > Wrtor1) i Sj(to+1) = Sjto- It is then an equilibrium for s7, to equal 1 for all ¢ > #,.
An analogous proof covers the case where s}, = 0.
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E.6 Proof of Proposition 3

First consider whether a corner allocation can persist indefinitely. If s, = 1 for all ¢ > 7o,
then Aj;;_1) = 0o as t = oo and, by Lemma A-6, R;;/ Ry goes to a constant. In that case,
from equation (10), IT;; /Il goes to zero for all s;. But Il /Il cannot be zero if si =1
because s}, = 1 implies that IL;;/Tlz; > 1. We have contradicted the assumption that s3, = 1
for all ¢ > t;. Analogous arguments show that it cannot be true that s;, = 1 for all ¢t > .
It therefore must be true that, for all ¢y, there exists some t > ¢, such that s7, € (0, 1).
Because a corner research allocation cannot persist indefinitely, A;; and Ay, both become

arbitrarily large as t becomes large. From equations (8), (9), and (2), we have

@

o(l—a)

1 c(l—a)+a __1l-a
Rjt /¥ 11—k (I—a)+ Rjt s0—a)Fa
Xie=93 [\ 5. 1 Aje
J K jt
_ ol emmeTa  _ol-a)  a(lto/w)
_ \Ij_l/w 1 K (1—a)+ Aa(l—a)+o¢ Rg(l—a)+a
J K gt gt .

X+ and X}, thus also become arbitrarily large as ¢ becomes large. This in turn implies that
Y, = ko TRj; and Yy, — k-1 Ry, as t becomes large. From equation (14), we have:

J
Ru 7™ v [9] R
Rkt 1_V \I/k Rkt

as t becomes large. Therefore, as t — oo,

R
Rjt U \I/j 1/¢ ) v
— — . A-2
Rkt - { 1—v |:\I/k;:| ( 3)

Define Q, £ Aji /A, so that

. 1 +7778jt
, =
L+ny(1 = s5)

Q1. (A-24)

Because a corner allocation cannot persist indefinitely, IT7,/TI;, = 1 for some ¢ sufficiently
large. Using this and equation (A-23) in equation (10), we have:

ey \ 140/

L+ nyss, _q-(-0)-a) v Vel e v, ol
L+mgy(l—sy) 1 1—v |, '
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Therefore, from equation (A-24),

" % 1+o /1 iy
Q — Ql-(1-90-a) vy ‘ A
P 1—v |0, T, '
Define €, £ In[(;]. We then have:
A ~ v [ “* .17
Q=1-01-0)1-a)]Q1+In {l—y [\I/_ﬂ } [\II_Z]

This is a linear difference equation. For o < 1, the coefficient on Qt,l is strictly between 0
and 1. The linear difference equation is therefore stable. The system approaches a steady
state in €, and therefore in ;. From equation (A-24), any steady state in €, must have
si; = 0.5. Therefore as ¢ — oo, s7, — 0.5. We have established the first result.

Equation (A-23) implies that if v; = 0.5 and ¥; = W}, then R}, = R},. Further, if v; > 0.5
and W; > W, with at least one inequality being strict, then R}, > Rj,. Now substitute into
equation (10) and use sj; = 0.5:

140/
—0-0)-a =5\ THei=a o/t
Hjt N <Aj(t—1)) ot+a(l—0o) v |i\Ijj:| 1/¢ + {\I’J:| TTa(i=o)
gy Ak—1) I—v [P Uy,

—(1-0)(1—)

o+ € e—o 1
_ <Aj(t1) ) ota(l—o) ( Vj > ota(l—o) e+ (\I{]) octa(l—o) e+9
- )
Ap—1) 1 - Uy,

and this must equal 1 because s3, = 0.5. Therefore, if v; = 0.5 and ¥; = W), then Aj; = Ay,
and if v; > 0.5 and ¥; > ¥, with at least one inequality being strict, then A;; > Ay. We
have established the second and third results.

Finally, as t becomes large along a path with s}, = 0.5, using previous results in equa-
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tion (12) yields:

1/4 LTy q-1/o
& / A & : & /
\1/] 14y }/t Y}

r o —1/e
e—1 o1 R s 11/0
=k ;A BT e Y, gt [/iﬁ]
- —1/e
e—1 ﬁR - ]./0'
=K 1V; Ay R Jt ——— [/{ﬁ]
AY}/jt <Vj + (1 — l/j) (%) ‘ )
r —1/e

e—1 1 o 1/0’
= VJAY e—1 e—1 |: 7:|
Ay (Vj + (1 =) (%’;Z) e )

vy =) () ] - (A-25)

From equation (A-23), R,/ Ry, becomes constant as ¢ becomes large. Then from (A-25), R},
approaches a constant. An analogous derivation establishes that Rj, approaches a constant.
We have established the final result.

g
=vjKko-1 Ay

E.7 Proof of Proposition 4

Let time w > t, be the first time after ¢y at which sector j’s share of extraction begins decreas-
ing, so that R;;/Rie < Rj(w41)/ R+ for all z € [to,w—1] and R/ Riw > Rjw+1)/ Riw+1)s
which in turn requires s;, > 3, for all « € [to+ 1, w] and sj(y41) < Swt1. Note that s;, > 0.5
implies that Aji, /A, > Ajio—1)/Ako—1)- Assume that sector j’s share of research begins
declining sometime after its share of extraction does, so that s;, < s;11) for all z € [ty, w].
Then we have A, /Agy > Aju—1)/Ak@—1) for all z € [tg,w+1], and thus A;, /Ay, > [V, /¥
for all = € [tg, w + 1]. Using this with Lemma A-8 and ¢ < 1 then implies §,41 > 0.5 for all
x € [tg, w+2|. Combining this with the requirement that s;,, > §,,, we have s;, > 0.5. From
equation (10) and o < 1, we then have s;(wi1) > Sju only if Rj,/Riw < Rjws1)/ Riw+1)-
But that contradicts the definition of w, which required R,/ Riw > Rjw+1)/ Riws1)- Sector
j’s share of research must have begun declining no later than time w. We have shown that
a transition in extraction occurs only after a transition in research.

We now have two possibilities. We will see that the first one implies that s;, > 0.5 at all
times = € [t + 1, w] and the second one generates a contradiction.

A-38



Lemoine Energy Transitions September 2020

First, we could have Ajg_2)/Ag@—2) > [q;j/\pk]9 at all times = € [ty + 1,w]. Then by
Lemma A-8, §, > 0.5 at all times x € [ty + 1,w]. The definition of time w then requires
Sjz > 0.5 at all times x € [to + 1, w].

Second, we could have Aj(,_9)/Agz—2) < [W;/0,)° at some time z € [ty + 1,w]. In order
for this to happen, it must be true that s;, < 0.5 at some times z € [ty + 2,w].*® Let
z be the first time at which s;, < 0.5. Aji,-1)/Ak@e—1) > (W, /W] and s;, > 0.5 for all
x € [to, z—1] imply that Aj(,_s)/Ag—2) > [¥;/¥,]%, which implies by Lemma A-8 and o < 1
that 5. > 0.5. So we have s;. < 3., which means that R;._1)/Rp:-1) > R,;./Ry.. But this
contradicts the definition of time w as the first time at which sector j’s share of extraction
begins decreasing.

Therefore, we must have Aj,_2)/Ap@_2) > [\I/j/\lfk]e and sj, > 0.5 at all times z €
[to + 1,w]. Observe that s;; > 0.5 at all times x € [to, w| implies Aj,/Arz > Ajz—1)/Ar(z—1)
at all times x € [ty, w]. We have shown that a transition in technology happens only after a
transition in extraction. We have established the first part of the proposition.

Now consider the first time z > ¢, at which R;, < Rj,. Assume that ¥; > ¥, and
that s;, > 0.5 for x € [t,z]. Assumption 1, ¥; > Uy, and s;, > 0.5 imply A, > Ay,
for x € [ty,2]. Using o < 1, we see that Aj._1) > Ap—1), ¥; > ¥y, and R;. < Ry,
imply that the right-hand side of equation (A-1) is < 1 when evaluated at s;, = 0.5. So by
Corollary A-2, time z equilibrium scientists must be less than 0.5. But s;, < 0.5 contradicts
Sjz > 0.5 for @ € [to, z]. Therefore, if ¥; > W, then there must be some time = € [, 2]
at which s;, < 0.5. We have shown that if ¥; > W, then sector & must begin dominating
research before it begins dominating extraction. We have established the second part of the
proposition.

Finally, let v; = v and ¥; = ¥,. By Proposition 3, A;; = Ay in the steady-state
research allocation. But Assumption 1 ensures that Aj,, > A,. Thus there exists t; > ¢
such that s;;, < 0.5. By the foregoing parts of this proposition, a transition in research, a
transition in extraction, and a transition in technology must happen between t; and ¢;. We
have established the third part of the proposition.

E.8 Intermediate steps for Leontief special case

From equation (8),
_l=a
PixtXjr = X}t/aAjt o
And from equation (2),

1+
m

—1/v
ijtRjt = ‘Ifj / Rjt .

48Recall that sj; > 0.5 and Sj(t+1) = Sj¢ imply 8541y > 0.5.
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Intermediate good producers’ zero-profit condition is

1+ 11—«
—1 1o pf==
pjtYe :\I’j /ijtw +th/ Ajt .
Substituting for pj; from the final good producers’ first-order condition and then setting

Xt = Rj and Y = Ry, we have:
1+v
P

vY = Ay Ry l\lgl/w}z. +Rl./az4.—?’} |

9t 9t gt

Using ¢ = a/(1 — a), we have:

lfe_i_l 1l

1/e 1= = = —ize
v YV =AF R e [qf = AL }

J J J

An analogous result holds for sector k. Equation (18) follows.
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