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1 Introduction

A pressing empirical agenda seeks to estimate the economic costs of climate change. Ig-
norance of these costs has severely hampered economists’ ability to give concrete policy
recommendations (Pindyck, 2013). The challenge is that although variation in climate has
been primarily cross-sectional, cross-sectional regressions cannot clearly identify the effects of
climate.! Seeking credible identification, an explosively growing empirical literature has re-
cently explored panel variation in weather.? The hope is that variation in transient weather
identifies—or at worst bounds—the effects of a change in climate, which manifests itself
through weather but differs from a transient weather shock in being repeated period after
period and in affecting expectations of weather far out into the future.

I here undertake the first formal analysis that precisely delineates what and how we can
learn about the climate from the weather. Linking weather to climate requires analyzing a
dynamic model that can capture the distinction between transient and permanent changes
in weather. I study an agent (equivalently, firm) who is exposed to stochastic weather
outcomes. The agent chooses actions (equivalently, investments) that suit the weather, but
adjusting actions from period to period is costly. When choosing actions, the agent knows the
current weather, has access to specialized forecasts of the weather some arbitrary number of
periods into the future, and relies on knowledge of the climate to generate forecasts at longer
horizons. A change in the climate shifts the distribution of potential weather outcomes and
alters the agent’s expectations about future weather.

I show several novel results. First, I show that estimating the effects of weather on actions
understates the long-run effect of climate on actions. Much empirical research has sought to
estimate the consequences of climate change for decision variables or functions of decision
variables, including productivity (Heal and Park, 2013; Zhang et al., 2018), health (Desch-
enes, 2014), crime (Ranson, 2014), and energy use (Auffhammer and Aroonruengsawat, 2011;
Deschénes and Greenstone, 2011). Many economists have intuited that short-run adaptation
responses to weather are likely to be smaller than long-run adaptation responses to climate
(e.g., Deschénes and Greenstone, 2007). I show that the critical ingredient for this result is
adjustment costs, not expectations of future weather. The actions an agent takes in response
to a transient weather shock are constrained by the agent’s desire to not change actions too
much from period to period, but when the same weather shock is repeated period after pe-
riod, even a myopic agent eventually achieves a larger change in activity through a sequence
of incremental adjustments. I demonstrate that combining short-run adaptation responses
to weather realizations with short-run adaptation responses to weather forecasts can better

!For many years, empirical analyses did rely on cross-sectional variation in climate to identify the economic
consequences of climate change (e.g., Mendelsohn et al., 1994; Schlenker et al., 2005; Nordhaus, 2006).
However, cross-sectional analyses fell out of favor due to concerns about omitted variables bias. See Dell
et al. (2014) and Auffhammer (2018b) for expositions and Massetti and Mendelsohn (2018) for a review.

2For recent reviews, see Dell et al. (2014), Carleton and Hsiang (2016), and Heal and Park (2016). Blanc
and Schlenker (2017) discuss the strengths and weaknesses of relying on panel variation in weather.
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approximate long-run adaptation to climate. Further, I show that agents respond to fore-
casts only because they face adjustment costs. Estimating responses to forecasts therefore
allows for a nice test: if actions are much less sensitive to forecasts than to weather and
agents are patient over the forecasts’ timescales, then adjustment costs may be small and
responses to weather may approximate responses to climate.

Second, I show that the marginal effect of climate on steady-state expected payoffs is
equal to the average treatment effect of weather in the current climate. Much empirical
research has sought to estimate the consequences of climate change for flow payoffs such
as profits (e.g., Deschénes and Greenstone, 2007) and for variables such as gross output or
income that are potentially related to aggregate payoffs (e.g., Dell et al., 2012; Burke et al.,
2015; Deryugina and Hsiang, 2017). I show that an easily estimated function of weather
is a sufficient statistic for the impact of limited climate change on such variables.® This is
a surprising and powerful result. Changing the climate is equivalent to changing expected
weather in all future periods, yet transient weather shocks identify the marginal consequences
of climate. The analysis implies that empirical work should bin locations by climate (e.g.,
by long-run average temperature) and estimate a single coefficient on weather (e.g., realized
temperature) within each bin. The estimated coefficients describe the effect of marginally
changing a location’s climate on steady-state payoffs, and summing coefficients across bins
describes the effect of nonmarginal climate change on steady-state payoffs. Time series
variation therefore identifies the consequences of marginal changes in climate and cross-
sectional variation identifies the consequences of nonmarginal changes in climate.* Care
should be taken, however, in extrapolating to very large changes in climate. Estimating
the consequences of such large changes will require pushing the available cross-sectional
variation beyond the limits of credible identification and may simply be beyond the reach of
reduced-form methods.

Figure 1 depicts the intuition underlying the average treatment effect result. Consider
estimating the effect of temperature on agricultural profits, as in Deschénes and Greenstone
(2007). Each solid curve in the left panel plots profits as a function of current inputs (such
as labor and irrigation), conditional on growing season temperature being either typical or
hot. Agents maximize profits by choosing inputs at the points labeled a and b. The dotted

31 describe the average treatment effect of weather as a sufficient statistic because multiple combinations
of structural parameters can yield the same welfare consequences. Estimating the average treatment effect
of weather does not recover all deep primitives but does provide a credibly identified estimate of marginal
climate impacts (compare Chetty, 2009).

4The combination of panel and cross-sectional variation is similar in spirit to, for example, Auffhammer
(2018a), except that the suggested approach estimates a coefficient on weather that can vary with the climate
rather than estimating a coefficient on weather that varies with both the weather and the climate. (Deryugina
and Hsiang (2017) estimate nonmarginal impacts in a different fashion, by allowing the effect of a weather
realization to be nonlinear in its frequency.) The use of cross-sectional variation raises the usual concerns
about identification. Results in the appendix suggest a sanity test: moving between climates should not
have a stronger effect than do extreme weather events within the current climate.
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line connecting points a and b then gives the effect on time t profits of time ¢ temperature.
Because profits are flat in inputs around point a, small changes in temperature do not
have first-order effects on profits through input choices. This is the content of the envelope
theorem, as applied by Deschénes and Greenstone (2007) and subsequent literature. If
climate differs from weather only through beliefs that affect input choices, then the effects
of climate are identified by the effects of transient weather shocks (Hsiang, 2016; Deryugina
and Hsiang, 2017).

However, envelope theorem arguments miss the dynamics that distinguish climate from
weather. Now imagine that changing inputs imposes adjustment costs, so that time ¢ profits
also depend on time ¢ — 1 inputs. A change in climate means that previous years were hot
and subsequent years are also expected to be hot. If last year was hot, then last year’s
input choices reflect that outcome and it becomes less costly to choose high inputs this
year. The dashed curve in the left panel of Figure 1 plots profits in a current hot year
conditional on having already adjusted last year’s input choices in response to last year’s
being hot. The inputs that maximize this year’s profits increase to point ¢ because they are
less constrained by last year’s choices. Now consider the implications of agents expecting
the subsequent year ¢t + 1 to once again be hot. Applying more inputs at time ¢ carries the
dynamic benefit of reducing time ¢+ 1 adjustment costs. As a result, the dynamically optimal
input choice is point d, where the marginal effect on this year’s profit is negative but the
marginal effect on expected intertemporal profits is zero (equation (2) below). The dotted
line connecting points a and d then gives the change in profit corresponding to permanently
increasing temperature. In line with intuition in Deschénes and Greenstone (2007), long-run
adjustments potentially make the effects of a permanent change in weather less severe than
the effects of a transient change in weather.

But how can we estimate the dotted line connecting points a and d? The right panel of
Figure 1 again plots profits as a function of current inputs, but it holds current weather fixed
between curves and instead varies only the previous year’s input choices. The curve labeled
“ss” depicts profits when the typical temperature has occurred many years in a row, so that
previous inputs reached a steady state. The other two curves depict this year’s profits under
the typical temperature outcome but with higher (“H”) and lower (“L”) choices of inputs in
the previous year. The adjustment costs imposed by these past choices constrain this year’s
choice of inputs and thereby reduce profits.

The dotted curve gives the effect on myopically optimized profits of changing last year’s
input choices. This curve has a peak at the myopically optimal labor input implied by curve
“ss”. Around this point (labeled 1), a permanent change in weather does not have first-order
effects through past input choices. So the left panel’s point ¢ converges to point b. Now
imagine that the agent expects the typical temperature to also occur next year. Because
this year’s input choices do not have first-order effects on next year’s profits around point 1,
the myopically optimal input choice is also dynamically optimal. So the left panel’s point d
converges to point ¢. Combining these results, line a-b converges to line a-d around point
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Time t Profit
Time t Profit

Time tInputs Time t Inputs

Figure 1: Left: Profits against inputs, conditional on temperature. Line a-b gives the effect
on profits of increasing temperature from “typical” to “hot” in the absence of long-run
adaptation. Line a-d accounts for adaptation to previous hot years and for expecting next
year to again be hot. Right: Profits against inputs, conditional on past input choices. The
curve labeled “ss” sets previous inputs to the steady state that would result if the current
temperature were maintained forever.

1, so that the treatment effect of a transient weather shock indeed recovers the effect of
permanently changing the weather. However, an econometrician may not know which obser-
vations in a data set are near a steady state. I show that averaging over potential previous
input decisions and potential temperatures can center the estimated marginal effect of tem-
perature around the steady-state inputs corresponding to a location’s average temperature.
Estimating the average treatment effect of temperature then recovers the effect of a marginal
change in that location’s climate.

Despite the importance of empirically estimating the costs of climate change and the
sharpness of informal debates around the relevance of the recent empirical literature to cli-
mate change, there has been remarkably little formal analysis of the link between weather
and climate. Previous formal analysis has consisted in appeals to the envelope theorem in
static environments (Deschénes and Greenstone, 2007; Hsiang, 2016; Deryugina and Hsiang,
2017), but as described above, a static environment misses the distinction between transient
and permanent weather shocks.> Envelope theorem intuition has led the literature (i) to of-

5A few other papers are also related. First, in an initial expositional analysis, I showed how envelope
theorem arguments can fail in a three-period model (Lemoine, 2017). The present work precisely analyzes the
consequences of climate change in an infinite-horizon model and constructively shows which types of empirical
estimates can be informative about the climate. Second, Kelly et al. (2005) study the cost of having to learn
about a change in the climate from an altered sequence of weather as opposed to knowing outright how the
climate has changed. I here abstract from learning in order to focus on mechanisms more relevant to the
growing empirical literature. Third, calibrated simulations have shown that dynamic responses are critical
to the effects of climate on timber markets (Sohngen and Mendelsohn, 1998; Guo and Costello, 2013) and
to the cost of increased cyclone risk (Bakkensen and Barrage, 2018). Finally, a few empirical papers have
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ten ignore how the effects of transient weather shocks depend on a location’s climate and (ii)
to often treat the marginal effects of common and uncommon weather events as equally in-
formative about climate change. Because of (i), most empirical literature pools the marginal
effects of weather across units that reside in different climate zones, which conflates units for
which a weather shock is rare with units for which a weather shock is common.® Because
of (ii), some empirical literature (e.g., Deryugina and Hsiang, 2017) estimates how payoffs
respond to additional days with each type of weather and then combines these estimates
with scientific models’ projections of how climate change will alter the frequency of each
type of weather.” In the appendix, I show that this estimator overstates the cost of marginal
climate change by capturing the nonlinear consequences of transient weather shocks, which
I also show have little bearing on the effects of climate change.

The next section describes the setting. Section 3 solves the dynamic programming prob-
lem. Sections 4 and 5 analyze the effects of climate on agents’ chosen actions and payoffs,
respectively. The final section discusses limitations of the present analysis. The appendix
contains additional results, generalizes the analysis, and provides proofs.

2 Setting

An agent is repeatedly exposed to stochastic weather outcomes. The realized weather in
period t is w;. This weather realization imposes two types of costs. A first type of cost arises
independently of any actions the agent might take. These unavoidable costs are %@/J(wt —w)?,
where the parameter w defines the weather outcome that minimizes unavoidable costs and
the parameter ¢ > 0 determines the costliness of any other weather outcome. A second
type of cost depends on the agent’s actions A;. These avoidable costs are %v(At — wy)?,
where v > 0. They vanish when the agent’s actions are well-matched to the weather and
potentially become large when the agent’s actions are poorly matched to the weather.

In each period, the agent chooses her action A;. This action may be interpreted as a
level of activity (e.g., time spent outdoors, energy used for heating or cooling, irrigation
applied to a field) or as a stock of capital (e.g., outdoor gear, size or efficiency of furnace,
number or efficiency of irrigation lines). The agent’s actions impose two types of costs. First,
maintaining A; imposes costs of %ng(At — A)?%, where ¢ > 0. When A, represents a capital
stock, these maintenance costs reflect depreciation. The parameter A defines the level of

demonstrated that actions respond to forecasts of future weather (e.g., Neidell, 2009; Rosenzweig and Udry,
2013, 2014; Wood et al., 2014; Shrader, 2017).

6Some empirical literature has begun estimating how the effects of weather shocks vary with a location’s
climate, as summarized in Auffhammer (2018b). The appendix discusses which estimates in Deschénes and
Greenstone (2007) come closest to the theoretically recommended approach.

"This two-step strategy has also become the dominant approach to estimating the effects of climate on
actions (see Carleton and Hsiang, 2016). In the appendix, I show that these estimates do indirectly use some
of the information available from responses to forecasts.
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activity or capital that is cheapest to sustain. Second, the agent faces a cost of adjusting
actions from one period to the next. This cost is %a(At — Ay 1)?, where @ > 0. When
A, represents a capital stock, these adjustment costs are investment costs. Relating to the
literature on climate adaptation (e.g., Fankhauser et al., 1999; Mendelsohn, 2000), small
adjustment costs allow adaptation investments to occur after weather is realized (“reactive”
or “ex-post” adaptation), but large adjustment costs require adaptation to occur before
weather is realized (“anticipatory” or “ex-ante” adaptation). Maintenance costs make the
agent want to choose actions close to A, and adjustment costs make the agent want to keep
actions constant over time.®

The agent observes time t weather before selecting her time ¢ action. The agent has
access to specialized forecasts of future weather and knows her region’s climate, indexed by
C and which I will often interpret as temperature. Specialized forecasts extend up to N >0
periods ahead. Each period’s forecast is an unbiased predictor of later weather. Beyond
horizon N, the agent formulates generic forecasts that rely only on knowledge of the climate,
not on information germane to that particular time period. For instance, the agent may rely
on the local news to predict weather one week out and on forecasts of El Nino conditions to
predict weather six months out but relies on knowledge of typical weather to predict weather
one year out. Horizon N is therefore the shortest forecast horizon at which the agent receives
information beyond knowledge of the climate.

Formally, let f;; be the i-period-ahead forecast available in period t. The time ¢ weather
realization is a random deviation from the one-period-ahead forecast: w; = f1—1)+¢;, where
¢; has mean zero and variance 0. Because forecasts are unbiased predictors, any changes in
forecasts must be unanticipated: for ¢ € {1,..., N}, fir = fu41)@—1) + Vit, where v has mean
zero and variance 77. Forecasts at horizons i > N are f;; = C.2 The v;; and ¢ are serially
uncorrelated, the covariance between v, and v, is 9,5, and the covariance between €, and vy
is p;.1% Note that £, [wy+j] = fj. For notational convenience, collect all specialized forecasts
available at time t in a vector F} of length N.1!!

8The general analysis in the appendix does not require allocating either costs or weather impacts in this
fashion and allows, among much else, A to vary with wy and A,_; to affect time ¢ payoffs directly.

90ne might be concerned about a sharp discontinuity in information at horizon N. However, I have left
the variances 77 general. Defining them to decrease in i and to approach zero as i approaches N would allow
for the informativeness of the signal about time ¢ weather to increase smoothly from long horizons to short
horizons.

10 Assuming that each shock is serially uncorrelated does not imply that weather and forecasts are serially
uncorrelated. For instance, for ¢t > N, Covg(w, wit1) = p1 + Zi\;l Oi(it1)-

1 Climate here controls average weather. One might wonder about the dependence of higher moments of
the weather distribution on climate. In fact, the effects of climate change on the variance of the weather are
poorly understood and spatially heterogeneous (e.g., Huntingford et al., 2013; Lemoine and Kapnick, 2016).
Further, we need to know not just how climate change affects the variance of realized weather but how it
affects the forecastability of weather at each horizon: the variance of the weather more than N periods ahead
is 02 + Zil 72, so we need to apportion any change in variance between o2 and each 2. The appendix
analyzes the consequences of a change in variance and connects these consequences to empirical strategies.
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The agent maximizes the present value of payoffs over an infinite horizon. Time t payoffs
are:
1 2 1 2 1 e 1 —\2
m(Ay, A1, wy) = _57(141& —wy)” — éa(At — Ay )" — §¢(At — A — §¢(wt — w)*.
She chooses time t actions as a function of past actions, current weather, and current fore-
casts. In order to study an interesting problem, assume that v 4+ ¢ > 0. The agent solves:

o0

max ZBtEo [m(Ay, Ap1, wy)]

{At }?io =0

where € [0,1) is the per-period discount factor, A_; is given, and FEj denotes expectations
at the time 0 information set. The solution satisfies the following Bellman equation:

V () = { (A0 21,100 + BBV (Zess s F)] 0

st. Zi =4A
W1 =f1r + €1
ficts1y =fit1ye + vigery  forie {1,..,N}
Ines) =C + Ungg if N > 0.

The state variable Z; captures the previous period’s actions. Optimal actions satisfy the
first-order condition:

om (A, Zy, wy) OV (Zyi1, Wi, Fiir) (2)
0A, 02111 .

When the right-hand side is nonzero, the myopically optimal point ¢ differs from the dynam-
ically optimal point d in Figure 1.

The setting is sufficiently general to describe many applications of interest. For instance,
much empirical literature has studied the effects of weather on energy use. The agent could
then be choosing indoor temperature in each period, where maintenance costs reflect energy
use and avoidable weather costs reflect thermal comfort. Empirical literature has also studied
the effect of weather on agricultural profits. The decision variable could then be irrigation,
labor, fertilizer, or crop varieties, maintenance costs reflect the cost of purchasing these in
each year, adjustment costs reflect the cost of changing equipment and plans from year to
year, and weather costs reflect the deviation in crop yields from their maximum possible
value.

The primary specialization in the setting is the assumption of quadratic payoffs. Linear-
quadratic models have long been workhorses in economic research because they allow for
explicit analytic solutions to the Bellman equation (1). In the appendix, I instead use
perturbation methods (Judd, 1996) to generalize the analysis to an arbitrary functional
form for m( A, A;—1,w;), to vector-valued actions, and to multi-dimensional weather indices.

= _5Et
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3

Solution

The following proposition describes the value function that solves equation (1):

Proposition 1. The value function V(Z;,wy, Fy) has the form:

N-1

N N N N N
a12152+a2wt2+z aéfi2t+blztwt+z béthit+Z béwtfit‘i‘z Z bijfitfjt+clzt+02wt+z ck furtd.
i=1 i=1 i=1 =1

i=1 j=i+1

Optimal actions are:

QA1+ ywe + Bbifre + B by fiaray + BOYC + Ber + ¢A

A =
! v+ a+¢—28a;

The coefficients are as follows:

1.

2.

ay; <0, with ay < 0 if and only if a > 0.
as <0, with ay < 0 if and only if v + (¢ + a) > 0.

al € [Blag, 0], with ai < 0 if and only if both ay < 0 and a8 > 0 and with a > ['ay if
and only if Bary > 0.

. Each of the b coefficients is positive, with by > 0 if and only if ay > 0 and b, b, bij >0

if and only if Pary > 0.

c1 > (<) 0if C is sufficiently large (small), and cy, s > (<) 0 if, in addition, © >

(<) 0.
FEach a and b coefficient is independent of C.

Each ¢ coefficient weakly increases in C', and each c coefficient strictly increases in C'
if and only iof Bay > 0.

Proof. See appendix. O

The value function is concave in previous actions (a; < 0), in weather outcomes (ay < 0),
and in forecasts (a} < 0). If Bay > 0, then each a and b coefficient is nonzero. Several
coefficients depend on (', reflecting how climate controls the agent’s beliefs about long-run
weather. I henceforth omit the asterisk on A; when clear.
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4 Effect of Climate on Actions

Now consider how climate change affects the agent’s actions, which is of direct relevance to
much empirical work and produces results that we will use to analyze the effect of climate
on payoffs. Define A; = Fy[A;]. From equation (3),

Aﬁ:m&4+70+BMC+BZKN%C+6@C+6q+¢A
Y+a+¢—2Bm
for t > N. The following proposition describes long-run behavior:

s A i 2 AL pss
Proposition 2. Ast — oo, At—>7+¢0+7+¢A—A )

Proof. See appendix. O

Expected actions converge to a steady state, denoted A*°. This steady-state expected action
is a weighted average of the action that minimizes expected weather impacts and the action
that minimizes maintenance costs. Steady-state policy fully offsets the avoidable portion of
expected weather impacts (determined by the climate C') when there are no maintenance
costs (¢ = 0), but steady-state policy becomes unresponsive to the climate as marginal
maintenance costs become large relative to marginal avoidable weather costs (as ¢ becomes
large relative to ). Adjustment costs slow the approach to the steady-state expected action,
but they do not affect its level.

From Proposition 2, an increase in the climate index affects steady-state expected actions

as
dASS B ,.Y

dC v+ ¢
As v — 0, there are no avoidable weather impacts, and as ¢ — oo, maintenance costs are too
large to justify changing actions on the basis of the climate. In either case, dA*/dC — 0.
Steady-state actions otherwise strictly increase with the climate index. But this increase is
less than one-for-one when ¢ > 0: adaptation is less than perfect when maintenance costs
deter the agent from fully offsetting the change in climate.

Now consider how we might estimate dA*/dC from data. Reduced-form empirical
models can estimate the derivatives 0A;/0w; and 0A;/Jf; by regressing observed A; on
weather and forecasts.!? Imagine that empirical researchers were to then approximate the
effect of climate change as

€ [0, 1].

dA 94, <~0A
Nty o (4)
=1

dC "~ dwy fu’

I2Note that the estimation equation should include either A;_; or time ¢t — 1 forecasts: time ¢t — 1 actions
can directly affect time ¢ actions (see equation (3)), and the dependence of time ¢ — 1 actions on time t — 1
forecasts makes them correlated with time ¢ weather and forecasts. The appendix derives a related omitted
variables bias from ignoring time t forecasts.
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for j € {0,...,N}. For dA**/dC > 0 (i.e., for v > 0), the bias from this approximation as a
fraction of the true effect is

040 | N 04
Bi o Owyg + Z’i:l Ofit 1
Zas(]) - dAss - 4
dC

Bias(0) is the bias from using only 0A;/0w;, and Bias(NN) is the bias when also using all
available forecasts. The approximation underestimates dA**/dC' if and only if Bias(j) <0
and correctly estimates dA®**/dC if and only if Bias(j) = 0. The following proposition
establishes several results about this bias:

Proposition 3. Assume v > 0. Then:
1. Bias(j) € (—1,0], with Bias(j) < 0 if and only if « > 0.

dBias(j) dBias(j) __

3£%@%OMB%O

Bias(j) — as j, N — oc.

—Q
Y+ote—28a1

DA /0w, — 0, A /D fiy — 0, and Bias(j) — —1 as a — 0.

dA*/dC — 1 and Bias(j) — 0 as v — oo.

NS v

0A; /0wy, 0A; /D fy, dA% [ dC — 0 as either v — 0 or ¢ — oc.
Proof. See appendix. n

The approximation in (4) never overestimates dA**/dC (Bias(j) < 0, result 1), and it un-
derestimates dA**/ dC whenever there are nonzero adjustment costs (« > 0). The quality of
the approximation improves when we include the effects of forecasts in addition to the effects
of weather shocks (dBias(j)/dj > 0, result 2), because a weather shock that also affects
forecasts is less transient. However, nonzero bias remains even when estimating responses
to forecasts at arbitrarily long horizons (i.e., even as j, N — oo, result 4): the response
to current weather and to information about future weather cannot capture how incremen-
tal adjustments accumulate over time. The accumulation of incremental adjustments also
generates nonzero bias even when agents are myopic.

The bias vanishes in a few special cases. First, as adjustment costs vanish (o — 0, result
1), actions adjust instantaneously to realized weather, so neither expectations nor the slow
accrual of incremental adjustments matters for steady-state actions. Second, as avoidable
weather impacts become infinitely costly (7 — oo, result 6), the agent tries to exactly match
Ay to wy in every period, regardless of adjustment costs or maintenance costs. Third, when
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there are no avoidable weather impacts (7 — 0, result 7) or maintenance costs are prohibitive
(¢ — oo, result 7), actions become completely insensitive to the climate and also to realized
weather and forecasts. In all other cases, the bias is nonzero and becomes large as adjustment
costs become large.

Finally, we also see two cases in which Bias(j) < 0 but including the effects of forecasts
does not improve the quality of the approximation in (4): dBias(j)/dj — 0 as either 5 — 0
(result 3) or o — oo (result 5).'3 The reason is that actions are not sensitive to forecasts in
these cases.!® First, forecasts enable the agent to take actions that improve future payoffs,
but when agents are myopic, they act for the present only. Second, as adjustment costs
become very large, agents barely adjust actions on the basis of forecasts. The steady state
will change due to the accumulation of tiny changes over a long time horizon, but these
effects will not be detectable from responses to forecasts.

5 Effect of Climate on Value

Now consider the expected effect of climate change on intertemporal value and per-period
payoffs. From Proposition 1, we have:

V(Zt7 W, F;f) :V<ASS’ C: C)

N
+[Zy — A¥|V(A*,C, C) + [wy — CIV,y(A™,C,C) + ) [fu — CIV},(A*,C,C)

=1

N
+ [Z, — A*)2ay + [w, — C)ay + Z[fz‘t — C)al + [Z; — A%*|[w; — Oby

N
+ Z[ ASS] fzt bl + Z fzt bl + Z Z fzt ]bija
=1 =1 j=i+1

where C' is an N x 1 vector with all entries equal to C'. The envelope theorem and the
fact that Om(As, As—1,w;)/0A;—1 = 0 around a steady state imply Vz(A**,C,C) = 0. The

13Tn addition, dBias(j)/dj = 0 if a = 0 because, from result 1 in Proposition 3, a = 0 implies that
Bias(j) = 0 for all j.

“From Proposition 1, dA4;/0f; — 0 as B — 0 and, using the solutions for a; and b; given in the proof,
also as o — o0.
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expectation at time 0 of V(Z;, wy, F;) at some future time ¢ > N is:

N
Eo[V(Zy,wy, Fy)] =V (A*,C,C) + Ey|(A; — A%)?|ay + o?ag + ZTE&% + Covg|Zy, wi)by

=1

N N N-1 N
+ Z CovolZy, fiur]by + Z Covolwy, fir]bh + Z Z Covolwy, fu]bY.
i=1 i=1 i=1 j=it1

(5)
Recalling from Proposition 1 that each a and b coefficient is independent of C'; and recognizing
that each covariance is independent of C',*> we have:

dEO[V(Zt, We, Ft)] . dV(ASS, O, C)
dc a dC

dz, dA*
+2(L1E0 |i<Zt - ASS) (d—cf - ac >:| .

[\ /
-~

change in transition value

(.

change in ss value

We see two components to the expected change in value due to climate change: the change
in steady-state value and the change in value along the transition to the steady state.!©
The next proposition signs the change in transition value:

AEVZun ]l o WIAZCEO) if and only if Ay < A*.

asa—0,asy—0, ast — oo, or as Ay — A*°.

Proposition 4. If ay > 0, then
dBo[V(Zewe.Fy)] _, dV(A*.C.0)
ac ac

Proof. See appendix. O

The transition to a warmer climate imposes costs over and above the change in steady-state
value when Ay < A* but provides benefits over and above the change in steady-state value
when Ay > A**. When Ay < A*®, the agent is in the process of approaching A** from below.
We already saw that A% increases in C'. Increasing C' moves the steady state further away
from the current state and therefore requires even more adjustment from the agent. However,
when the agent is approaching A*® from above, raising C' reduces the total adjustment that
the agent will have to undertake before reaching the steady state.

It is reasonable to believe that agents in warmer climates may be approaching their
steady-state investment level from below (e.g., by installing air conditioning) and that agents
in colder climates may be approaching their steady-state investment level from above (e.g.,
by installing insulation). We should then expect the cost of adjusting to a warmer climate
to be positive in regions with warmer climates and negative in regions with cooler climates.
Further, we should expect transition costs (or savings) to be larger in regions that are not

150bserve from Proposition 1 that A; is separable in C, w;, and f;;, and observe that the stochastic terms
in wy and f;; are independent of C. Therefore each covariance in equation (5) is independent of C'.
160l et al. (1998) informally draw a similar distinction.
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as far along the process of adapting to their baseline climate, whether because these regions
have lower incomes, were settled only recently, or have outdated capital stock.

Now consider how climate change affects steady-state value. Using Proposition 1, we
have:

dV(ASS, CJ C) _ EX] a S8
e =V, (A ,C,C)+;vfi(z4 ,C,C)
dey . d02 dc}
+ oA T 40t Z C+—. (6)

The first line recognizes that a change in climate alters average weather and average fore-
casts. The second line arises because agents anticipate that climate change is permanent:
climate change therefore alters the value function itself, beyond altering realized weather
and forecasts. For instance, a permanent change in climate can make past adaptation in-
vestments more valuable (Proposition 1 showed that de;/dC > 0) and can make higher
weather outcomes more valuable (or less painful) because they are closer to average weather
(Proposition 1 showed that dee/dC > 0).

The following proposition describes the net effects of climate change on steady-state
value:

Proposition 5.

dV(A*,C,C) 1 dm(A*,A*,C) 1 Yo
dC _1_5 dC T 1-3 7+¢( C)+(w—C)| . (7)

Proof. See appendix. O

Value increases in the climate index if and only if C' is sufficiently small. The change in
steady-state value is equal to the change in steady-state per-period payoffs, valued as a
perpetuity. The first term in brackets reflects the change in the cost of maintaining the
adaptation investments chosen for this climate. When the climate is sufficiently cold, a
warmer climate may justify investments that require less maintenance, but as the climate
becomes sufficiently warm, eventually the chosen investments require more upkeep. This
term vanishes as either maintenance costs vanish (¢ — 0) or as the link between actions
and weather is broken (7 — 0). The second term in brackets reflects the changing cost of
unavoidable weather impacts. This term makes a warmer climate valuable when C' < w but
makes a warmer climate costly when C' > w. This term vanishes when weather outcomes
impose no unavoidable costs (¢ — 0).

A rapidly growing empirical literature hopes to estimate the cost of climate change from
time series variation in weather. From Proposition 1, the marginal effect of weather on value
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1s:
8V(Ztawt7Ft)

N
o, = 200wy + 01 Z; + Z b fi + co.

i=1
If we average the marginal effect of weather over many observations in a given climate and
assume that actions are, on average, close to the steady-state level A** (as when a location
is well-adapted to its current climate), then we obtain the following average treatment effect
of weather on value:'”

N
= 2a,C + by A% + Z biC + ¢,

i=1

ATEY(C) £ E, {—av(z“ 0 Ft)]

8wt

for t > N. Proceeding analogously, we have the average treatment effect of weather on
payoffs around a steady state as

ATEZ;(C’) A E, |:d7T(At7At—1awt):| — B, |:87T<AtaAt—17wt):| ’

dwt 8wt

using that Eo[0m (A, Ar—1,wy)/0A] = EolOm(As, Ai—1,w) /OA;—1] = 0 around A%*. The next
proposition relates these average treatment effects to the marginal effect of climate:

Proposition 6.
dm(A%, A% C)
dC

Proof. See appendix. m

= ATEY (C) = ATE™(C)

This is a surprising result: once all adjustments are complete, the expected change in per-
period steady-state payoffs due to a change in climate is identical to the average change in
payoffs estimated from weather events around a steady state.'® The appendix shows that the
same result holds for general, non-quadratic payoff functions as long as (i) Om (A, Ay—1, wy)/0A_1 =
0 at A; = A;; and (ii) 02 and each 77 are not too large. When (i) holds (as it does in the
main text and in the right panel of Figure 1), the effects of climate on past actions becomes
irrelevant for steady-state payoffs and the dynamically optimal action converges to the my-
opically optimal action, in which case the envelope theorem concludes that the effect of
climate on current actions also becomes irrelevant for steady-state payoffs. And when either
(ii) holds or payoffs are quadratic, the average treatment effect of weather is approximately
linear and thus equivalent to the treatment effect of average weather. The result follows
from recognizing that average weather defines the climate.

17Relating to the Rubin causal model, the potential outcomes are the realizations of OV /dw, if A;_1, wy,
and F} took on different values.

8Further, the appendix shows that the average treatment effect of forecasts can identify the discount
factor 8 and thus yield dV(A*®*¢,C,C)/dC from Proposition 5.
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6 Limitations

I have demonstrated how to estimate the effects of climate change from time series variation
in weather. The setting is fairly general, and the appendix generalizes it further. Nonetheless,
the results are subject to three main caveats.

First, the present setting omits constraints that could make the short-run effects of
weather shocks less severe than the long-run effects of permanently changing the climate.
In particular, some have argued that short-run adjustments could be greater than long-run
adjustments because some actions may not be sustainable indefinitely (e.g., Fisher et al.,
2012; Blanc and Schlenker, 2017; Auffhammer, 2018b), such as water withdrawals from a
reservoir. Future work could explore such possibilities by imposing constraints on cumulative
deviations in actions from some benchmark value.

Second, the present setting successfully captures the distinction between transient and
permanent changes in weather, but global climate change also differs from most weather
shocks in its spatial structure. A change in global climate affects weather in every location
and thus will have general equilibrium consequences. The present setting has followed most
empirical work in abstracting from such effects, but some recent empirical work has begun
exploring the implications of changing the weather in many locations simultaneously (e.g.,
Costinot et al., 2016; Dingel et al., 2018; Gouel and Laborde, 2018).

Finally, the present analysis has held the payoff function constant over time. However,
climate change should induce innovations that alter how weather affects payoffs. Some
historical studies have begun exploring the interaction between climate and agricultural
innovation (e.g., Olmstead and Rhode, 2011; Roberts and Schlenker, 2011). Future work
should consider approaches to bounding the scope for innovation.
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Appendix

The first section analyzes the estimators used in some previous literature that aimed to
estimate climate impacts from weather variation. The second section shows what we learn
about climate change from estimating nonlinear weather impacts. The third section analyzes
the average treatment effect of forecasts on payoffs. The fourth section derives the omitted
variables bias from ignoring forecasts in empirical work. The fifth section considers climate
change that affects the variance of the weather. The sixth section generalizes the analysis
to arbitrary payoff functions, multidimensional action spaces, and multidimensional weather
indexes. The final section contains proofs.

A Estimators used in previous literature

I now connect the analysis to three specific ways that researchers have estimated climate
impacts from weather impacts. I first analyze the estimators in Deschénes and Greenstone
(2007) and Deryugina and Hsiang (2017) for the effects of climate on payoffs, and I conclude
with the most common approach to estimating the effects of climate on actions (see Carleton
and Hsiang, 2016).

First, consider Deschénes and Greenstone (2007). They estimate agricultural profits
(A, As—1,wy) from variation in weather, where weather is growing season degree-days. In
particular, they estimate m at different quantiles of the weather distribution by pooling
observations across the United States. They then calculate the change in profit resulting
from a change in climate by simulating how average growing season degree-days will change
with the climate. In their approach, marginal climate impacts are 0w /0w, evaluated around
the average growing season degree-days for a location. This is close to the recommendations
that follow from the present analysis. The main distinction is that Deschénes and Greenstone
(2007) pool across locations when estimating 0 /0wy, so that the marginal effect of increasing
growing season degree-days from some level z is identified both from locations in which z is
typical and from locations in which z is uncommon. The former locations are well-adapted
to x, but the latter locations are not. It is the treatment effect in the former that is truly
informative about changing average growing season degree-days; the treatment effect in the
latter does not encompass much adaptation.! The theoretically recommended approach
would estimate Om/0w; by quantiles of average growing season degree-days, so that each
evaluation point recovers the average treatment effect within some climate.?

n the main text’s setting, note that d7/d0w; depends on adaptation actions A;, which in turn depend
on the climate C. Pooling observations across climate zones estimates a single 97 /0w; from observations in
which the true d7/dw; varies with C.

2The state-by-state regressions in Deschénes and Greenstone (2007) come closest to the recommended
approach, since the climate may be broadly similar within U.S. states.
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Next consider the approach to estimating the effect of climate on payoffs in Deryugina
and Hsiang (2017). This paper again pools observations across locations, so the previous
discussion applies here as well. But ignore that point and imagine that the pooled regressions
successfully recover the marginal effect of weather across the spectrum of weather outcomes
for some given location.®> Deryugina and Hsiang (2017) calculate the marginal effect of
climate by estimating the effect on payoffs of having another day in each temperature bin
and then simulating how climate change will alter the frequency of days in each temperature
bin. Formally, let p(w;; C') represent the probability density function for weather in climate
C. Deryugina and Hsiang (2017) estimate 7(A;, A(w,), w;) — 7(As, A(w®), w®) for each wy,
where w” indicates the omitted category and where fl(wt) indicates some incoming action
at w;. They calculate the marginal effect of climate from the following expression:

| [Fte Ao, w) - n(a, Aw). o) ) g 21
Analyzing, we find
00 - ~ dp(wé;C)
_ _ 0y ,,0 d :
D= [ [r ), ) = w4 Aw). )] (s €) duy
A F(,0\ .0 %50)
=F [W(At,A(wt),wt) — W(At,A(’UJ ),’LU )i| m
~ dp(;ng)
Cov | (A, Alwy), wy), o O)

dp(wt
d

where the final equality uses [ C;C) dw;, = 0. A second-order Taylor expansion of 7(Ay, A(w), w;)

around the average values of each argument (with average actions assumed to match their

3The fact that they do pool observations means that their actual results will differ from the derivation
here.
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steady-state values, as in the main text) yields:

b (A Ay w) coo |2 i
=~ b —S—
BAt (Ass,455,0) p(wt7 C)
aﬂ'(At, At—17 wt) COU A(wt) %Ct”c)
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L 04 A, w) e e
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2 aAtQ—l (Ass7Ass7C) L ! p(wt7 C)
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Now impose the functional form for 7 from the main text, in which case the expansion of
I' is exact. The second line on the right-hand side is zero. The envelope theorem evaluated
around the steady state and the first-order condition together imply that the first line on
the right-hand side is also zero. Now assume that w; is normally distributed with mean C'.
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A second-order Taylor expansion of the probability term around C' then yields:

o~ 1 om(Ay, Ay—1, wy)
“Var[w,] owy

Var{w,]
(Ass 7ASS 70)

~ S+t glCou (A~ A7), w)

1 A 55\2
— iaC’ov [(A(wt) — A%) ,wt]
- %[’y + Y|Var{w]

+ aCov [(At — A (A(wy) — A%), wt]
+ yCov [(A; — A%®) (wy — C), wy] }

Using the solution for Aj from the main text, assuming (in line with much of the empir-
ical literature to date) that N = 0, first-order approximating A(w;) around w; = C, and
recognizing that Cov[w?, wy] = 2 Var[w] C, we have:

T ~ 3W(Ata At—l, wt)
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Assuming that A(C) = A% and simplifying, this becomes:

om(Ay, Ay—1, wy) 1
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Using Proposition 2, we have:
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Note that OV (Zy, wy, F})/0Z; = b1C' + ¢1 + 2a1Z; when N = 0, and recall that the envelope
theorem and the fact that om(A;, A;_1,w;)/0A;—1 = 0 around a steady state imply that
Vz (A%, C,C) = 0. Therefore:

T~ aﬂ'(AtaAt—hwt) _ 1[7 +w]
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Proposition 6 then implies that
dr(A%, A%, C) 1
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The estimator I overstates the cost (or understates the benefit) of marginal climate change.
I' adjusts the desired effect dmw(A®**, A%, C')/dC for the nonlinearity of payoffs in weather. A
shift in the distribution of climate makes former extremes more likely, and extremes do tend
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to be costly. However, when former extremes become more regular, people undertake more
preparations for them and they become less costly. The next section will show that nonlinear
weather impacts are at best only loosely related to climate impacts and are potentially
unrelated to climate impacts.

Finally, much recent literature estimates the effects of climate on actions (or on functions
of actions) using the same kind of approach just studied (see Carleton and Hsiang, 2016).
This literature estimates A(A(w;), wy, F(w;)) — A(A(w®), w®, F(w?)), where F(w,) indicates
some vector of forecasts that correlates with the realized weather w; (the literature has not
explicitly conditioned on forecasts). The literature then calculates the effect of a marginal
change in climate as:

/ |ACA Q) w, Fw) = AGAw?),w®, Fu')] % duw, £ P,
Analyzing, we find
~ ~ dp(wgc)
b = A(A F __d¢
Cov ( (wt)a Wy, (wt))7 p(wt, C)

Recall that Af is linear in the main text’s setting. We thus have:

8A(At_1, Wy, E) ~ %&:C) 814<A’4t—17 Wt, Ft) %&30)
b = Cov | A(wy), Cov |wy, ——
0A;4 ( t) p(wt; C) Owy ! ])<wt; C)
N dp(wy;C)
aA(At717 W, Ft) 3 pT
+ Cov | fir, ——
; Ofu D 0
a _ dp(;vé;c) ~ dp(évé;c)
— Cov | A(wy), C Y T
Trato—2Bm | oy | T T a6 2w | b O)
/Bbl dp(’u)é C) N—-1 Bbé (évéc)
+ C , ——— | + C i —& .
Y+ a+é—2Ba; ov | p(wy; O) ; Y+ a+ ¢ —28a o f (e " p(wy; C)

Assume that w; is normally distributed with mean C. A second-order Taylor expansion of
the probability term around long-run average weather C' yields:

1 « . -
¢ “Varfw,] {7 +a+ ¢ —2Ba; Cov [A(wt)a wt] + T Fot ¢ 26@1 Var|w,]
N-1 .

Bby N
T at o280, [f”’wt] * 21: 7—|—oz+¢— 26a, 0 Lt [f’“)t’wt} }
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A first-order Taylor expansion of A(w) around w, = C' then gives:

i o ~,
P ~ A (C
7+a+¢—2ﬁa1+7+0¢+¢—25a1 ( )
Bby Cov [fltawt:| N-1 51)% Cov [f z+1)t7wt]
Yy+a+¢—20a; Var|w] —~ y+a+¢-20a Varwy] '

Note that if ¢ is more than N periods in the future, then Cov[fy, w;] = p; + ZN ’5 (j+i)-
We can relate ® to the main text’s estimator by writing it as

OA(A1,w, F) | OA(A 1w, F) 4 i (A1, wy, Fy)

O ~
ow, 0A;_1 0 fit

COTT[ﬁ't» wy| Var[fu].

Because weather is serially correlated, we should expect that A/(C) > 0 and C Orr[ﬁt, wy] > 0.
Proposition 3 showed that 0A;/0w, < dA*/dw, when a > 0. The estimator ® does not
underestimate dA**/dC by as much as would estimating dA;/Jw; alone: ® does account for
how previous actions may vary with weather and for how forecasts may vary with weather.
However, we should expect that A’ (wy) is small when adjustment costs are large, and we
may expect longer-horizon forecasts to be less correlated with weather and, if they do not
improve much on knowledge of the background climate, also to have low variance. These
arguments suggest that ® typically underestimates dA**/dC by more than the main text’s
estimator that uses all available forecasts.

B What we do and do not learn from estimating non-
linear weather impacts

Much empirical work has found that weather outcomes have nonlinear effects. We have seen
that empirical researchers should be estimating the average treatment effect of weather in
order to identify the marginal effect of climate. Can the curvature of V and 7 in w; tell
us something about the curvature of V(A**,C,C) and w(A**, A%, C') in C? The following
proposition provides reason for skepticism:

Proposition 7.

O?m (A, Zy we) d27 (A4, Z¢wr) 0%V (Zy,we, Fy) d2m(As5,A%5,C) 7
1. B2 < 7 < 9? < Tel <0, with:

(a) 2t thmet) < dQW(’zZ?’wt) if and only if Bay > 0,

() Lol PC) i i oty i >0,
t
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(c) PV(ZiweFr) dzﬁ(Adsgfss’C) if and only if ary > 0, and

ow?
(d) ‘ﬁr(“;;c’fss’c) < 0 tf and only if ¢y + 1 > 0.
9. PG CaALIRC) a5 cither v — 0 or ¢ — o0,
S If ¢+¢ = 0 and a > 0, then Srefued CalGediwd OVELLl) < 0 coen as
dzw(A‘gs,Ass,C) B O t t t
—acr =
Proof. See appendix. -

The proposition relates (i) the curvature of per-period payoffs in w, holding A, and Z; con-
stant (0%7/Ow?), (ii) the curvature of per-period payoffs in w; when A; adapts to realizations
of wy (d%r/dw?), (iii) the curvature of intertemporal value in w;, and (iv) the curvature of
per-period steady-state payoffs in C.* Empirical work will commonly estimate (ii), because
per-period payoffs are observable as profit and actions are often not observable.’

The first part of Proposition 7 establishes that the type of curvature estimated as (i),
(ii), or (iil) is at least as extreme as the curvature of steady-state payoffs in climate (iv).
Empirical estimates should therefore be taken as an upper bound on the nonlinearity of
climate impacts. Intuitively, an agent undertakes greater adjustment to a permanent change
in climate than to transient weather shocks, and this greater adjustment reduces the impact
on payoffs.

The second part of Proposition 7 establishes that the nonlinearity of weather impacts
can adequately approximate the nonlinearity of climate impacts when there are no avoidable
weather impacts (7 — 0) and when maintenance costs become infinitely large (¢ — o).
In these rather special cases, actions do not adjust to a change in climate. In more general
cases, nonlinear weather impacts strictly overestimate the nonlinearity of climate impacts.

But perhaps detecting nonlinear weather impacts tells us something qualitative about
climate change? The third part of the proposition establishes that climate impacts can be
linear even when weather impacts are nonlinear. In particular, let ¢ = 0 and ¢ = 0. Climate
then has no effect on steady-state value because there are no unavoidable weather impacts
and the agent adjusts her actions to completely offset the avoidable weather impacts from a
change in climate (A% = C'). However, when a > 0, this agent will not choose to completely
offset the effects of transient weather events. Transient weather events can then impose

4Proposition 5 relates the curvature of per-period steady-state payoffs in C' to the curvature of intertem-

. L divas o) 1 dPm(A%°,A%5.0)

poral value in C: Fret =13 FTeL .
5Or at least it will estimate (ii) if it conditions on forecasts: the definition of dn/dw; used here does

not allow Z; to change with w;. See Section D for a discussion of the implications of not conditioning on
forecasts.
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arbitrarily nonlinear costs even though climate change imposes no costs at all in the long

run.6

C What forecasts tell us about the effect of climate on
value

Now consider how we can use observable variation in forecasts to learn about climate impacts.
We saw in the main text that using variation in forecasts can improve an empirical analyst’s
ability to estimate changes in steady-state actions. We have already seen that AT EY (C') and
ATET(C) are sufficient statistics for the effect of climate change on steady-state per-period
payoffs. Does using forecasts add anything here? Let ATE} (C) and ATET (C) denote the
average treatment effect of forecasts at horizon ¢ around a steady state, defined analogously
to ATEY (C) and ATET(C). We now have:

Proposition 8.
1. ATEY(C) = B'ATEY(C).
2. As N — 0o, ATEY(C) + N ATEY (C) — 420,

dV(A®5,C,C) ATEY (C)
3. dC — 1 .
ATEY (C)\ 7
1- i
ATEY (C)

4. ATE}(C) = 0.

Proof. See appendix. n

The first part of the proposition says that the average treatment effect of forecasts on value is
the discounted average treatment effect of weather, which Proposition 6 showed is the average
treatment effect of climate on per-period payoffs. We can therefore derive the change in per-
period payoffs from either estimate, provided we have an estimate of 5 in hand. The second
and third parts of the proposition show that if we use both types of treatment effects, then
we can identify not only the change in steady-state per-period payoffs but also the discount
factor 8. We can then exactly identify the present value of the change in steady-state value
as revealed by the agent’s own actions. The final part of the proposition shows that it is
critical that the dependent variable be a forward-looking measure of value such as land prices
or stock prices. Per-period payoffs (e.g., profits) will not, on average, respond to forecasts
around a steady state.

6Below, we will learn what estimating nonlinear weather impacts tells us about the costs of changing the
variance of the weather.
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D Omitted variables bias from ignoring forecasts

Most empirical to date work has ignored the existence of weather forecasts. We have seen
that forecasts can provide valuable information, but our analysis also implies that ignoring
forecasts acts like omitted variables bias when estimating the consequences of weather (see
also Lemoine, 2017; Shrader, 2017).” Accounting for forecasts is therefore not optional. The
covariance between w; and f; is, for t > N,

N N—1i
Covg(wy, fir) =Couvg | € + E Vk(t—k) E V(ity)(t
k=1 7=0

N—i
=pi + Z Ok(i-+h)-
k=1

In applications, we can reasonably expect each p and ¢ to be positive, with many strictly
positive. We can therefore reasonably expect this covariance to be strictly positive. The bias
from estimating 0V/dw; without accounting for F} is proportional to

N

Z 3V Zt, Wy, Ft)

I ——————=Covo(wy, fir)-

=1

When w, and f;; affect V' in the same way, omitting forecasts will generally overestimate
the magnitude of dV/0w;. A similar analysis applies if the dependent variable were A,
instead of V.® Yet since we have previously seen that combining forecasts with weather
can generate useful information, one might wonder whether entwining forecasts and weather
through omitted variables bias might actually use weather and forecasts in the desired fash-
ion. Unfortunately, this is not generally the case: the p and ¢ terms that are critical to

"Previous work has shown that forecasts matter for outcome variables in a variety of contexts, suggesting
that we cannot assume that 0V/9f;; = 0 or that 0A;/0f; = 0. Lave (1963) illustrates the value of rain
forecasts to raisin growers, and Wood et al. (2014) find that developing-country farmers with better access
to weather information make more changes in their farming practices. Neidell (2009) demonstrates the
importance of accounting for forecasts when estimating the health impacts of air pollution. Studying Indian
agriculture, Rosenzweig and Udry (2013) show that farmers’ investments respond to forecasts (and respond
more strongly to more skillful forecasts), and Rosenzweig and Udry (2014) show that forecasts of planting
season weather affect migration decisions and thus wages. Shrader (2017) shows that fishers’ revenue and
effort both respond to seasonal forecasts of El Nino events. Severen et al. (2016) show that land markets
capitalize forecasts of climate change.

8However, the concern is mitigated if the dependent variable is 7 and actions are near the steady state.
Forecasts affect 7 only through A;_1, and we saw that the marginal effect of A;_; vanishes around a steady
state. Therefore omitted variables bias is not a concern when estimating the consequences of weather on
per-period payoffs around a steady state.
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omitted variables bias did not appear in any earlier derivation.” Taking advantage of varia-
tion in forecasts does require explicitly estimating the effects of weather and of forecasts at
each horizon. Empirical work should more carefully consider the informational structure of
weather shocks and take care to estimate the treatment effect of interest.

E  When climate controls the variance of the weather

We now study a case where the climate controls the variance of the weather. The effects of
climate change on the variance of the weather are poorly understood and spatially heteroge-
neous (e.g., Huntingford et al., 2013; Lemoine and Kapnick, 2016), but many are interested
in how to think about the costs of greater variance. Extend the previous setting to allow the
variance to depend on a distinct climate index D (so that we can study effects on variance
without also changing average climate via C'). Now let ¢ have variance o?(D) and let each
vy have variance 72(D). For simplicity, keep the covariances d;; and p; independent of D.

First, note from equation (3) that the optimal actions A} are linear in w; and the fj. It
is therefore clear that

dEo[A]
dD
The variance of weather and forecasts does not affect expected actions because actions are
linear in the states when payoffs are quadratic.
Now consider the effect of D on value. From the solution for d in the proof of Proposition
1, the effect on time ¢ value of permanently changing the variance via D is:'°

AV (Z,w, F) B do? L. dr?
= a + ah—=| <0.
5|ap T

=0.

dD 1—

Twice-differentiating the value function solution in Proposition 1 with respect to w; and each
fit, we have:

dV(Zt,wt,Ft) _ 5
dD 1-3

2 ow? dD of2 dD

=1

10?°V(Z F, 21 V(Z F, 2
19 V(Zy,wy, Fy) do +§Za V(Zs, we, 1) de]‘ (A-1)

9In a regression of either value or actions on weather with forecasts acting as the only bias-generating
omitted variables, the usual ordinary least squares formula shows that omitted variables bias induces the
desired combination of weather and forecasts if and only if Covg(wy, fir) = Vare(wy) for all . There is no
reason for this relationship to hold in practice.

10 Alternately, one could use equation (5) to consider the effect of altered variance on expected value at
some future time, as we did with the effect of an altered mean in the main text. However, this analysis
becomes more complicated because we have to account for how climate change affects the variance of actions
and affects their covariance with weather and forecasts.
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If the entire effect of climate change consisted in changing the variance of the one-period-
ahead forecast errors ¢;, then the curvature of value in weather would identify the cost of
that change. However it is more likely that climate change affects the variance of vy; than
the variance of ¢;,. In that case, the curvature of value in long-run forecasts identifies the
cost of that change. Further, from Proposition 1, those costs become small as 5V decreases.
Therefore, if climate change increases the variance of long-run forecasts but does not affect
their accuracy,!! then we can expect the costs of a change in variance to be small.

Finally, Proposition 7 tells us that if v > 0, then m(A;, Z;, w;) is more concave in wy
than is V(Z;, wy, Fy), and we know that 7(Ay, Z;, w,) is independent of f;;, once we condition
on A; and Z;. When applying equation (A-1), it is therefore important to distinguish be-
tween estimating the nonlinear effects of weather and forecasts on intertemporal value and
estimating the nonlinear effects of weather and forecasts on flow payoffs.

F  Generalizing the functional form for payoffs

[ now analyze a general functional form for payoffs rather than the quadratic form analyzed in
the main text. I also now allow for K > 1 types of actions, indexed as A¥ for k € {1,..., K},
and for J > 1 dimensions of weather, indexed as w,{ for j € {1, ..., J}. Let time t payoffs be
(A, Ay, wy), where A, = {A} .. AR} A & {AL . AR} and w; £ {w), ..., w]}.
71, indicates a partial derivative with respect to AF, m,, indicates a partial derivative with
respect to AF |, and 73, indicates a partial derivative with respect to w{ . Assume declining
marginal benefits of current and past adaptation investments (w1, < 0,732, < 0), and
assume the presence of smooth adjustment costs, which means that the marginal benefit of
current actions increases in the level of previous actions (7,2, > 0). Finally, assume that the
effect of weather on payoffs does not depend directly on past adaptation actions: 7,3, = 0.

I modify the transition equations for weather and forecasts to multiply each disturbance
term by a perturbation parameter ¢ > 0. The Bellman equation is now:

V(Zew, Fi ) S {W(At’ Zy,we) + BE [V (Zir, Wepr, Fiia; Q)] }
wy g =fi; + C€i+1
fi](t+1) :f(ji+1)t + Cyz'](t—l-l) fori <N
Faseny =C + Wy

F; .1 now indicates a J x N matrix of forecasts. In order to avoid excess notation, assume

HTf climate change does not affect the variance of €, or of vy for i < N, then it does not affect the accuracy
of forecasts made at horizon N.
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that the J dimensions of each ¢; are uncorrelated with each other and likewise for each v;.
We will be especially interested in the following assumption:

Assumption 1. my, (A;, A1, w;) =0 if AF | = AF.

This assumption says that small changes in past actions do not affect payoffs when they
match current actions. It will be satisfied by many specifications of adjustment costs, in-
cluding the specification in the main text.

First consider the deterministic system, with ¢ = 0. In this case, each weather and
forecast variable is simply equal to C'. The K first-order conditions are:

0=m,(As, Z;,C) + V1, (Z111,C, C;0),

where I abuse notation in using C' for both the J x 1 vector of time ¢ weather and the J x N
matrix of time ¢ forecasts. The envelope theorem yields:

‘/vlk(Zt’ C’ C’ 0) = 7T2k (At7 Zt? C)

Advancing this forward by one timestep and substituting into the first-order conditions, we
have the K Euler equations:

0= Wlk(At, A 1,C)+ 57T2k(At+1, A, C).

A steady state A is defined by the following K equations:

0= 7T1k(A, A, C) + ﬁﬂgk(A, A, C)
Assumption 1 would imply that m, (A, A, C) = 0. Using ms,3, = 0,"* we also have:
d/_lk 7T1k3j (A, A, C)

dCy N —ﬂ-lklk(Aa A7 C) - (1 + ﬂ)ﬂ-lek (A7 A’ C) - Bﬂ-Qka(A’ A’ C) ‘

I now analyze the policy rule in the stochastic system. The K first-order conditions are:

0=my, (At7 Z;, wt) + 5Et[vlk(zt+1a W1, Fiyq; O]

12Tn the case with K = 1, the steady state is unique if —m1; — Bm22 > (1 + B)m12. Now consider stability
in the case with K = 1 and, for ease of notation, J = 1. Use the Euler equation to define A}, (A, Z;).

Linearizing around A gives a first-order difference equation: A, ~ _”“(Abi’jggfi{ 28)(A’A’C) A — %Zt + D, for

some constant D. Combined with the transition equation for Z, we have a two-dimensional linear system.

3 SO 3 5 1 —ﬂll(A,A,C)—ﬁﬂgg(A,A,C)
The product of the eigenvalues is 5 > 1 and the sum of the eigenvalues is s (AA.0) > 0.

Therefore both eigenvalues are positive and at least one is greater than 1. Forming the characteristic
equation and solving for the condition under which the smallest root is less than 1, we find that the system
is saddle-path stable if and only if —m1 (4, A, C) — Braa(A, A, C) > (14 B)m12(A, A, C), which is ensured if 7
satisfies the sufficient condition for uniqueness. Further, if the system is saddle-path stable, then dA/dC > 0
if and only if m13(A, A,C) > 0.
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The envelope theorem yields:
Vi, (Zy, wi, Fiy; Q) = o, (Ar, Zy, wy).
Advancing this forward by one timestep and substituting, we have the K Euler equations:
0=m1, (Ar, Ar_1,wy) + BEmo, (Ary1, A, wiir)].

Approximate the value function via a second-order Taylor series expansion around Z; =
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A w,=C,F,=C, and ( =0:

J

5 ov 1% :
V(Z,w,, F; Q) ~V(A,C,C;0)+ > —— (ZF — AR+ =— (w] — C9)
0Z; (A,Cc,C0 — w4
k=1 ,C,0) j=1 t 1(A,c,C,0)
J
oV , 1%
+ Z ; (Fi =N+ 57 ¢
j=1 i= 1azt (A,C,C,0) ¢ (ACCO)
K
1 0V 0*V .
+ = (ZF — AF? 4 = (w] — C9)?
2 ; 0Zf* (A,C,C,0) 2 le awt (A,C.C,0)
J N
1 0’V ; , 1 0*V
+3 (Fa= O+ 35 5 ¢
2;; 01} % Ac.co 2 0¢ |(ac.00
K J
0’V - , ,
S (2 — A¥)(uw] — C7)
k=1 j=1 0z 6wt (A,C,C,0)
K J N gy ) ‘ ‘
BB (2 = A)(f~ )
k=1 j=1 i=1 f (A,C,C,0)
J—1
o’V ~ . "
+Y Y — (wy = C7)(wi" = C™)
j=1 m=j+1 8wt awt (A,C,C,0)
zj: I N g2
+ : (w] = CI)(fir —C™)
j=1 m=1 i=1 8w§8f{f (A,c,C,0)
J N-1 N
02V . o .
tL 2 D e (= ) (f, - €7)
j=1 i=1 n=i+1 af 9 it 1(A,C,C,0)
oL I NN gy
+X D> (ff, = O (fm —C™)
j=1 m=j+1 i=1 n=1 afltafnt (A,c,C,0)
K J
82V _ aQV . .
+ (Z¢ = AM)C + : (wy —C7)¢
];az Xl acco Zawgac Acco
L PV ‘
+ Cj )¢+ (Zf — Ak)(zg —
;z—: f 8C (A,C,C,O) ; —Zk;-l Z’“@Z (A,c,C,0)
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Use the envelope theorem to substitute for several of the derivatives and impose 7,3, = 0:

K
V(Zi,w,, Fi; Q) #V(A,C,C;0) + ) 7,
k=1

6V
+_

3(

=1 m=j+1

K-1 K
+ = ZTFQka Zk Ak ZWBJ j)2+ Z —Ak)(Zt]
k=1 j=k+1
1 9*V
¢+ > ez ¢?
Accm ¢ lac.co
LS At - O — 7
oV IR v o
(F=C)+523 =0 (f - ¢’
=1 (A,C,C)0) j=1 i=1 it 1(A,C,C,0)
N-1 N
9?V
> 597 (fi, — CO)(f3 — C7)
i=1 n=i+1 f fnt (A,C,C,0)
NN g2y
> Zzaja (Fh =) —C™)
7=1 m=754+1 i=1 n=1 fzt fnt (ACCO)
2 . .
oV (f} - C)C.
=1 f 8C (A,c,C,0)

J
Z (w] —C]

where I write 7 for 7(A, A, C). Consider the remaining derivatives. First, we have:

aV(Zta wta Ea <)

Of}
aV(Zt; wta Ea g)

ofi,

(A7CYC7O)

(A,C,C,0)

_BE, 8V(Zt+1>.’wt+17Ef+1;O fori > 1,
L @f(ji—l)(t—i-l)
oV (Z Foy:0))

:BEt ( t+1, w;—i—h t+1, C) — ﬁEt[ﬂ-S]- (t + 1)]7
| Qwyyy i

where I save notation by using ¢ + 1 to stand in for the arguments of 7 and leaving the
conditioning of time ¢ expectations on the evaluation points A and C implicit. These imply:

aV(Zm wy, Fy; C)

J
Ofi

=3'E, (73, (t +14)].

(A7C7C70)
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Similar derivations yield

2V (Z E;; i

0 V( t;'wt,m taC) zﬁzEt[Tl'gj?)m(t"'_i)]?
of,ofn (A,C,C,0)

82V<Zt,.'wta Fi; () =0 for i #n
aflofm (A,C,C.0)

Now consider derivatives with respect to (:

OV (Zy, wy, Fy; () _iﬁEt aV(Zt+17'wt+17E+l§C)€j )
= » t+
9¢ (Ac.co o owi,
J N
OV(Ziy1, w1, Fiin; Q)
T ZBZEt afi Vij(t—&-l)
j=1 =1 Fierny

I iﬁEt [aV(ZtH, ’L§t<+1, Fi, q; C)]

j=1

J o0 N
= Z Z B° {C’ovt [, (t + 5), 6{4_8} - Z B'Couv, [ng (t+s+1), Vg(tJrS)} } )

j=1 s=1 i=1

aZV(Zt, Wy, E) C)
0¢?

J
(A,C,C0) =

Z 5S{Et (73,3, (t + 5)] (67)% + Covy [m3,3,(t + ), (EngS)Q]

1 s=1

J

S BB [mas, (4 5+ )] (7)?

i=1

N
+ Z B'Couv, |:7ng3j (t+ s+1), (Vf(t+s))2] },
i=1

aQV(Zb wt7 EJ C)

. _giC
acof prCov,

(A,C,C0)

i1
3,3, (t + 1), €l + Z Vgis)(tJrs)] :
s=1
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Substitute in:

K J K
_ ) _ 1
V(Zi,wi, Fi; Q) =V(4,C, C50) +k§;mk<zf ~ A D Ty (= O+ g ) T (2 = A
= J]= =1
1 J K-1 K
+3 N s (w] =€) + D o, (2 — AF) (2 - A"
j=1 k=1 h=k+1
J N 1 J N
+ > D BB, (t+ D) )+ 5 DD BB, (t+D](f - ¢
j=1 i=1 j=1 i=1
J-1

+ ‘ Z Zﬁ E, 773]3m(t—|—2)]< C])(f Cm)

i=1

N
ZBC oV
227

<
l
3

J
+
—

i—1

73,3, (t‘i‘l) 6t+z "‘ZVZ S)(tJrs)] (f CJ)C

s=1

N
C’ovt 3, (t+s), Et+s +Zﬁ Covy [773 (t+s+1), z(t+s):|}C

=1

+ % Z Z {Et 3,3, (t + 8)] (07)% + Couv, [my3,(t + 5), (€] 4)?]

7j=1 s=1
N N
+ Z ﬁZEt [nggj (t + s+ Z)] (Tij)Q —+ Z BiOO/Ut |:7T3j3j (t + s+ 7/)7 (Vg(t+s))2:| }<2
i=1 =1
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Now take the time 0 expectation of value at some time t > N:

K K
Eo[V(Zy,w, F; Q)] RV (A,C,C;0) + > o Bo[Zf — AF| + 2~ 7oy, Bi[(ZF — AF)?]
P k=1 k=1
+ > A2, B [(2F — ANz — AM)]
k=1 h=k+1
1 J N 1 J N N
+3 ;773]3] ((Uj)z + ;(7}‘7)2) ¢+ < ; ;5 Eo[ms,;s, (t +1)] ;(TJ)2C2
J oo 4 N
+ Z ZBS {C’ovg T, (t+8), 6] + ZBZCOUO [Wg (t+s+i),v (HS)} } ¢
j=1 s=1 i=1
J oo
#3300 0 B [ ¢ 4+0) (02 + Cova g ¢+ 5. ()
7j=1 s=1
N N ' ~
+ Zﬂ Eq [ms,3,(t+s+14)] (77)” + ZB Couvg [W3]3] (t+s+1), (v (t+s)>2]
=1 i=1 '

A marginal change in climate can alter several (or all) of the J dimensions of the climate
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index. The derivative with respect to dimension m € {1, ..., J} of climate is:

dEy[V (Z;, wy, Fy; €)]

dcm
dV(A,C,C;0) <~ _ AdZF] & [ dzF Ak
ST aoe +Z::7T2kE° {dCfn T | (28 = A\ Gem — gom
K-1 K
i 4zt dzt
+ Z WQthEO |:an(zh Ah) (Zk Ak) dcfn:|

+%Z7—rgj3j3m(<aj>2+2 ) 5 D0 B Bl (] 3 (7

7=1 =1 7j=1 =1 n=i
J o0 ) N .
+ Bs {CO’UO [7T3‘7.3m (t + 8), Ei—&—s} + Z BZCOUO |:7T3j3m(t + s+ Z), Vz'](t+s)i| } C
j=1 s=N+1 i=1
J o
1 7\2 J\2
+3 Z Ey [m3,3,3,, (t + )] (07)? + Couvg [73,3,3,, (t + 5), (€l4)°]
j=1 s:N+1

N
+ Z B'Eq [m3,3,3,,(t + s +1)] (r7)?

—l—ZﬁCOUO [ﬂgggm(t—i-s—i-z) (v t+s) } }CQ

The terms on the first line are analogous to the terms in the main text, capturing the change
in steady-state value and the change in transition value. In the main text, the second
term on the first line vanished because Assumption 1 held. The second line arises only for
K > 1. The remaining lines are new, as they vanish when 7 is quadratic. They capture
how preferences for variance change with climate. 73;3,3, > 0 means that the agent prefers
to attach a weather lottery to a high weather state, analogous to standard interpretations
of prudence in consumption. The whole expression is arbitrarily close to the expression in
the main text (generalized for K > 1) when Assumption 1 holds and either each T3,3,3,, 18
small or ¢ is small.
We now analyze how steady-state value changes with C™. We have:

1

V(A,C,C;0) = 5

(A, A C).

We then have:
dV(A,C,C;0) 1 dn(A, A, C)
dcm 1-7 dcm
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That change in steady-state payoffs is:

W =73, + ;(ﬁlk + ﬁgk)g—éi
_ S _ T143m
=73, + ;(mk + 7, e ¢ B E——
Using 7, = — 79, from the Euler equations, we have:
drn(A, A, C K T
% =3, + (1 —B) Zﬁzk i, — (1 _,_lg?;%lm — BTa0,

k=1

Now analyze the average treatment effect of weather dimension m:

ATET, (C) 2E, { dr( Ay, Aoy, “’t)]

dwj™
K
3, (Ata Atfla wt) + Z 71y, (At) Atfla wt)

k=1

0Af(At_1, 'wt)

=F
0 owy"

If 7 is quadratic, then 7y, 73, , and AF are linear and we can pass the expectation operator
through to the arguments. The expression then exactly equals dw/dC™ if we also impose
Assumption 1. Now consider the general case. Use a second-order Taylor series approxima-
tion to the term in brackets around A, = A, A;_; = A, and w; = C, assume that actions
are on average near their steady state, and use 7,3, = 0 and 7, = —37a,:

T11.3m
—T1,1, — (1 + B)ﬁlkzk — BT,

Mw

ATE;, (C) =73, — B

Ty,
1

M”ﬁ

D9

1gn OUO[A57Ah +ZZB2MCOUO[A§ 17A1]£l 1 +C ZBSJ

k=1 h=k k=1 h=k j=1 i=1
K K J K J K

k k J

+ E E By, Cov[AF, AP ] + E E Bs,, Covo| [AF ] + E g Bg,,Covg[Ai_1, wi],
k=1 h=1 j=1 k=1 j=1 k=1

for constants B. The variances and covariances all vanish as ( — 0, leaving only the first
line. That first line differs from dz/dC™ by having —f7,, in place of (1 — 8)m,,, and it
is identical to dw/dC™ if Assumption 1 holds. Therefore, we have established conditions
under which the main result of the paper holds in a general setting: ATE], (C)~ dn/dC™
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when Assumption 1 holds and either 7 is quadratic or ¢ is not too large.'® The main result of
the paper therefore holds under general, non-quadratic payoff functions (and vector-valued
actions) as long as i) the variance of weather outcomes is not too large and ii) adjustment
costs vanish when current and past actions match each other. Further, these are the same
conditions that earlier ensured that the general form of dEy[V (Z;, w;, Fi;()]/ dC™ matched
the expression derived in the main text.

G Proofs and Lemmas

G.1 Proof of Proposition 1

Guess that the value function has the form given in the statement of the proposition. The
continuation value becomes:

E\[V] =1 A7 + a0” + as ff, + Y i+ ahfE gy, +ad C”
7 i<N

+b1Afie+ A > b farye + Ay C

<N
+ fie > Vs farne + fubh C + Z pibl
<N

N-2 N-1
+ 0> b farnefa + Zb4 JreC + Z Z b 8y

=1 j=i+1 =1 j=1+1
+ ClAt + CQflt + Z Cgf(i—&-l)t + Cs C + d.

i<N

The first-order condition is
V(A — wy) + a(Ar — Zy) + ¢(Ay — A) =BE|Vz(Zys1, wigr, Fiyd]
=B |2a1 A + b1 f1 + Z béf(iﬂ)t =+ bévc +c,
i<N
which implies that optimal actions are
aZy +ywi + Bbyfi + By Uy farny + 663 C 4 Ber + <Z5A
Y+ a+¢—28a;

'31f we had instead defined ATE], (C) as Eo[0m (A, Aj—1, w;)/0w]"], then we would not require Assump-
tion 1. Also, we defined AT E], (C) as the average treatment effect conditional on forecasts (so that each
Ak did not depend on w;). The primary result would be unchanged if we had allowed forecasts, and thus
each A¥ | to reflect the change in weather.

A =
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Substitute Aj into the Bellman equation. Matching coefficients to the guessed form of
the value function and simplifying, the quadratic coefficients are:

1 a? 1
“ :§7+a+¢—2ﬁa1 T2
2 :%7 7+a—|—7¢—26a1 ! _%w’
2
as :%7 T [fb;]_ 2B, + Ba,
i—112
R

Rearrange the solution for a;:

B3 — (v + a6~ Ba)ay — taly+6) =0,
Note that a; is independent of C'. If g = 0, then the left-hand side is linear in a; and the
unique solution has a; < 0, with a; < 0 if and only if a(y + ¢) > 0. Recalling that we
assumed that v + ¢ > 0, we then have a; < 0 if and only if & > 0. If 5 > 0, then the
left-hand side describes a parabola in a; that opens up. If a(y 4+ ¢) = 0 with 5 > 0, then
there is a root at zero and a second root that is strictly positive. If a5(y + ¢) > 0, then the
parabola has a strictly negative y-intercept and its roots must be of opposite sign. The two
roots are

a =%{%h+a+¢—ﬁa]i\/i<v+a+¢—ﬂa)2+ﬁoa(v+¢)}-

The second-order condition for A; to be a maximum is
0<y+a+¢—2Ba.

This is satisfied for a; < 0, using that v+ ¢ > 0. The second-order condition therefore holds
at the negative root of a;. As we solve for the other coefficients, we will find that they are
unique conditional on a;. Therefore the first-order condition is satisfied at only two points,
determined by the two roots of a;. Since we know that the value function is strictly concave
in A; at the point with negative a;, the point with positive a; must either be a saddle point
or a minimum. We therefore are only interested in the negative root of a; and will henceforth
ignore the strictly positive root.

Finding that a; < 0 implies that ay < 0. This inequality is strict if either v > 0, va > 0,
or v¢ > 0. ay is independent of C' because a; is independent of C.
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Matching coefficients again, the coefficients on the interaction terms become:

~y

by = ,
Y YAt e - 28
2 Y + o+ Qb — 25(1,1 ’
, afby _
o = for ¢ > 1,
>yt a+¢—2Ba
vt at o280
. - y .
bl =Bbi! fori>1
3 627+a+¢—mhlmz ’
. . b .
b].] —_ b]—]. /8 1 b]—]_
L E L
. 2p ey 1) (-
P B + 66y for i > 1.

v +a+¢—28a

Note that we can write

i o i
2 ”y+a+¢—2ﬁa1

by and b= Lo,
[0

for all 7 € {1,..., N}. Using a; < 0, we have b; > 0, which implies b}, > 0, which in turn
implies b4 > 0, which in turn implies bflj > 0. Clearly b; > 0 iff ay > 0, and each of the other
b coefficients is strictly positive iff by > 0 and § > 0. Finally, because a; is independent of
C, we have that each b coefficient is independent of C'.
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Now use the solutions for b5 and by to analyze aj:

1—2 i1
T ]' [ﬁbé ! k]Z —1 1
“S‘Zﬁzwaw—%aﬁﬁ “

k
_1 [ﬁbl] i—1 k{ af :|2(1 1-k) z|:l |: v B :|_1 :|
27+ a+¢— 25&125 Y+ a+¢—20m FY Y+ a+¢—20m Y

k=0
1 ,YZ Oéﬂ 21 iﬂk o —2k
27+0z—i—d) 2Ba; |7+ a+ ¢ —2Ba; por Y+ o+ o —20a
— §5i [v + 9]
. —2(i+1)
i A af
S
2yv+a+¢—2Bay |v+a+ ¢—2Pay 1—5[ B 1-2 2 gl
Fato—2Bar
gist 2i+2 \
1 — 3¢ a
|1 v [’y+a+¢—2ﬁa1] 1
=3"< = - = ) A-2
b 2 v+a+¢—2Ba 1-3 N 2 2[7+¢] (A-2)
Taté—2ha )

Note that a} is independent of C'. The term in braces increases in 4, and it strictly increases
in ¢ if and only if af > 0. It is weakly greater than as and is strictly greater than as if and
only if a8y > 0. As i — oo, the term in braces goes to:

1 gl 1 1
27 5 — 5 VY]
2atates zﬁall_ﬁ[wwg—wal} 2
1 V(v + o+ ¢ —2Bay) 1
"3 G va+o—28ay—(app 20 7Y
_1 Yy +a+ ¢ —2Ba) 1
_577(7*“044‘@5— 2Ba1) + a2+ a(y+ ¢ — 2Bay) + (¢ — 2Ba1)(y + a + ¢ — 2Ba;) — (aB)? ) [y + 9]
__1 a(y+¢ —2Ba) + (¢ — 2Ba1) (v + o + ¢ — 2Ba1) + (1 — %)’ —lw
T 20 taté-28a) taly+ 6 —2Ba) + (¢ — 28a)(y +a+é—20a) + (1 pa? 2

This is strictly negative if either ¢» > 0, v¢ > 0, or ya > 0, and it is equal to zero otherwise.
Therefore, if ¥ + (¢ + ) + a8 > 0, then the term in braces in (A-2) is strictly negative for
all finite 4, and if ¢ + (¢ + @) + af = 0, then the term in braces in (A-2) is zero.
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Now match the coefficients on the linear terms:

_aﬁb§VC + Bey + A

“ 7+a+¢—2ﬁa1’
BV C + Ber 4 9A _
02777+a+¢—26a1+ww’
N B
o —pp, PO Pt OA | gve g,

Y+a+¢—28a;
i bi_lﬁbévC—i—ﬁcl—i—qﬁfl
’ P vta+¢—-20a

+8 [bff’”NC + cg‘l] .

Solve for ¢;: ~
BLYC + ¢ A

T+até—268a —af
This increases in C, strictly increases in C'iff afy > 0, and is strictly positive iff C' >
—@A/[BbY]. Substituting into the expression for ¢z, we have:

Ci =«

c
ey = y— + Y.
o
This increases in C|, strictly increases in C'iff a8y > 0, and is positive if ¢; > 0 and w > 0.
Substituting for ¢; and for the recursive terms in each ¢, we find:
i—1 i—1

CézﬁiblﬁZ{wa; Qﬂa] wi;ﬁ_jbfvc*ﬁi [0C + o] -

This too increases in C', strictly increases in C' iff a8y > 0, and is positive if ¢; > 0 and
w > 0.
Finally, matching coefficients yields the constant:

(5ch+ﬁcl+¢A) + Bayo —|—ﬁZa

+ B C + pad C? + Z Z b6, +szb% - —¢A2 ww2+ﬁd.

=1 j=i+1
Solving for d yields:
1

d:m{2<ﬁbNC+5C1+¢A> +6a20' +5ZG/

+ BN C + Ba 50%2 Z b”éw—i-szbz ——¢A2——¢ }

=1 j=i+1
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G.2 Two Lemmas
The first lemma establishes properties of a; that will come in handy in later proofs.
Lemma 9.

1. a1 =0 asa— 0.

2. Bay — 0 as f — 0.

3. alﬁ—%% as o — 0.

4. a; — —%& as either v — oo or ¢ — o0.

Proof. The first claim follows from the analysis in the proof of Proposition 1.
To prove the second claim, first observe that the proof of Proposition 1 showed that
Bay = 0 if f = 0. Then note that as § goes to 0, we have:

lim fa, :%{%[wwcb]i\/i(wszw?} =0.

We now consider the third claim. First assume that g = 0. We have:

) 1
lim a; = — 5(7 + ).

a—0o0

Now assume that 5 > 0. Rewrite a; as

_ Ba(yte)
1 1 - \/1+4 yFato— Ba)Q

ap =
et

We have:

lim a; =—
a—r00

Use L’Hopital’s Rule:

| B(vﬂzﬁ) o Balr+6)(1-5)

lim a; = lim yrotd—fo
a—00 a—00 25 1 — \/1 44 Loltd) Ba(y+¢)
(y+a+o—Ba)?
_1r+9é
21 -3
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Now consider the fourth claim. First assume that 5 = 0. We have:

. 1
lim a = — =a,
~—00 2
lim a; = — -«
p—o0 2

Now assume that § > 0. As above, we have:

i 0
lim a; =—.
Y00 0
Use L’Hopital’s Rule:
Ba _ Ba(v+¢)
_ 1 (v+a+e—Ba)2 " (y+ate—Pa)3
2 Ba(y+¢)
lim a lim ! \/1+4("/+a+:>—ﬁa)2
1= - 1
e e e
_ o_Ba(y+e)
— lim i pa 2“/+04+¢—50<
y—o0 23 Ba(y+¢)
Vi+ages
=— —q.

The derivation for ¢ — oo is similar.

The second lemma derives a relationship that will be used in several later proofs:

Lemma 10.
v+a+¢—2B8a 1

(v+¢—2Ba1)(v+a+¢—2Ba1 —aB) v+¢

Proof. Using the solution for a; in the proof of Proposition 1, we have:

Y+ 6= 200 =5 (14 0) + 21+ ok 6 - Ba)? + Baly +6) ~ 21 Ba

and

Y+t 6= 20m —aB =1 (1+6)+ /Sy + a6 = Bay+ Baly +6)+ S(1 - .
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Therefore:

(v 16— 28a1)(y + (1 — B)a+ ¢ — 2Bar)
Lot i rat o pay + paly + )

4 4
+<v+¢>\/i(vmm—ﬁa)?wa(vw)—i(l—ﬁ)zaz

L O M- B0 )+ Baly 4 0)+ (v +6) | T+t 6 By + Baly + 6).

Substitute for 28a; and factor v + ¢:
~r+ {7+ 6+ (1= B)a— 2+ G

=(7+¢){7+¢+a—2ﬁa1}.

The lemma follows.

G.3 Proof of Proposition 2

The autonomous first-order linear difference equation that determines A, is stable because

~Fats—2ga; € [0,1). The steady state is:

Y+ ¢ —2Ba
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Substitute for the coefficients from their solutions in the proof of Proposition 1, solve the
geometric series, and simplify:

i N
N-1 af ! af ytat¢—28a
<7 + ﬁbl Zizo |:7+a+¢725a1i| + ﬁbl |:'y+a+¢>725a1:| Y+a+¢p—2Ba1 1a,3> ¢

ASS —

v+ ¢ —28a;
¢ A ytat+eé—28a;
+ Ytat¢—2Ba1—apB
v+ ¢ —28a;
N
1| ey aB N toté—28a
(7 +8b: 1777+a+‘f£2ﬁa1 +6b: [’y+a+¢—25a1i| y+at+¢p—2pa1—af ¢
B v+ ¢ —2B8a,

b A _ytotéd—2B8am
ytate¢—2Ba1—apB

v+ ¢ —2Ba;

_ytaté—2Ba1 1 ytate—2
[+ ) 0 pA et

Y+ ¢ —208a Y+ ¢ — 2080
Yt+a+¢—28a; A__ytaté—2Ba;
Ytat¢—28a1—aB ~C + ytoto—26a1—af

Tytaté—28a—a  yta+é—2Ba—a
_ Y+ a+¢—20a T
_(7+¢—2Ba1)(7+a+¢—26a1—aﬂ) [VC+¢A}. (A_3)

Using Lemma 10, we have:

Y o <
A% = C+ A.
Y+ v+

G.4 Proof of Proposition 3

From equation (A-3), we have:
dA®® 0 v+ a+ ¢ —2Ba

A€ y+at+¢-28a—aB y+¢-20a
Using the solution for A; in Proposition 1 and the solutions for the coefficients given in the
proof of that proposition, we have:

DA, o Y
ow, y+a+o—28a;’
DA, Bh
Ofu  v+a+¢—2Ba
g af

:’y+a+gb—26a1'y~l—a+¢—25a1'
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We also have, for ¢ > 1,

Y Bt

O v+a+¢—28a
B 3 af ay
_’y+a+¢—26a1[7+a+¢—25a11 v+ o+ ¢ —28a

e ez
Y+a+o¢—20a [v+a+¢—28a;]

Therefore,
IR Z[ o }
dw, 2= 0fy ytatd—20m 2|y tate—2a

_ g 1_( af )”1
v+ a+¢—2Ba; —af y+a+ ¢ —2Bay ’

Assuming v > 0, we now have:

o o 1
Prasty) = [1_ <7+a+¢—2ﬁa1)

The term in square brackets is in (0, 1], and the fraction outside of the square brackets is in
(0,1]. Therefore Bias(j) € (—1,0]. As a — 0, Bias(j) — 0. For a > 0, the fraction outside
of the square brackets is < 1, so Bias(j) < 0.

It is clear that Bias(j) is independent of N. The term in parentheses is in [0, 1), so the
term in square brackets increases in j. Therefore dBias(j)/dj > 0. As 8 — 0, Bias(j)
becomes constant in j (using Lemma 9).

As j, N — oo, the term in brackets goes to 1, so Bias(j) = —a/[y + a+ ¢ — 28a4].

Using Lemma 9, note that 0A;/0w;, 0A;/0fy — 0 as a« — oco. Again using Lemma 9,
the term in parentheses in Bias(j) goes to 8 as o — oo and the fraction outside parentheses
goes to 0 as o — oo. Therefore Bias(j) — —1 as a — oo.

Using Lemma 9, dA%*/dC — 1 as v — oco. Again using Lemma 9, the fraction outside
the square brackets in Bias(j) goes to 1 and the term in square brackets also goes to 1. So
Bias(j) — 0 as 7 — oc.

Finally, it is easy to see that 0A; /0wy, DA,/ fiy, dA* / dC — 0 as either 7 — 0 or (using
Lemma 9) as ¢ — oc.

v+ ¢ —2Ba;
¥+ a+¢—28a,
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G.5 Proof of Proposition 4

Solving the linear difference equation for A, given in the main text, we have:

t
o 1% o
A =A% + Ay — A% .
! (’y+a+¢—25a1) |: 0 :|

Using the solution for A** given in Proposition 2, we have:

dC

Y
v+ o

- (rrersmm)
’Y+a+¢—25a1

Recalling that A, 2 Ey[A,], the change in transition value is

dz, dA*
2(11E0 |:(Zt - ASS) (d—cf — ac ):|

dAi
dC

o t—1
_(v+a+¢—m%)

o 2(t—1) - dA,
—2a,4 — Ag — A% A
m{ (v+a+¢—%ﬁ) 4o ]7+¢O+C“°[t” a:}}

Using the difference equation for A; given in Proposition 1 and recognizing that w, and

:2a1 { (At,1 - Ass)

v+ v+

v C+ CO'U() |iAt 1, :| - EO [(Atfl - Ass)] _7

fit are linearly separable in C' and the random variables, we have Couv [At_l, %} = 0.

Therefore the change in transition value is

N 2(t—1)
-2 T ¢ Ay — A%
al(wam—mal) e :

This is zero if ay = 0 and is proportional to [Ag — A%] if avy > 0, in which case the change
in transition value is negative if and only if Ag < A*°. The change in transition value also
goes to zero as Ay — A®® and, because the term in parentheses is < 1, as t — oc.

G.6 Proof of Proposition 5

I here prove the result through algebraic manipulations. A shorter, cleaner proof would
follow the analysis of Section F.
We begin by analyzing several of the value coefficients derived in the proof of Proposition
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1. First, we have:

i v
Pyt atd—260

pBiti a i—14j-1
Ty ta+to— 28 {7+a+¢—2ﬁa1}

+ ﬁbz(f_l)(j_l)

[b1]2 + 5b£(f*1)(j*1)

i—2 i i i—1—k)+(j—1—k
225k Bli=k)+(—k) a ( )+ )[61]2 _i_ﬁiflbl(j*(ifl))
" ytat+d—2Ba |y +a+é—26a 4
51‘4_3' o (i—1)+(—-1) ) , -2 N a —2k
v+ a+¢—28a {’Y+a+¢—2ﬁa1} ] kZOB {’y+a—l—¢—25a1
o Bb, o
+ By + B0y
e
Note that:
o Bb,
’Lb] 2
G Y+a+¢—2Ba
/Bi 2 [ « :|J_i i—i
Trate—a P et e 2pm]

it i—1 i—1 —2(i—1

_ Bits [b1]2ﬂi_1 l o }( )+(-1) [ o ] ( )'
Y +a+o-28a Y +a+ 06— 28a Y+a+o—2Bm

We then have:

y gi+i i o 1 G-D+G-1) s

—2k

- I e e
¥ ato—2Ba |7 +ato—2Pa 2" |5 et - 26a
_ /BiJrj r o -i+j72iz_l:ﬁk|: a :|—2k;
7+a+¢—25a1_7+a+¢—25a1_ P 7—1—04—1—(]5—26@1
Jrﬁz‘lbg—i

o
g LR o S L
Vra+o—20m |[vtato—28a] | & |y¥a+o-2a]
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Second, analyze the following term, which we will see often:

i o wy ]_Q(HD
—k .
kZ:OB {7+a—|—¢—2ﬁa1} B

_ 3G+ | o
1-5 [’Y+a+¢*2/5a1
—2
_ [«
1 ﬁ |:’Y+a+¢—2,8a1]

2 —2i
« _ At o
B [’Y+a+¢—2ﬁa1 ] B [’Y+a+¢—2f3a1 ]

= 5 . (A-5)
B [’y+o¢+¢—26a1:| -1
Third, analyze ¢} further:
i1 N j i1
—3ih, 2 i —jijO i bNC
c @1 Z{’y—i—a—l—(b 25]+5;5 1O+ B[ C ¢
1 = oo =9par = . ,
:szlﬂ (’Y—i— +d; 28 1> +/Blz,3_]bi]vo+ﬁzl [bé\fc_'_cl} + Bpw. (A—G)
a 11— —7— A o}
Y+até—28a1 j=1

Now turn to our expression of interest. Substituting in for the value function derivatives,
we have:

AV (4%, ¢, C)
ac

N
:2CL20 + blASS + Z bgC’ + Co
i=1
i—1

+Z 2aiC + byA* + biC + Z BiC+ > bC+

=1 Jj=i+1 j=1
deg dey dc3
A

+ 30 dCO+Z C+

This expression is linear in C'. We will first analyze the terms without C' before analyzing
the slope in C'. Combining the results gives the statement of the proposition.
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Analyzing the terms in dV (A%, C,C)/dC that are independent of C

Using the value function coefficients derived in the proof of Proposition 1 and also using
equation (A-6), the terms without C'in dV (A%, C,C)/dC are:

PA }
Y+a+¢—20a; —af

¢
N
+;b2—7+¢A

N PA o '
+§:Bmv+a+¢—2&u—aﬁ[L_(v+a+¢—ﬂmj

i=1

’y+o¢+¢—2ﬁa1
v+ ¢ —2Ba,

N
i ¢A
+;ﬁ77+a+¢—2ﬁa1—aﬁ

N
+) Bym
=1

afby ¢ -
T até—2m —apyto
B y+ta+¢—28a PA
1—Byv4+a+¢—20a—af > y+a+¢—20a —af

5 e | ()
’7+a—|—¢—26a1

+

’y+a—l—¢—2ﬁa1

. oA
Tt "+ 6 — 2P

1-8" "+ a+¢—28a —af
B PA
15" et 0 — 280, — B
B N,
‘f‘mﬁ ww.
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Apply Lemma 10 to the third, seventh, and eighth lines, cancel the second line with part of
the third, and solve the geometric series:

B ¢ - A
= e T g — 284 — ap

1-pN  ¢A
7 1-p b17+¢
1—pN A
=8 'y+a+¢—2Ba —ap
1-pN
YW

1-p
by ¢
T T ato—20a—apy+o
B y+at+¢—20a;—a y PA
1—B7+a+¢—2ﬁa1—aﬂ2’y+¢

+ 8

+ 5

BN ¢/_1 ( o ) o
b 1-—
T v+ a+¢—2Ba
B an ¢A
18" Yt até-26m—ap
B on,
+ - ﬁﬁ Y.
Cancel the final two lines and part of the third-to-last line with earlier lines:
¢ .- pA
=b A
e Y a6 = 260 —ap
B 9A
+ b
-8y +¢ .
LB 0A
Y
1-8"vy+a+¢—2B8a —af
g
by ¢ &

T ato—28a—apy+o

B y+a+d—2Ba—a y PA
1—-By+a+¢—20a—aB >v+¢
__Ji_ng ¢4 ( a >N
1-8" "+ \v+at+eé—28a) -

+
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Combine the first four lines and substitute b} into the final line:

B 1&>¢A
T1-8"y+9¢
+ ¢4
1- 8y Fa+¢—28a,—apB
1
by A,

yta+o¢—28a —afy+¢

B ytato—2Ba—a v oA
l—fy+a+¢—28a—af > ~v+¢
3 ¢AbN

1—By+¢

Combine the final two lines, substitute for b; in the first line, and apply Lemma 10 to the
second line:

1 Yo PA
1-By+at+é—2Ba1y+¢
1 ~y+a+¢—2B8a—a QA

18" v tato-28m y+o
.
a by ¢ 3
t et o-2a—abr+o’
af PA N

Cytate—28a—aBy+o
Combine the first two lines and cancel the final two lines:

1 YO o - 1
= A
1 r+o T1-5

Yw. (A-T7)
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Analyzing the slope of dV(A**,C,C)/dC in C
The slope of dV(A*,C,C)/dC in C is:

N

d*V (A%, C,C) dA® - dey
)~y -9 b bz s
ac? @t +;3+do
a dc
) U i 3
+Z 2a; +b2 dC +b + Z b7+Zb”
=1 Jj=i+1
de; dA%® dey dcg
=ty 2
d¢ d¢  dC = dC
B v+a+é—28m v ode oo
b 2—= 42 .
S [v+a+¢—26a1—045]25[2] + 2 20
Differentiate equation (A-6), and use Lemma 10 and equation (A-4):
g af N

b
Y+ oy+a+é—2Ba;

dcg_N ; a ‘
Z dC =25 [1_ <7+a+¢—2ﬁa1)
N

17 'Y+O{+¢ 25&1 N
Zﬁ b
— ay+a+¢—28a; —aB ?

1—B v+ dv+a+e¢—2Ba; °

’}/ Oéﬁ 2 N-—1 [
_’y+¢('y+a+¢>—25a1) Z(”y+a+¢—2ﬁa1)

=p

«

. 2 O[ﬂ J+N 7 e
+Zﬁ Zﬁ ]”7+Oé+¢ 2B(I1 7+a+¢—25a1} kzgﬁ [7—1—04%—@25—25@1

=1 7j=1
1-6%y vy+a+¢—20a

+5 1—8 ay+a+¢—28a —apf 2
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Using this expression and dcl /dC, we then have:

. a+¢—2Ba

dop dA7 | de | Y dey | 0 a8, 5 ﬁ[bN]2+2—dcg”V+2aN

dC dC ~ dC & dC Bly+a+oéd—28a —ap dC 3
af bN[ gl +1]

Tyt até—28m—af ? |y+o

_l_ﬁl‘i‘ﬁN Y of N

b
1—B v+ d¢v+a+e¢—2Ba °

553 (7ravs )2 3 )
'7+¢ 'Y+()é+§b 26@1 i ’7+OK+¢ Qﬁal

J+N J —2k
) J —k a
+Z@ Zﬂ 7+oz—|—¢—2ﬁa1 {7+a+¢—25a1} kz:;ﬁ {7+a+¢—26a1

i=1 j=1
1+6%y  y+a+¢—28a by

+5 1—-8 avy+a+¢—20a, —af ?

+B ﬁ 7+a+¢_25a1 [N]
1-By+a+¢—28a —af2"?
1-5 7+a+¢—25a1 T+ oy +a+¢—26a;

5 5]\1253 o [ af }JHszjﬁ_k{ o 2k
-8 YHa+o—20a [v+a+¢—20a prd v+ a+¢—26a

7=1

B 'Vb |: aﬁ ]Niﬁ—k[ Q :|_2k_ ﬁ BN[ +¢]
T1-Ba” [T1a+é-28a Y taté—28a 11—~ Y

k=0
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Do the summation in the third line and simplify:

dodde dey N p f  GEESEEG ., )
dC dC = dC & dC Blyv+a+oé—268a —aB 2 dC 3
1+ pY Tty of N

Lw3v+¢v+a+¢—%m%
Z » 2 af J+N J N o —2k
+Zﬂ Zﬁ 7+a+¢—26a1 [7+a+¢—25a1} kzoﬂ [’y+a+¢—2ﬁa1}

7j=1
B T+ BN +até—28a) + (1 - Bla,y
1-fFa Y+ a+¢—208a; —af 2
+ﬁ ﬁ ’7+a+¢_25a1 [N]Q
1-By+a+¢—28a —afP?
B 2ytat+o—2Ba—ap)—(1-Ba 5 ( af )””w
1-43 v+a+¢—MMrww T+ \y+a+oé—20m ?

+2 ﬁ NZ/BJ ,72 |: aﬁ :|J+N J ﬂ—k|: a :|2k
-6 = vtat+o—20am [y+a+¢o—26m — Y+a+¢—28n

N N

Y { D e e I
—Ba” [ytate—25m| & |ytate-28a -5 Y
(A-8)

Now analyze the other terms in dV (A%, C,C)/dC, substituting in for the coefficients
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derived in the proof of Proposition 1:

N

"

S8

dA N dey dc
§ bz 3
dC — 3t dc

a5 + by 2a3+b2 dC +bz+Zb”+Zb”

Jj=t+1

_ g 1
_77+04+¢—251 v+ +¢1Z{ —|—a+gb—2ﬁa1]
v of - of ‘L of N
+25617+a+¢—2ﬁa1; [7+a+¢—25a1] PP Y —- L
N |

2 { af rziﬁk{ N :|—2k
+Z’7+O&+Q§—2B(J,1 7+a+¢—2ﬁa1 - 7—1—04—1—(15—26@1

k
_252 23 3

=1 j=i+1
i af N

i -~ '
+§:6[1_(7+a+¢—2&h) TH Tt at o 2ha

i N i 7+a+¢—25(11 N
+Zﬁ ZB K +Zﬁa7+a+¢—2ﬂa1—aﬁb
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Solving some of the geometric series and simplifying, this becomes:

N
5 d2 dc

2 b bs + 2ak + by—— + b} by v+ 3

az + 01 ac +Z Ple —i—l_l L+ bh—— dC’ + —i-];l —i—Z
0 7+a+¢—2ﬁa1

v+ y+a+eé—28a —afb

N 1 y afs v—(vta+o—28a; +aB)(1—08)+B(1 - (y+a+¢—2Ba; —«

1-By+¢y+a+¢—2Ba; ° Y+ a+¢—2Ba; — af

+ 1y ap 2—( ab )N
alfy—l—oz+¢—2,8a1—a5 v+ a+ ¢ —20a;

2 i 4

Y Olﬁ 21 —k|: Q :|2k
+ZZ;’Y+04+¢—2501 [W—I—Oﬂrgb—Qﬁal} Zﬁ v+ a+ ¢ —2Bm

k=0
N—-1 N
+2> > b
i=1 j=i+1
v af af B
V+¢7+o¢+¢—2ﬁa1—aﬁ(7+a+¢—26a1> 2
+61—5N1 Yta+¢—28a  y
1—8 ay+a+¢—28a —af?
' _ﬁN—&—l

N i—1
+> B BN - -5 [y +¢].
=1 j=1
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Substituting for b; and b and simplifying, we have:

A ;. de a ; dc
2 b A i 20} + by—— + b b v+ 3
as + b +; e +ZZ:; al + b, —— dC 4 +]ZZ;1 +Z
_ 7 Yo
Y+ oy +ato—26a—aB
1 Y afs Y

L—By+ov+a+oé—28a °
—(y+a+¢é—208a; +af)(1 = F)+ (1 = V) (v + a+ ¢ —2Ba, —af —ap)
yta+¢—28a; —af
gl af
v—l—a—l—qﬁ 20a1 v+ a+ ¢ — Qﬁal—aﬁ

+ 2

. —2k
Oz+¢ 28a, [V+a+¢—25a1} kz [7+a+¢—25a1
N
> b
=i+1
v af ( af )N“ N
b

T e tato—28a—aB \7+até—28a
s 1(1—6N)<7+a+¢—25a1)—(1—6>abév

L
3

+1—6& 7+Oz+¢—26a1—aﬁ
+D B BT W [y + 4] (A-9)
=1 j=1
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Now combine (A-8) and (A-9) and simplify:

A2V (4%, 0, C)
dC?
1 v afs N28(y+a+ ¢ —2B8a; — )
_1—57+¢7+a+¢ 2601 ° y+a+¢—28a—ap

72 af J+N J B N ok
+2;B;B v+ at+¢—26a [74‘@"‘@5—2@@1} ZB {'y—i—a—l—Qﬁ—Q,@al

k=0
by vtato—20am By
l—Bay+a+o¢—28a; —af ?
+ﬂ 5 ’7+O‘+¢_2/Ba1 [N]2
1-Bly+a+¢—28a —af]?
o B v+ ¢ — 2Ba < af >MHW
1—57+¢7+a+¢—mhrﬂﬁ v+ a+ ¢ —28a ?

+2

B 5NZ/3J v [ af ]J+sz:ﬂ_k[ o o
17 Ytaté—2pm [y tate—26am] £ |yraté- 28

7j=1

‘- s Zb [ af ]Niﬁk[ o }_%
—Ba? [y+a+¢—2Ba — y+a+¢—28a;

k

v Yo
YH+oy+a+¢—28a; —af
+ 2y Y af

YyH+a+¢—2Bay+a+¢—2Ba; —af
2

21 1 o —2k
a+¢—25a1 {7+0¢+¢—2Ba1] ZB {’y+a+¢—2ﬂa1}
N
>

it

~13 5H+M

s
"5 3
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Substitute for bij from equation (A-4), simplify, and rearrange:

A2V (4%, 0, C)
dc?

R
y+a+¢—20a,—af | v+ ¢ v+ a+ ¢ —206a;
1y ap N28(y +a+ ¢ —2Ba; — a)

+

1—Byv+ov+a+o—2B8a; > v+a+o—20a —af
P By vtato—20m
l—Bay+a+o¢—20a —af 2

450 1 (o )NbN
1-By+a+¢—2B8a —af2 \y+a+¢—2Ba 2

. B Y+ ¢ — 280 ( af )N“bN
1—67+¢7+a+¢—2ﬁa1—a5 Y+a+¢—20a 2

i j 7 af AR -
+22525 ’y—i—oz—i—(b 2Ba; {fy—i—@—i—(]ﬁ—?ﬁal} Zﬁ [’Y+Oé+¢ 25(11]

J=1

ﬁ NNfl » 72 Oéﬁ j+N J » o —2k
+21—Bﬁ Zﬂ v+ a+ ¢ —206a; {’y+a+¢—2ﬁa1} Zﬂ {’y+a+¢—2ﬁa1}

j=1 k=0

—k
+1—67+a+¢—25a1 [7+a+¢—26aj ;B [7+a+¢—26aj

2 2 1

—2k
v o
+Z.Zv+oz+¢—26a1 {'H(Hd) 25@1} Z::ﬁ {7+a+¢—2ﬁa1}

0

N Oéﬂ j+i J » a —2k
+2227+@+¢ 20a, [74“@"'(?—2/3@1} %6 {V‘FOH‘(?—Z&LJ

Jj=11i=j+1

1

—m[’wﬂb]-
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Substitute from equation (A-5) and simplify:

d?V (A%, C,C)
dc?

=7 a { 7 + 24 7 }
YHa+o—28a —af v+ ¢ y+a+¢—2Ba
I af N28(y +a+ ¢ —2Ba; —a)
1—By+¢v+a+o—28a; ° y+a+¢—28a —af
B 0 7t+a+¢—2pa; N
l-Bay+a+o¢—28a, —ap ?
48 B e < af >NbN
1—Bly+a+¢—28a —af? \y+a+¢—28a)
) By 7+ ¢ —20a < af >N+le
1—By+ov+a+o¢—28a —af \y+a+¢—2Ba 2

+2

+2i5i§ 04 af N[m} W{m]
— P 7+&+¢_26a1 7+a+¢_25a1 1— a 2
i=1 J=1 ﬁ yt+a+¢—28a1
Nl s —j . j+2
Lo P N i v { af } N [7+a+¢—2,3a1} — P [v+a+¢—2ﬁa1]
1_5 ,_1’)/+Oé+(b—25(11 7+Od+¢_2ﬁal 1_5 a 2
= y¥até—2Bar
2(14+N)
1+N a
N g 7 1-5 [7+a+¢—2ﬁa1}
1—67+OK+¢—25&1 1—,8 a 2
Y+a+¢—28a1
Nt - N 2(144)
Y 7 1= A" | St
= rtato-2a | 5[ o
= yraté—2Bal
-7 J+2
19 1\72—:1 f: 3 o { af } ! [W-i-a-&-cf—%m] —B [”H—oz-f—g—?ﬁm}
— _ 2
1
1.3 [y +¢].

Solving the geometric series, repeatedly using Lemma 10, and working through tedious
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algebra (available upon request) then yields:

A2V (A*,C,C) 1 [ v

a2 1-5 7+¢+w]'

It is straightforward to show that

dr(A*,A%,C) ¢
dc v 40

The proposition follows from these last two expressions and (A-7).
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G.7 Proof of Proposition 6

Using the value function coefficients derived in the proof of Proposition 1 and applying
Lemma 10, we have:

ATEY (C) =

N
205C + b A% + > " bC +
i=1
7 g ¢ = q
C—(y+¢)C+b C+——Al+Y —bC
S R UV e 7+¢] Z;aQ
Bby C + ¢A _
oy, F— R
o Y9 5

7+a+¢—25a17+¢(’4_CHMU_J—C)

» — 2Baq ’YQ af
T et 2a T ytaté_2aytato28a—ab-
+ ¢4
T a+¢—28a; —ap
a o < _
TFate 2Bay e U@
¢ — 2Bay afly+ ¢ — 2Ba4]

— C
V¥ ato—28m—ap” 1]

YOA v+ a+ ¢ — 2Ba; — «
T+o ytate—20m

Y4+ a+ o —2Ba][y+ o+ ¢ —2Ba; — af]

YO 4 _

Y4+ a+ ¢ —2Pa; —« 2Bay af
Lt v+ a+ ¢ —20a; C[7+¢+7+a+¢—2ﬁa1—aﬁ]
YO 4 _

v yta+¢—28a; —«
T+¢ v+tat+o—20m

C [26(11 + fa — Bo? } )

'7+Oé+¢—25a1
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a2

N Y <
Use a1 = 557524,

— %oz from the proof of Proposition 1:

ATEY () =2 (A~ C) + p(w — C)

v+
7 Ytato—20a —« Ba? Ba?
T+ vtato—28a O |yta+e—28a TP et o= 28
_ 0 i _—
=20 (A=) (- 0)
dn(A%, A%, 0)
- dC '

To obtain ATET(C), partially differentiate m(As, A;—1,w;) with respect to w; and then
take expectations (and impose the assumption that expected actions are around a steady
state):

ATEL(C) =9(A™ = €) = $(C — ).
Substituting for A*® yields

dr (A%, A%, C)

ATET (C) =
1(0) =
G.8 Proof of Proposition 7
Differentiating 7(A;, Z;, w;), we have:
aQW(At, Zt, U)t)
ow? =T
and Cr(A Zow)  0Pr(Ay, Zow) A DA
T\ A, Ly, Wy T\ A, L, Wy t t
dw? ow? owy * ow, (y+a+9)
From Proposition 1, we have:
dQW(At7 Zt7 wt) . 8271'(14757 Zt7 'l,Ut> ’7 —260/1
dw? B Ow? 7v—i-oz—l—qb—26a1v—|—oz+gf>—26@1'
Note that
8277'(14.15, Zt, U}t> . dgﬂ'(At, Zt7 wt) _ Y —2Ba1 <0
ow? dw? B 77+a+¢—2&h7+a+¢—mm1—'

Using Lemma 9, we see that the inequality is strict if and only if v > 0, § > 0, and a > 0.
From Proposition 1, we have:
62V<Zta Wy, Ft)
ow?

g
'7+Oé+¢—25a1

=2ay =7 Y=
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Note that

d*m(Ae, Zy, wy) _ OV (Zy, wy, Fy) — gl Tta+o <0
dw? ow? Yyta+¢—2Ba1y+a+¢—2B0a; —

Using our assumption that that v + ¢ > 0, the inequality is strict if and only if v > 0.
Using Proposition 5, Lemma 10, and the value function coefficients derived in the proof of
Proposition 1, we have:
OV (Z,wi, F)  d*m(A,A%,0) v Y

ow? dC? 7 v+ a+ ¢ —20ay v+ ¢

o+ ¢ —2Pa N ¢
Y+ato—28a  vto
a —2Bay ¢ —(v+o)+v+a+o—2Ba

+
77+oz+gb—2ﬁa1 77+¢ v+ a+ ¢ —2Ba;
Y a—20a;
Y+Hoy+a+o—20m

The inequality is strict if and only if ay > 0. Proposition 5 implies that dm (A%, A% w;)/dC? <
0, with the inequality strict if and only if either ¢» > 0 or y7¢ > 0. We have established the
first part of the proposition. To prove the second part of the proposition, note that none
of the inequalities above are strict if ¥ = 0 and note that y¢/[y + ¢] — v as ¢ — oco. To
prove the third part of the proposition, note that ¢ = 0 implies v > 0 (by our assumption
that 7 + ¢ > 0) and, from Proposition 1, ya > 0 implies ay < 0, but ¢,9 = 0 implies
d?*m (A%, A% ')/ dC? = 0 from Proposition 5.

G.9 Proof of Proposition 8
Defining ATE} (C) in the analogous fashion as ATE, (C), we have:

N 1—1
ATEY(C) £2a5C + WyA™ + 05C + > b{C+ > bC +d.

j=i+1 j=1
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Using the value function coefficients derived in the proof of Proposition 1, we have:

ATEV(g) _ ,Y2 |: 046 :|27L iﬁ_k |: a —2k .
Iy tat o =28a [y +Hato-26a] &7 [v+ato-28a
- B+ C

af " ¢
+m(v+a+¢—mh) L+¢C+v+¢4

gl af '
7 C
+al<v+a+¢—MMJ

2

N 5 of itj i B N —2k
+CZ7+a+¢—25a1{’y+a+¢—2ﬁa1] ;6 [fy—i—a—i—qﬁ—Zﬁal}

j=i+1

i—1 72 Oéﬁ itj J N o _ok
+C;’Y+a+¢—2f@a1{7+a+¢>—25a1} ,;6 {’y+a+¢—2ﬁal]

e o ’ v+ a+ ¢ —20a;
+ B = |1 -

Bla[ (7+a+¢—25a1> Y+ 6 —2Ba;
1

2
p [w+a+gf2/5a1] —1

+ ﬂig Y C + 1] + Biapw

+ g e
8}

o 2 1—1 o j i—1 » a
{6{7+a+¢—25a1} = [7+a+¢—25a1} _Zﬁ {7+a+¢—25a1

J=1
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Combine the first and fifth lines, combine the v terms, and substitute for ¢; in the third-to-

last line:
ATE}(C) = — 'vC + B'¢[w — C]
af "o ¢ 3
+m<v+a+¢—mh) L+¢C+v+¢4
0 af '
b <7+0z+¢—26a1> ¢

S S
j:i7+a+¢—25al v+ o+ ¢ —28am

MS.

- N —ok
{7+@+¢—25a1}

k=0

J

i—1 72 Oéﬁ i+j N o _ ok
+C;’Y+@+¢—25a1{’Y+a+¢—25a1} Zﬂ {7+a+¢—26a1}

k=0
Y+ a+¢—28a

BUYC + pA
v+ ¢ —2Ba

'Y ra+¢—28a —af
Y yta+o—28a; ;
’L_ b C_"_ ¥
a’y+a+¢—25a1—aﬁ2 577
. 1

+ g e ~
« o ]7_q

ﬂ[’YJraJr(i’*?ﬁal]

o 2 i—1 o gzl » o —J
{6{7+a+¢—25a1} =1 |:’V+Oé+¢_25a1:| _]Z_;ﬁ {7+0‘+¢_25a1} }

+ 3%

- (rastmmm)

Y+ a+¢—28a
PA

+a+¢—208a; —af
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Apply Lemma 10 to the sixth and seventh lines, combine the sixth line with the second and

seventh lines, and solve the geometric series in k:

ATEY (C) = — B'vC + Blw — C)

of "oy
b <7+a+¢—2ﬁa1) ’Y—|—¢C

ol af '
—=b C
+a1<7+a+¢—2ﬂa1>

—2i

- -2 )
+C§: 7’ [ af 17 8 |5varo2mai | ‘3ﬂhww4mj
— vy+a+o¢—2Ba; |[v+a+¢—2Pa | a ’
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Simplify, and solve the geometric series in j:
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Substitute bY using its solution from the proof of Proposition 1, substitute the solution for
by from the proof of Proposition 1, solve the geometric series in the final line, and simplify:
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Apply Lemma 10 and simplify:
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Combine the final three lines, combine the third and fourth lines, and simplify the first line:

ATE}(€) =22 (A - C)+ B0l — C)

L Ba? Y+a+¢—28a —ap ( af )ic
Y+ ov+a+¢—20a (y+a+¢—208a1)?—pa? \y+a+¢—20a
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Cancel the final two lines:

ATE} (C) :ﬁi%(ﬁ —C) + fY[w - C]

=B'ATEY (0).

The second equation follows from the proof of Proposition 6. We have proved the first part

of Proposition 8.
To prove the second part of Proposition 8, use the above result and Proposition 6 to see

that
ATEY(C)+ Y ATEY(C) = Y BIATEY(C) = %ﬁ

i=1 i=0

dV (4%, C, C)
ac

ATEY (C) =
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To prove the third part of Proposition 8, note that ATE} (C)/ATE, (C) = 8" and use
Proposition 6.

The final part of Proposition 8 follows straightforwardly from the fact that 7(A;, At — 1, w,)
is independent of F; other than through A; (and as noted before it is easy to show that
Eo[Om(At, Ar—1,w;)/0A;] = 0 around a steady state).
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